
LETTERS TO THE EDITOR 251 

inside the crystal and the normal to the plane of 
the end face. Measurement of the diameters con­
firms this relation. 

The authors thank A. S. Bebchuk and Yu. N. 
Solov'ev for the crystals, as well as V. N. Lu­
kanin and N. E. Shchelkalin for preparing them. 

The authors also thank N. G. Basov for his 
constant interest and discussions about the work. 
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IN pure metals with low carrier densities the 
number of negative carriers is equal to the num­
ber of positive ones. This is a direct consequence 
of the law of charge conservation. At sufficiently 
low carrier densities the distances between car­
riers are very great and the interaction between 
them is essentially of Coulomb type. It is known, 
however, [l] that in the attractive-field potential, 
which decreases as 1/r at infinity, there areal­
ways energy levels corresponding to the bound 
states; consequently positive and negative charges 
recombine into electrically neutral entities which 
cannot carry the current. 

At high carrier densities the potential of each 
charge is screened by the Debye-HUckel cloud and 
is of short-range type. When the screening radius 
is sufficiently small there are no bound states at 
all in the corresponding potential well and trans­
port of charge is thus possible. These ideas were 
first put forward by Mott. [2] 

The order-of-magnitude condition which deter­
mines the importance of the Debye-HUckel screen-

ing is obtained by equating the mean distance be­
tween carriers (""' N- 113, where N is the number 
of carriers per em 3 ) to the radius of the Debye­
HUckel cloud rD: 

The value of rD can easily be found from the 
relationship 

x 2 = rf)2 = 4ne2 ~ iJN a I OJ.la~ e2iJN I Ofl. 

The chemical potential is f.J. ""' n2N213 /m * ( m * is 
the mean effective carrier mass) and its deriva­
tive is 

Now we can easily write down the condition for 
metallic conduction: 0 N1/3 ~ m*e2/n2, i.e., at a 
given carrier density the effective mass m * 
should satisfy the inequality 

m• ;;(; (n/e)2N'I•. 

It is convenient to divide the above expression by 
the free-electron mass m. Allowing for the fact 
that the lattice parameter a is of the same order 
of magnitude as the Bohr radius n2/me2, we can 
write 

m•lm ;;(; n'la, (1) 

where n = Na3 is the density of carriers per atom. 
The formula obtained indicates that metals in 

which the effective carrier mass is of the order of 
the free electron mass should always have high 
carrier density. [3] Metals with low carrier den­
sity should always have small effective carrier 
mass. 

In the case of graphite and bismuth the carrier 
density is n "" 10-5 and the effective carrier 
masses are of the order of several hundredths of 
the free electron mass. Thus our relationship is 
fully satisfied qualitatively. Since graphite and 
bismuth have very complex and anisotropic elec­
tron spectra, we can expect only very rough quan­
titative agreement. 

The inequality derived here is a selection rule. 
Materials in which the effective carrier masses 
do not satisfy the inequality cannot be metals with 
low carrier density. 

It is necessary to make the following point. Let 
us assume that a nonmetallic crystal with a known 
electron spectrum is deformed so that the gap be­
tween the valence and conduction bands decreases. 
When the band overlap is small we should have a 
metal with low carrier density. However, the theo­
rem proposed here indicates that band overlap is 
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prevented by formation of bound states. Then ob­
viously the dependences of the energy on the quasi­
momentum should be deformed in the way indicated 
in the adjoining figure: near the maximum and the 
minimum the curves are "flattened," i.e., the ef­
fective mass m * "" ( a2E/Bp2 )-1 increases owing 
to the effect considered here. This impedes the 
band overlap and the transition to metallic state 
with low carrier density. 

We can assume that metals with low carrier 
densities can only have structures in which con­
tact or overlapping of the valence and conduction 
bands are due to degeneracy governed by the crys­
tal symmetry. Removal of the degeneracy, due to 
the Jahn-Teller effect, occurs with a weak distor­
tion of the degenerate structure and formation of 
a metal with low carrier densities. Consideration 
of the crystal structure of known metals with low 
carrier density (graphite, bismuth, arsenic, anti­
mony) indicates that they all have structures which 
are weak distortions of more symmetrical struc­
tures. The author plans later to publish an analy­
sis of this effect. 

The author expresses his deep gratitude to 
Professor L. F. Vereshchagin, Professor I. M. 
Lifshitz, and A. I. Likhter for useful discussions. 

!)This formula was given by Mott,[3 ] but he used the free­
electron mass instead of m*. 
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THE subject of the present note is a discus-
sion of certain possibilities of amplification and 
generation of light waves in optically transparent 
crystals, the polarization of which depends in non­
linear fashion on the intensity of the electric field 
of the propagating wave. A nonlinearity of this 
type (it can obviously be regarded as the depend­
ence of the dielectric constant on the field) was 
successfully utilized in several recently described 
experiments (see [1- 3]) on the generation of op­
tical harmonics. Naturally, this does not exhaust 
the possible nonlinear effects in such crystals. 
We show below that under certain conditions, in 
an optically transparent medium whose polariza­
tion depends quadratically on the intensity of the 
electric field, one can obtain parametric amplifi­
cation of traveling light waves, obtained at the ex­
pense of the energy of an intense light wave (the 
so-called pumping) and that the condition for para­
metric amplification can be realized in uniaxial 
crystals. 

As is well known (see, for example, [ 4• 5] and 
also the review [SJ), in the region of the funda­
mental parametric resonance the energy of the 
intens_e pumping oscillations of frequency wp, 
carrymg out the modulation of the reactive pa­
rameters of a resonance circuit or of a trans­
mission line, can be transferred to oscillations 
at frequencies w1 and w2, satisfying the condition 

(1) 

(the particular case when w1 = w2 = wp /2 is the 
so-called "degenerate" parametric interaction). 
To clarify the features of such an interaction space, 
it is necessary to consider a semi-bounded medium 
the dielectric constant of which varies as 1> ' 

f, (t, x, w) = eo (w) {1 + m r/<wpl-kpx) + e-i(wpl-kr>n (2) 

(the x axis is perpendicular to the separation 
boundary). 

Assume that the waves at frequencies w1 and 
W2 have components Ey = E; Hx; H; Hz, and assume 
that their wave vectors make angles e1 and e 
with the x axis. The electric field in the med2ium 


