SOVIET PHYSICS JETP

VOLUME 16,

NUMBER 1 JANUARY, 1963

ON THE THEORY OF THE OPTICAL POTENTIAL

A. G. SITENKO
Khar’kov State University
Submitted to JETP editor March 4, 1962

J. Exptl. Theoret. Phys. (U.S.S.R.) 43, 319-326 (July, 1962)

Scattering of nucleons on density fluctuations of nuclear matter within the nucleus is consid-
ered. The scattering coefficient defined by the imaginary part of the optical potential is ex-
pressed in terms of the nucleon-nucleon scattering amplitude and the spectral distribution
of the space-time correlation function for the nuclear matter density fluctuations. As exam-
ples, the following nuclear models are considered: degenerate Fermi gas, superconducting
nucleon gas, and a Fermi liquid. It is shown that the presence of a gap in the density fluctu-
ation spectrum of even-even nuclei leads to a decrease in the imaginary part of the optical
potential of even-even nuclei, compared with the imaginary part of the optical potential of

odd nuclei.

].. It is known that the optical potential, which de-
scribes the refraction and absorption of a nucleon
wave within the nucleus, can be determined by as-
suming the refraction and absorption to be brought
about by multiple scattering which occurs as a re-
sult of interaction between the wave and individual
nucleons of the nucleus. The optical potential is
expressed in this case in terms of the scattering
amplitude of the nucleon wave by individual nucle-
ons and in terms of the nucleon distribution density
in the nucleus. Neglecting the contribution of many-
particle forces, the optical potential for a nucleon
with momentum k inside the nucleus can be rep-
resented in the form [1J

U(r)=— Q—I‘t—MSa’k’n (k' —k)f (k k) el—Rr (1)
where f(Kk,k’) is the nucleon-nucleon scattering
amplitude outside the energy surface and n(q) is
the Fourier component of the nucleon density in
the nucleus:

n(q) = Sdr n(r)e—ar,

Let us consider the motion of a nucleon within
the nucleus, assuming the latter to be sufficiently
large (A > 1) and neglecting surface effects.
Assuming also uniform distribution of the nuclear
matter, n(r) = ny,, we obtain from (1) for the op-
tical potential the expression

Uy = — 4nnef (0)/M (2)
[£(0) is the amplitude of elastic scattering through
zero angle]. The wave function describing the state
of the nucleon inside a nucleus with definite momen-

tum has in this case the form of a plane wave

Y (r, t) = efkr—ED, E =k2M — U,. (3)

Writing down the potential (2) in the form U,
= —(V, +iW,) we have for the refraction potential
V, and the absorption potential W,

W, = 2" £ (0).

Vo= Ref(0), o

4)

The imaginary part of the optical potential can
be determined directly by considering the scatter-
ing of a nucleon wave on random density fluctua-
tions of the nuclear matter. Indeed, as a result of
random density fluctuations of the nuclear matter,
scattering similar to Rayleigh scattering of light (2]
is possible when the nucleon moves in the nucleus.
This effect of scattering of the nucleon waves can
be evaluated by substituting in (1) the density n in
the form n = ny + 6n, where 6n are the random
density fluctuations, which depend both on the co-
ordinates and on the time.

Assuming that |én| < n,, we can easily calcu-
late the scattering of the nucleons on the density
fluctuations by using perturbation theory. By sta-
tistical averaging over the fluctuations we ulti-
mately obtain the following expression for the dif-
ferential cross section for the scattering of nucle-
ons, referred to unit volume (differential scatter-
ing coefficient):

d3 = @/aME) | f (k, k) (On®y,, dk'. 6))

Here k’ and E’ are the momentum and the energy
of the nucleus after scattering, q =k’ -k, w = E’
—E, and (6n%)g, is the spectral distribution of
the space-time correlation function of the density
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fluctuations of nuclear matter:
<5”2>qm = Sdrdte—"‘I<'—">+"°’(‘—”) On(r, t) 6n (', t')y. (6)

Integrating (5) with respect to dk’, we can de-
termine the total coefficient £ of the scattering of
the nucleon in the nuclear matter. This scattering
coefficient © can be related to the imaginary part
of the optical potential W, using the well known
relation

W = kZ/M. 7)
We thus have

W= %S dk’ | f (k, k') [2<8n2,,. (8)

This formula determines in general form the imag-

inary part of the optical potential W from the

known nucleon-nucleon scattering amplitude f(k,k’)

and the density fluctuations (6n®), of the nucleons
in the nucleus. Unlike (4), formula (8) makes it
possible to take into account the dependence of the
optical potential both on the Pauli principle, which
governs the nucleons within the nucleus, and on the
interaction between the nucleons in the nucleus.
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The real part of the optical potential, which
takes into account the Pauli principle and the in-
teraction between nucleons, can be determined
from the imaginary part (8) by using the Kramers-
Kronig relation for the refractive index of the nu-
cleon wave in nuclear matter N%(E) = 1 - U(E)/E.
This relation gives

[e2]
viE) =25 ZELaE (©)
0

2. Let us determine the scattering coefficient
of the nucleon in the nuclear matter, £, using by
way of a nuclear model a degenerate Fermi gas at
zero temperature. The spectral distribution of the
density fluctuations in an ideal Fermi gas is deter-
mined by the following general formula

dn2y,, = %gdpnp (1—np_q)8 (@ —Ep 4 Ep—g),  (10)

where np and np-q are the Fermi distribution
function (Ep is the energy of a particle with mo-
mentum p). The integration in (10) can be readily
carried out if the Fermi-gas temperature is zero.
In this case we have

ke o] q q\_ o
conpy, =% |9 Ep’ ~i ) <E < : (11)
© B |k 1(q k0 q(q © 9149 ’
Th-+@+78) ] —nE+r<a<-m|lm—?

Ep is the limiting Fermi energy (Ef = kZF /2M).
We assume for simplicity that the nucleon-
nucleon scattering amplitude is constant (f(k,k’)
= fy), and then the total scattering coefficient =

can be represented in the form

S —dan, |}, 2P, (12)

where P is a dimensionless coefficient character-
izing the fluctuating properties of the nuclear mat-
ter:

dq{én®y,, . 13)

b= 4Mik3 S
P iktql>kp

Noting that w = (g + 2k.q)/2M, we can reduce the
integration with respect to dq in (13) to integration
with respect to dq and dw:

0 Ve Mo
3 . :
\ dw

262k

dqqdn®y . (14)

——(/e'»‘—kr;’:)/m\/l k—ViereMo

Using (11), we obtain for a degenerate Fermi
gas at zero temperature

1 —17/5e 22 —¢)/5e,

e<2
P () ={1_7/5a,

Sy )

where € is the ratio of the energy of the incident
nucleon to the limiting Fermi energy (€ = E/EF).
Expression (15) characterizes the reduction in the
scattering coefficient of the nucleon in nuclear
matter, due to the influence of the Pauli principle.

The differential nucleon scattering cross sec-
tion is given by formula

1 ds 3 &, oo
S dedo 4np(a)1/?q’(8 »9);
Ple,8) = ———

’ 2)/ (Ae¥)
x e—¢', A(e, &)>B(e, &)

1 — B(e’,e)/A(e, €'), B(e, €')> A(e, &') > B(¢, ¢),

A, &)=e+e —27V ee cos?,

B, ¢)=¢(Ve— Ve cosd)F, (16)

where 4 is the scattering angle of the nucleon and
€' =E'/EF.

Formulas (15) and (16) agree with the results
of Goldberger (3] and Hayakawa, Kawai, and
Kikuchi [4], who started out from the microscopic
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picture of successive collisions between the in-
coming nucleon and the Fermi-distributed intra-
nuclear nucleons.

Substituting (12) in (7) and using the optical
theorem

\dolfo ! =% Im} (0),

we obtain for the imaginary part W of the optical
potential

W = (4nnygM) Im f (0) P (¢). 17

This formula differs from (4) for W; in the pres-
ence of a factor P(¢€), which takes the Pauli prin-
ciple into account.

Using (8) we obtain for the real part V of the
optical potential, unlike (4), the following expres-
sion

V = (4mtny/M) Re f (0) R (¢),

|~

R(e)= +{nii+ o n(e—1)

20 g V2tett gyan Y2+t 4.
+58[(2+e) In Lttt 8V21nV2*1 4e }}
+4_{1/2(2—8)‘/=1n[(1+Vz—e)/(i—Vz—s)l, e<2

one (8—2)5/*arctg[]/e—-2]—1, e>2'

(18)*
Figure 1 shows the dependence of the coeffi-
cients P and R on the energy of the incoming nu-
cleon € = E/EF.
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FIG. 1

3. We now evaluate the influence of the inter-
action between nucleons on the magnitude of the
scattering coefficient Z. As is well known 58],
the presence of short-range pair interaction be-
tween nucleons leads to the possibility of forma-
tion of a superconducting state in the nuclear mat-
ter, characterized by a gap in the energy spectrum.
Such a gap appears in the energy spectra of even-
even nuclei and not in odd nuclei. Since the pres-
ence of a gap manifests itself in the spectral dis-
tribution of the nuclear-density fluctuations, the
scattering coefficients (and consequently also the
optical potentials) should, according to (13), be
different for even-even and for odd nuclei.

The spectral distribution of the density fluctua-
tions of the nucleon gas in the superconducting

*arctg =tan™,
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state at zero temperature is determined by the
expression

(N ge = g}(z & dp {1 — (EpEp—q — Az)/EpEp—q}

x 8(0+ Ep + Ep—y), (19)
where E'p = V¢h + A is the energy of a quasi
particle with momentum p, gp is the nucleon en-
ergy reckoned from the Fermi surface, and A is
the width of the gap in the quasi-particle spec-
trum.

Since the energy of the quasi-particle always
exceeds the width of the gap A, the density fluctu-
ation spectrum will, according to (19), contain
only frequencies w < —2A. Consequently inte-
gration in formula (14), which determines the
scattering coefficient for nuclear matter in the
superconducting state, should be carried out in
practice only in the interval of frequencies
- (K -k%)/2M < w < —2A.

Using formula (19) for the spectral distribu-
tion of the fluctuations, one cannot separate the
factor P characterizing the scattering coefficient
in explicit form. The influence of the gap in the
spectrum on the scattering coefficient £ can be
accounted for approximately by using formula (11)
for the spectral distribution of the fluctuations,
but confining oneself to integration in (14) only
over the frequency range — (k% - k2F )/2M < w
< —2A. We thus obtain for the factor P in the
scattering coefficient £, in place of (17), the
following expression

P(e,8) = 1—e [+ 8421 —8)] +22—e)se, 1+06<Le< 2,
T et R S s (1 — 8", e>2,
(20)

where 6 is the ratio of double the gap width to the
limiting Fermi energy (6 = 2A/Eg).

Comparing (20) with (15) we see that the pres-
ence of a gap in the spectrum of the nucleus leads
to a reduction in the scattering coefficient Z, and
consequently also in the imaginary part of the op-
tical potential W. The relative decrease in the
imaginary part of the optical potential is

SW/[W =[5 + /5 (1 — 8)2— 2/5]/eP (e). 1)

Putting 2A =3 MeV, Ey =33 MeV, and V,
=40 MeV at incoming-nucleon energies of 1, 2,
and 5 MeV (€ =1.24, 1.27, and 1.36) we obtain
for 6W/W values of 0.25, 0.15, and 0.1.

Figure 2 shows the dependence of the coeffi-
cient P on the energy € at different values of 6.
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We note that in accordance with (20) the difference
between the imaginary parts of the even-even and
odd nuclei is significant only at low incoming-
nucleon energies.

Evidence that a difference exists between the
imaginary parts of the optical potentials of even-
even and odd nuclei is offered by Klyucharev’s (7]
data on the scattering of protons by separated iso-
topes. Thus, in those cases when calculations in
the optical model in ) are in good agreement
with the experimental data, the imaginary parts
of the optical potentials of even-even nuclei turn
out to be somewhat smaller than the imaginary
parts of the optical potentials of odd nuclei. For
example, at incoming-proton energy 5.4 MeV, the
imaginary parts of the optical potentials for the
nuclei Cu®® and Ni% are, in accord with [7], 6
and 5.5 MeV, respectively. These values agree
with (21), although the quantitative agreement
should be regarded as rather accidental, in view
of the far-reaching simplifying assumptions made
in the derivation of (21).

4. So far we have started from the assumption
that f(k,k’) is constant. Actually, the nucleon-
nucleon scattering amplitude is dependent on the
energy, and this dependence explains in particular
the reduction of the imaginary part of the optical
potential with increasing energy of the incoming
nucleon after the potential reaches a certain max-
imum value.

If v(r) is the potential of the pair interaction
of the nucleons, then the scattering amplitude out-
side the energy surface is given by the expression

fk k) =

where the function Yk is the solution of the equa-
tion

— % Sdre—”‘" v (r) Yk (1), (22)
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{— M7A 4 v (r) — B/ M} (r) =0.

(We note that in (22), generally speaking, k = k’.)

Describing the interaction between the incoming
nucleon and the nucleon of the nucleus by the non-
local Yamaguchi potential (83,1

PoP) = — 3y o2 (23)

where A and B are parameters that depend on the
spin state of the nucleons, we can find the scatter-
ing amplitude outside the energy surface in ex-
plicit form

@jﬁ{_ ik - [(BZ—F k)2 4 522-;- R 5]}_1~

f(k» kl) = B F &2 o1k
(24)

With the aid of this expression we can readily cal-
culate, in accordance with (8), the imaginary part
of the optical potential W. Using formula (11) for
the spectral distribution of the density fluctuations
and ascribing to the triplet and singlet states equal
weights, ¥%,, we obtain ultimately the following ex-
pression for the imaginary part of the optical po-
tential:

_EKF= %{(E-i- [sl—/—%n_l_(;:;xzzT)q

(et [+ G2 e

iV
(edwr( 1 1
Pe) = 3 {1-}—%—3—}-%
1y 1
+8_|_x [4—[—3(3—}—% 1)*arctg Vit
—3(e+x)—1_i_%]
—I—J%__———l[(z +(4e+3%—5)]/2—e

—3(e +x—1)/’arcthK2__]6(2—e)} (25)
where 6(x) is the Heaviside function (8 =1 when
x>0 and 6 =0 when x< 0); k= g%k} (B=5;
=Bg)» Ay =N /kE and Ag =g /kS.

On the left side of Fig. 3 is shown the depend-
ence of the imaginary part of the optical potential
W on the energy €. The values of the parameters
B, At, and Ag are chosen in accord with (8] a5
follows: B = 1.45 x 103 em ™!, At = 0.41 x 10% cm 3,
and Ag = 0.29 x 10%° cm™3; Ep = 33.4 MeV.) In the
right half of Fig. 3 is shown the dependence of the

DThe nonlocal interaction between nucleons was first used
to determine the optical potential by Verlet and Gavoret. 1 The
interaction between nucleons in states with [ # 0 is the subject
of a paper by Dabrowski and Sobiczewski.[*]
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FIG. 3

imaginary part W of the optical potential on the
magnitude of the gap & in the density fluctuation
spectrum for the superconducting state of nuclear
matter.

The differential scattering cross section of the
nucleons is determined in this case by the expres-

sion
L 1/
X de'do ZmP (e)

Figure 4 shows the energy distribution of the scat-
tered nucleons at different values of the scattering
angle for an incoming nucleon energy € = 2.

x—|—a
1«:—1—8

Gy (26)

FIG. 4

5. Account of the long-range interaction between
nucleons also leads to a change in the character of
the spectral distribution of the density fluctuations.
In particular, the presence of such an interaction
causes additional maxima, corresponding to the
natural frequencies of the collective degrees of
freedom of the nucleus, to appear in the density
fluctuation spectrum.

By way of a very simple example, which takes
into account such collective degrees of freedom,
one can use for the nucleus the Fermi-liquid
model. The theory of the Fermi liquid has been
developed in the papers of Landau[l1:12), Accord-
ing to Abrikosov and Khalatnikov [13], we have for
the spectral distribution of the correlation func-
tion of the density fluctuations of a Fermi liquid
at ¢ < ky

SITENKO
e %g—i{h + Fy (1—%“01:1_%)]2#2—2%@
+%6(u—nﬂ,
”—‘%k—;ig%' (217)

where F, is a dimensionless amplitude, character-
izing the interaction energy of the Fermi-liquid
quasi-particles, and 7 is the root of the disper-
sion equation for zero sound

1+F0{1—%1n|11+—_?”}:0. (28)
The second term in (27) characterizes the density
fluctuations connected with the possibility of exist-
ence of collective motion in the nuclear matter
(zero sound). The relative weight of these fluc-
tuations increases with increasing F;. Figure 5
shows the dependence of the relative weight

g (Fo) :x <6n2>qw du/\ on*y,, du
1 0
on the value of F;. Thus, even when Fj~ 2 the
relative weight of the collective fluctuations is
already approximately four times larger than the
weight of the low-frequency fluctuations (u < 1).

10rg(%)

[/

FIG. 5

Using (27), we obtain for the differential cross
section of the scattering of the nucleon on the den-
sity fluctuations of the Fermi liquid?

ub (1 —u)

dS=3n,|f (k, k') |{

+ Ff(?“oﬂ{%_—) o(u— n)} l/é— de’ do . (29)

We note that when a nucleon is scattered in nu-
clear matter and zero sound is excited, the scat-
tering angle of the nucleon is a single-valued
function of the energy transfer. The presence of
such a connection can make it possible in prin-
ciple to observe scattering with excitation of col-
lective degrees of freedom in nuclei.

An account of the attenuation of the zero-sound

oscillations reduces to replacing 6 (u—n) in (29)

2The scattering of neutrons on density fluctuations in
liquid helium was considered by A. Akhiezer, I. Akhiezer, and
Pomeranchuk.[**]

(1 Fo (1= u In (1 + u) [ (1 — )2 4 Yo 2 Fu?



ON THE THEORY OF THE OPTICAL POTENTIAL

by 1r'ly/[(u—n)2 +7%], where vy is the damping
coefficient of zero sound 141,

A study of the continuous spectrum of nucleons
arising upon interaction between the nucleons and
nuclei can yield information on the interaction be-
tween the nucleons in nuclei, particularly on the
collective degrees of freedom of nuclei. One must
point out, however, that the results obtained merely
serve as a model, since the finite dimensions of
the nucleus were not taken into consideration in
the calculations.
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problems, and also to V. K. Tartakovskii for
carrying out the numerical calculations.
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