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A quantum field theory formalism in constant-curvature p-space is proposed, by which one
can calculate the matrix elements of any process. The theory is formulated in elliptic p-
space; this corresponds to the ‘‘Euclidean’’ formulation of the usual theory. All expressions
encountered in the theory are finite. The Schwinger equation for the Green’s function is
generalized. Some features of the theory connected with non-commutativity of the displace-
ment operator in constant curvature space are considered.

INTRODUCTION

THE difficulties of contemporary (local) field
theory are apparently connected with the fact that
the law governing the interaction between particles
ceases to be valid at large values of the momen-
tum. To construct a consistent theory it is neces-
sary to change the law of interaction in suitable
fashion. Since addition of the momenta of the in-
teracting particles occurs in each act of elemen-
tary interaction (i.e., absorption or emission of a
meson or a quantum), it is necessary first to mod-
ify the law governing the addition of momenta. To
generalize the momentum-addition law it is neces-
sary to have a guiding geometrical principle. One
such principle calls for changing from the pseudo-
Euclidean p-space to a corresponding space of
constant curvature. The radius of curvature p, of
this space plays the role of the cutoff parameter.
This method of generalizing the field theory was
proposed earlier [,

In [J we formulated some diagram-technique
rules based on the new law of momentum addition.
In the simplest cases these rules made it possible
to construct uniquely the corresponding matrix
element. However, for more complicated diagrams
(higher approximations for the vertex parts and
particularly the energy parts), the applications of
the aforementioned rules have led to difficulties
connected with the noncommutativity of the new
law of momentum addition. To develop the theory
further it became necessary to construct a suit-
able procedure which would lead to unique expres-
sions for arbitrary matrix elements, similar to
what is done in ordinary field theory. The present
article is devoted to a solution of this problem.

In constructing the procedure for the theory we
have incidentally refined and represented in

clearer form certain basic aspects of the theory.
Let us note the most important of these. Redefini-
tion of p-space means physically a change in the
laws governing particle interaction at large mo-
menta. The result is a theory without divergences,
while the theory of the ‘‘free’’ particles retains
its previous form. Speaking more accurately, we
assume for the Green’s function of the noninter-
acting particles the same expression as in ordi-
nary theory. This premise will be introduced for
the time being in the form of a postulate, with the
idea of deriving it later on from a more general
principle.

The constant-curvature p-space introduced in
BN just like pseudo-Euclidean p-space, has an in-
determinate metric. We shall henceforth call such
a p-space pseudo-elliptic. An evaluation of the in-
tegrals over the momenta of the virtual particles
in pseudo-elliptic space encounters a difficulty
connected with the singularity, of the volume ele-
ment on the boundary of the ‘‘physical’’ region
(p?=1). To overcome this difficulty we formu-
lated in [ special rule for circuiting around the
singularity, with subsequent rotation of the contour
of integration with respect to the variable p,. Such
a method of calculating the integrals denotes in
fact a transition from a pseudo-elliptic p-space to
a corresponding elliptic space with a positive-
definite metric. We note that an analogous method
of calculating the Feynman integrals with transi-
tion from pseudo-Euclidean p-space to Euclidean
space is frequently useful in ordinary theory.

However, the introduction into the theory of an
additional calculation rule (which in itself is log-
ically unsatisfactory) makes it quite difficult to ob-
tain a consistent formulation of the field procedure.

A more fruitful way is to construct the princi-
ples of the theory directly in elliptic p-space (see
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Sec. 2). In the case of ordinary field theory, ana-
logous ideas of ‘‘Euclidean’’ formulation of the
theory were developed in the papers by

Schwinger [2], Nacano 2 and Fradkin [43. They have
shown that the equations of field theory can be
constructed in four-dimensional Euclidean coordi-
nate or momentum space. All the intermediate
derivations (integration over the virtual states)
are carried out in the same space, and only in the
final expressions is it necessary to carry out the
corresponding analytic continuation from Euclidean
quantities to pseudo-Euclidean ones. In the case
of local field theory, the Euclidean formulation
leads to the same results as the ordinary formula-
tion.

The relation between the elliptic and pseudo-
elliptic spaces generalizes the relation between
the Euclidean and pseudo-Euclidean spaces. How-
ever, from among all the constant-curvature
spaces, elliptic space is outstanding in that its
volume is finite. Therefore, if elliptic p-space is
chosen as the space of the ‘‘virtual’’ momenta
(from the physical point of view this raises no ob-
jections whatever), then all the integrals will be
convergent. In the matrix elements of the real
processes it is necessary to carry out the corre-
sponding analytic continuation over the momenta
of the real particles entering into the reaction. (A
separate paper will be devoted to questions con-
nected with this analytic continuation.)

Thus, whereas in the case or ordinary theory
the introduction of a Euclidean space of ‘‘virtual’’
momenta is merely a convenient technical tool, in
our present case the corresponding elliptic p-space
plays a principal role, since it makes possible the
construction of a theory free of divergences.

The last remarks concerns the principle of
correspondence with the ordinary theory. The
theory developed here satisfies the correspond-
ence principle in the sense that its results go over
into the ordinary results at small momenta (py
< g, where u, is the radius of curvature of the
p-space ). This circumstance, however, is directly
self-evident only in those cases when the ordinary
theory leads to convergent results. The most in-
teresting singularities of the new theory arise
where the ordinary theory gives rise to infinities
(see Section 5).

1. ELLIPTICAL p-SPACE

The general theory of constant-curvature space
is developed in the book by Klein 5] on the basis of
projective geometry. The geometrical information
on the pseudo-elliptical space needed for the de-
velopment of the theory was briefly given in (],

These questions were considered in greater detail
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in the paper by Kadyshevskil (] in which, in par-
ticular, the interesting possibility is pointed out

of introducing two different pseudo-elliptic metrics
(€ =+1) in p-space. Bearing in mind the formu-
lation of the theory in elliptic p-space (Sec. 2), we
present here briefly the necessary information
concerning this space.

A point in four-dimensional elliptic p-space is
defined by four real coordinates py = (py, P, P3»
P4)-

The quantity py can be regarded as a four-
vector with respect to the four-rotation group.
Accordingly, we define the scalar product of two
vectors p and q by means of the equality

4

pq = E Puqy.-

p=1

(1.1)

As in I we choose as the measurement unit the
quantities c, h, and the p-space radius of curvature
to. The distance between two points in elliptic p-
space is defined by the relation
1+ pq

S (p, q) = arc cos ]W? ,

0<s<Cm/2. (1.2)
It is clear from (1.2) that the metric of elliptic p-
space is positive definite. With the aid of (1.2) we
obtain the differential metric form

ds* = (1 + p*)*{(1 + p*) dp* — (pdp)*} (1.3)
and the volume element
dQp = (1 + p?)~":d*p. (1.4)

Integrating (1.4) over all of space, we find the total
volume of the elliptic p-space, which turns out to be

Q:S = .
(1+p” 3

(1.5)

The finite nature of the space volume @ plays the
decisive role for the convergence of the integrals
with respect to the virtual momenta. .

Transformations that conserve the metric (1.2)
are called motions of elliptic p-space. Obviously,
four-rotations which conserve the scalar product
(1.1) are motions. There exist also motions which
are not rotations and are described by bilinear
transformations of the vector p. These are the
so-called displacement transformations. A dis-
placement of a vector p by a vector k is defined
by the relation )

Dpreviously the displacement of a vector p by a vector k
was denoted by the symbol p(+)k (see (~¢]). We avoid this
method of notation in the present article, as well as the un-
fortunate terms ‘‘addition” and ‘‘sum’’ of vectors, used in (1]
to denote displacements. We note also that a misprint has
crept into formula (2.3) of [‘], which defines the displacement.
Actually, this formula has the form

— k
s=peh k= [pVT=F 4k (14 =) | [ a0

L
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g=dy(k)p=[p VTR + k(1 — 72

TryeE) b

(1.6)

If both vectors p and k are small (py, ky
<« 1) then, accurate to terms of third order of
smallness, the displacement (1.6) coincides with
ordinary addition of vectors, q = p + k. Thus, the
displacement operation (1.6) generalizes the ordi-
nary vector addition. In Sec. 2 we shall use the
displacement (1.6) to generalize the law of addition
of momenta at the nodes of thé Feynman diagrams.
It must be emphasized, however, that the displace-
ment properties (1.6) are generally speaking quite
different from the properties of ordinary addition.
In particular, the displacement operation is not
commutative with respect to the vectors p and q.
It is curious to note that the square of the vector
q, defined by Eq. (1.6), depends in commutative
fashion on the vectors p and k. This is clear from
the relation

(1 +¢%) = (1 — PR/ + p) (1 + k).

We note also that displacement by a vector—k
is an operation which is the inverse with respect
to displacement by a vector k, something that can
be symbolically expressed by the equality

dy (— k) dy (k) = 1.

(1.7)

(1.8)

Two displacements dg(ky) and dy(ky) do not,
generally speaking, commute with each other.

Let us consider a scalar function of the vector
p, i.e., f(p). If the vector p is subjected to a
displacement by a constant vector k, then the
function f(p) goes over into a different function
g (p). The function g(p) is by definition the result
of the action of the displacement operator on the
function f (p). In accord with the foregoing, the
displacement operator d;(k) is defined (for a
scalar function) by the equation

g (p)=d, (k) f (p) = f (do (—) p).

Starting from (1.9), we can readily find the oper-
ators of an infinitesimally small displacement
(see also Le] ). These operators are the analog of
the Snyder ‘‘coordinate’’ operator [ for the case
of an elliptic p-space metric. In explicit form the
operators of the ‘‘coordinates’’ are expressed by
the formulas

(1.9)

% = i {9/0py + Py (p9/Op)}.

The displacement transformations together with
the four-rotation of p-space form a group which is
isomorphous to the rotation group in five-dimen-
sional space. This can be readily verified in the

(1.10)
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following fashion. We introduce the five-momentum
operators M where

My, = — i (p,0/0p, — p.0/dp,),

are operators of infinitesimally small four-rota-
tion, and

pov=1,...,4 (1.11)

Mys = — My, = %,. (1.12)

The momentum operators (1.11) and (1.12) satisfy
the following commutation relations:

[MdﬂiMﬁle_iMYay a7B)Y=11~"75v

a==8, B=Fr.

All the remaining commutators vanish. From the
form of the commutation relations (1.13) it follows
that the momentum operators MQB are operators
of infinitesimally small transformations for a
certain representation of a group of five-dimen-
sional rotations.

The connection between the displacements and
five-dimensional rotations makes it possible to
define the displacement operations for spinor
functions of the vector p. According to general
spinor theory (see, for example, [8]) a four-com-
ponent spinor defines a spinor representation of a
group of five-dimensional rotation. To construct
this representation we define the matrices
Tgla=1,...,5):

(1.13)

Fp=1ste ®=1,..,4; Ts=1s (1.14)
where ¥y, (m =1, 2, 3) are ordinary Dirac
matrices, 7y, = —iY;, and s = ¥;v9Y3Ys. The
matrices Ty satisfy the relations

g+ Tplla = 204. (1.15)

With the aid of the T, matrices we define the mo-
mentum operators

Map = (—i/4) (Tal's — Tpl'a), (1.16)

which satisfy the commutation relations (1.13). In
particular, according to (1.12), the operator of
infinitesimally small displacement has for spinors
the form

(1.17)

N ..
Xsp, = 2—-!']’!*.

Knowing the infinitesimally small displacement
operator (1.17), we can define an operator corre-
sponding to a finite displacement (1.6). This oper-
ator can be represented in the form

do(k) = [(1-— k), (1 + B)'n (1.18)

where k = kyyu- The operator (1.18) defines a dis-
placement for a constant spinor . For a spinor
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¥ (p), which depends on the vector p, the displace-
ment is defined by the product of the operators
(1.9) and (1.18):

d (k)= dy (k) ds (k). (1.19)

There exists a simple connection between the
elliptical geometry of p-space considered here
and various pseudo-elliptic geometries, since all
these geometries become identical in the region of
complex values of py. Starting from any relation
of the elliptic geometry, it is possible to obtain the
previously considered corresponding relations of
the pseudo-elliptic geometry (1] by putting
ps = £ipy, where p, is a real number. It is im-
portant here that the expressions that are invariant
with respect to four-rotation of p-space in elliptic
geometry go over into Lorentz-invariant expres-
sions of pseudo-elliptic geometry. This circum-
stance guarantees relativistic invariance of the
theory in the physical region.

The connection between two forms of pseudo-
elliptic geometry, considered by Kadyshevskil [6],
is realized by analytic continuation to the values
Py = iq“, where ay is a real vector.

2. DEVELOPMENT OF THE PROCEDURE

If the p-space is a constant-curvature space,
then the coordinate operators (1.10) do not com-
mute with one another. This circumstance, already
noted by Snyderm, makes it necessary to formu-
late the theory directly in the p-representation.

In order to display the method of generalizing
the theory in clearest fashion, it is convenient to
use the following leading arguments.

In general field theory with local interaction,
the scattering matrix has the form

S = TeiA, 2.1)

where

A=\L@)dx. (2.2)

Let us consider (for the sake of being definite) the
case of pseudo-scalar meson theory. The interac-
tion Lagrangian in formula (2.2) has the form

L (x) = g (x) 7sP (%) P (x).

We change over to the p-representation by expand-
ing the fields in Fourier integrals

(2.3)

1 - — 1 (= .
V) = s \ WP e eedp, (1) = e (B () o,
1 .
9 () = s | @ (R) e~ d. (2.4)
Taking (2.3) and (2.4) into account, we can repre-
sent the quantity A in the form
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A= lewd () e (yap.  (2.5)
In formula (2.5), X, =18/0py, is the coordinate
operator, which is an operator of infinitesimally
small displacement in p-space. The quantity

e-ikK isa finite-displacement operator, inasmuchas

e=tkinp (p) = (p — k). (2.6)

The quantity A, written down in the form (2.5),
can be readily generalized to the case of elliptic
p-space. For this purpose it is sufficient to re-
place the Euclidean displacement operator (2.6)
by the displacement operator defined in (1.9), and
extend the integration over all of the elliptic space,
taking into account the form (1.4) of the volume
element of this space.

In formulating the field theory in elliptic p-
space, it is very convenient to make use of the
formalism of so-called causal operators or quasi-
fields, introduced from different points of view in
the papers of Novozhilov [9], Coester[“’], and the
author 111, The meaning of the quasi-fields lies in
the fact that the algebra of their natural multipli-
cation duplicates the algebra of T-products of
ordinary fields. Because of this, the main proper-
ties of the T-product turn out to be independent
of the x-representation of the operators and can
be readily transferred to any other representation.

All the vectors p, k, . .., encountered from
now on belong to the elliptic p-space. We define
the quasi-field operators in elliptic p-space by
means of the equations

P (p) = (m+ p)~"{a(p) + b" (— p)}, (2.7)
P (p) = (a*(p) + b (— p)} (m — p)~s,
@ (k) = (u* + B~ {c (k) + ¢* (— k). (2.8)

The quantities y and 3y are spinors, while ¢ is a
pseudo-scalar. The amplitudes a, b, and c are
by definition annihilation operators, and the cor-
responding amplitudes a*, b*, and c* are creation
operators.

The commutation relations between the ampli-
tudes have the following form (we write out only
the nonvanishing brackets).

2.9)
(2.10)

[a(p), a™ (@)1, = — [6(p), b ()], = 158 (P, q),
[c(k), ct(1)] = & (k, 1).

The é-functions are defined by the equation in the
right halves of the commutation relations

F(o)= (o a)f(9)d2y

for an arbitrary function f(p).

(2.11)
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The commutation relations (2.9) and (2.10) de-
fine a certain natural metric in the Hilbert space
of the states. This metric is not positive definite.
In the natural metric the creation operator a‘ is
conjugate to the annihilation operator a, etc. The
quasi-field operators satisfy the following conju-
gation relations:

P (p) = ¥* (p) 75, (2.12)
¢ (k) =@ (—k). (2.13)
From relation (2.13) it follows that ¢ (k) is a
real field.

With the aid of the commutation relations (2.9)
and (2.10) we can readily establish the following
properties of quasi-fields:

1. The operators y(p) and P (q) anticommute
for any pair of points in p-space. The operators
¢ (k) commute with one another and with the op-
erators (2.7) for any pair of points of p-space.

2. The vacuum-averaged products of the quasi-

field operators (2.7) and (2.8) are defined by the
equations

B (P)V(9)e = (m+p) 8 (p, q),
<@ R)@(l)>o = (W + £*)710 (k,— ).

All the remaining averages of the products of the two
operators (2.7) and (2.8) vanish. In the case of
elliptic p-space, relations (2.14) are the analog of
the well known expressions for the vacuum-aver-
aged T-product of the ordinary field operators.

Let us introduce a notation which makes it pos-
sible to write down the formulas that follow in
more compact form. Let B be an operator acting
on the spinor function y(p), defined in all of p-
space. By definition

B> =¥ (r) <[ Blg>v(g) AR (2.15)

The quantity < p | B | > in formula (2.15) is
the matrix element of the operator B in the p-
representation. In particular, it follows from (2.11)
that the function 6 (p, q) is a matrix element of -
the unit operator. Using this fact, we can readily
obtain different relations analogous to the proper-
ties of ordinary ¢-functions for the functions
6 (p, q). The quantity ¢ in (2.15) need not be a
c-number. Later on we shall use 3 in expressions
such as (2.15) to denote a quantized operator of
the spinor quasi-field (2.7).

We define an operator

A 1 A
&= g ) 4260(8)d (B),

(2.14)

(2.16)

where ¢ (k) is the Bose-particle quasi-field
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operator (2.8), and a( k) is the displacement op-
erator (1.19). Comparing relations (2.16) and
(2.4) we see that the operator ¢ is a certain ana-
log of the field ¢ (x) in ordinary theory. With the
aid of (2.15) and (2.16) we can represent the quan-
tity A (2.5), generalized to the case of elliptic
p-space, in the form

A =g 70| ¥).

, we base our theory on the opera-

(2.17)

Following 1]

tor

6 = e, (2.18)

With the aid of the conjugation relations (2.12) and
(2.13), and using the unitarity of the displacement
operator (1.19), we can readily show that the op-
erator A (2.17) is Hermitian in the natural metric,

A =AY,

and consequently the operator ¢ is unitary in the
same metric, i.e., it satisfies the relation

oot =c'c =1. (2.19)

The meaning of the operator ¢ becomes clear if
we use Wick’s theorem and expand the exponential
function in (2.18) in normal products of the oper-
ators i, ¥, and ¢. This expression can be repre-
sented in the form

6= 2 SK""”(pl,---,pn: Gy vy Gny Ry, e

(n,v)

. k)

XN (P .- (Pa) V(@) - -V (n) @ (k1) - .. 9 (R}

X TdQ,T1dQ,TTdQ;. (2.20)

The coefficient functions of the expansion (2.20),
K®.¥) gre generalized Feynman amplitudes,
which have 2n external fermion lines and v ex-
ternal boson lines. The amplitude K®:¥) is de-
fined in elliptic p-space. In order to find the am-
plitudes of the real physical processes, it is nec-
essary to go over by suitable analytic continuation
to the values of the momenta belonging to the
pseudo-elliptic space.

So far the entire construction was carried out
for the case of a pseudo-scalar interaction be-
tween a Fermi field and a Bose field. It is easy to
extend all the foregoing arguments also to the case
of other interaction variants. For this purpose it
is merely necessary to define the operator A in
suitable fashion. For example, for the case of a
direct four-fermion interaction we can introduce
the current operator

J (k)= <y | 0d (k) | ¥,
where a(k) is the shift operator (1.19), and de-
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fine the operator A by means of the relation

A= ngkJ (k) (— k).

3. REPRESENTATION OF AMPLITUDES IN
OPERATOR FORM

In calculating the amplitudes K@Y of expan-
sion (2.20), the ordinary matrix notation is less
convenient than the operator form with notation of
the type (2.15). The advantages of the operator
form are connected with the noncommutativity of
the displacement operators (1.19) and is particu-
larly clearly manifest in the higher approxima-
tions of perturbation theory (see Sec. 4 and 5). In
the present section we shall illustrate briefly the
gist of the operator method using simplest exam-
ples with expressions of order gz.

The second-order term of the operator o (2.18)
is

— A= — P T | WD
Applying Wick’s theorem to (3.1) and taking ex-
pression (2.14) for pairing of operators into ac-
count, we represent (3.1) in the form of a sum of
terms, corresponding to different Feynman dia-
grams. Let us give the explicit form of the normal

products, corresponding to the diagrams in Figs.
la, b, c,and d

- (2—‘?:)1*1\/ Cp [ s (ks) (m 4 p)red (ky) 0D,

(3.1)

(3.2)

“LS&N P lrsd (— k) [ 9> < rsd (k) |9 3)
22n)t Y R {<P [ 1sd (— R) [WD<P [1sd () [P D},
(3.3)

2 — aQ N a a
— 2N | il () () ed () o

S8 Tr (el (k) (m + p) ved (k) (m + P (3.5)

We see that to each diagram of Fig. 1 there
corresponds a certain operator acting on the spinor
functions in p-space. This operator is made up in

k

2

FIG. 1
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simple fashion of the operators v;, displacement
operator d(k), and the propagation operators
(m + f))'l. The amplitude is expressed in terms
of the corresponding operator by a relation of the
type (2.15). The symbol N in formula (3.2)—(3.4)
denotes that the product of the operators ¢ and
P (2.7) is replaced in the final state by their nor-
mal product. The symbol Tr in formula (3.5) de-
notes the total trace of the operator in the brack-
ets (summation over the spinor indices and inte-
gration over p-space).

We can construct analogously the amplitudes
corresponding to any higher-order diagram. Each
amplitude is expressed with the aid of a relation
of the type (2.15) through a certain operator.
Thus, the operator method considered here gen-
eralizes in natural fashion the Feynman diagram
technique to the case of field theory in elliptic p-
space.

4. THE SCHWINGER EQUATIONS

The Schwinger equations 02 o1 the Green’s
functions can be extended to the case of field
theory in p-space of constant curvature. These
equations are of interest, since (as was shown by
Fradkin 1% ) they are directly related to the dy-
namic equations of the field theory for the Heisen-
berg operators. In the derivation of the equations
we use the method developed in the book by
Bogolyubov and Shirkov U4 This derivation is
based only on the properties of the operator ¢
(2.18) and does not involve any new dynamic prin-
ciple. We derive the Schwinger equations in
p-representation in elliptic p-space (the Schwinger
equations in Euclidean p-space were derived for
ordinary field theory in Fradkin’s dissertation [‘ﬂ).

Let us introduce an auxiliary classical field
¢£(k) and consider the operator

s]L] = ehexp {Q @ (k)T (k) ciﬂz,c} . (4.1)
When ¢ = 0 the expression (3.1) goes over into the
operator o defined by (2.18). For the sake of
brevity we no longer write out the functional argu-
ment ¢ in explicit form. From the form of the
equations it is clear which operators should be
regarded as functionals of the auxiliary field ¢.

In calculating the functional derivatives with re-
spect to ¢ we make use of the relation

ST (k)05 (1) = 8 (k, 1), (4.2)

which defines the ‘‘normalization’’ of the functional
derivatives.

The Green’s operator é acting on the spinor
functions in p-space is defined by means of its



190
matrix element

p1G1g> = Y (p) 5B (9) e/,

where the operator ¢ is given by relation (4.1),
and the index zero denotes vacuum averaging.

. Taking (2.16) and (2.14) into account, we represent
the quantity A in the form

A—u—wgdpk(P(k)@HTsd JIROR

(4.3)

(4.4)

Further derivation of the equations is carried
out in the same fashion as in 4. Using the gen-
eralized Wick’s theorem and taking the definition
(4.3) and relations (4.1) and (4.4), as well as the
pairing expressions (2.14), into account we obtain
after simple calculations the first Schwinger
equation. This equation, written in operator form,
has the form

{m+ﬁ e gdszmd ) [q)(k)Jr(SC (k)]}é: 1. (4.5)

The quantity ¢ (k) in (4.5) is defined by
_ 1 84500 <@ (R)SHe
OE) = G wm — o
Analogously we obtain the second Schwinger equa-
tion for @ (k):

R+ £ © (k) + (2::)2 Tr{’rsd( R)G} = (—k).

The Schwinger equations (4.5) and (4.7) can be
represented in a different form, which is more
convenient for applications, if we assume & (k) to
be the independent functional variable. Let us
define the Green’s function of a boson by the rela-
tion

(4.6)

(4.7)

D (k, 1) = ® (R)/SL (I). (4.8)

Taking (4.6) into account, we can represent the
function D (k, ) in the form
Q(R)p () sde  L@(k)sye <P (1) s)o
o <(f>( ) (p(<5)>o (p<5>o - (49)
From (4.9) it follows, in particular, that D(Kk, I)
is a symmetrical function of its arguments.
Making a change of functional variables and
taking (4.2) and (4.8) into account, we obtain a
system of equations for the fermion Green’s oper-
ator G and for the boson Green’s function D:

Dk, 1) =

{m+ b — g durd )

[cD (k) - \dQ,D (k1) 5
(- k) D (k, )

+ \_1\, SdQnD (n, 1) Tr {75 d(— k) 5‘1’(71)} =& (k, — ).
(4.10)
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In (4.10), the quantities G and D are functionals
of the independent variable & (k).

The equations in (4.10) can be represented in a
different form by introducing the vertex operator

['(k) =—g 1668 (). (4.11)
From (4.11) we obtain
8G/8D (k) = gGI(k)G. (4.12)

Substituting (4.12) in (4.10) and introducing the
mass operator

A

M o=m— \dedQlD (k, D) 7sd (RGT())  (4.13)

2 )
and the polarization operator

P (k, I) = ig® 2m)2 Tr {1, (—k) GL()GY, (4.14)

we obtain the system of equations
[#1+5 — s (dQurd () @ (0]} G —

W kD (b, 1) + \P (&, ) D (n, 1) dQ, =& (k, — I).
° (4.15)

From the first equation of (4.15) we can de-
termine the connection between the vertex mass
operators

[ (k) =i (2n)2 y,d (k) — g OM/OD (k).  (4.16)

The equations in (4.10) or (4.15) represent differ-
ent forms of the Schwinger equations, and are
perfectly analogous to the corresponding equations
of ordinary theory.

5. CONCLUDING REMARKS

As a result of the noncommutativity of the dis-
placement operators (1.19), unique effects which
have no analogs in ordinary theory, occur in the
theory developed here. Some of these effects,
connected with the deviation from the energy and
momentum conservation laws in particle collisions,
were considered in 1. We shall dwell here briefly
on questions connected with the determination of
the state of a physical particle. Unlike ordinary
theory, the mass operator (4.13) (with ¢=10) is
not diagonal in the p-representation. To verify
this let us consider the contribution to 1\71, corre-
sponding to a fourth-order diagram (Fig. 2):

i & Sdgk e,

% A1sd (— k) (m 4 p)™Mrsd (— 1) (m +p) 54 (R)

X (m 4 p)'r5d (), (5.1)
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inasmuch as the shift operators do not commute,
we have

d(—kyd(—)d(k)yd() +1,

from which follows the statement that the operator
M is non-diagonal (we note that the second-order
term in (3.4) contributes only to the diagonal part
of the operator M ). The mass operator is thus an
integral operator in p-representation. Analogous
deductions can be drawn with respect to the polari-
zation operator (4.14) and the vertex operator
(4.16). R

From the integral character of the operator M
it follows that the states of a physical particle,
specified by the equation

(M+p)yp=0,

cannot have a definite momentum. From relativ-
istic invariance considerations we can conclude
that the solution of Eq. (5.2) will be ‘‘smeared’’
over the masses. One should expect this smearing
to be sufficiently small (Am ~ M? in dimension-
less units, where M is the physical mass of the
particle).

The integral nature of the mass operator M
calls for an appreciable review of the entire
problem of mass renormalization. Inasmuch as
no divergent expressions are encountered in the
theory, it is most tempting to relate the problem
of renormalization with the problem of determin-

(5.2)
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ing the values of the masses of elementary parti-
cles.

In conclusion, the author is deeply grateful to
Academician I. E. Tamm and to V. G. Kadyshev-
skil for numerous fruitful discussions.
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