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It is shown that if the simplest inelastic channels are taken into account in the unitarity con­
dition, the partial wave amplitudes can have as a function of the angular momentum as singu­
larities only poles and singularities whose position does not depend on the energy. If one as­
sumes that this result holds generally then it follows that the asymptotic behavior of the 
scattering amplitudes at high energies can lead either to a slowly decreasing cross section [2] 

or it has the character described earlier. [3] 

1. INTRODUCTION 

IN a previous paper [1] it was shown that the 
asymptotic behavior of the scattering amplitude 
for high energies s and fixed momentum transfer 
t are given by the position and character of the 
singularities in the [-dependence of the partial 
wave amplitude fz(t) in the channel in which t 
corresponds to the energy. It was shown that 
the asymptotic behavior varies appreciably, de­
pending on whether the positions of the singulari­
ties fz(t) depend on t or not. If they do not de­
pend on t the asymptotic behavior corresponds 
to a slowly decreasing cross section. [2] If the 
positions of the singularities of fz ( t) depend on 
t and if their character is unknown, then the 
asymptotic behavior can be very involved and it 
may not exhibit a connection between the physical 
and nonphysical regions. 

Earlier [3] we have discussed the properties 
of the asymptotic behavior of the scattering am­
plitude, obtained if one assumes that fz(t) is a 
meromorphic function of l as in the nonrelativ­
istic case, [4] or if its first singularities from 
the side of high l are poles. 

think that the result is true in general. The dif­
ficulty of the proof for the general case lies in 
our inability to formulate in a lucid manner the 
analytic properties of production amplitudes 
known from perturbation theory. 

If we assume this result, then it follows that 
there are only two possible types of asymptotic 
behavior of the scattering amplitude in the chan­
nel where s is the energy: 1) the asymptotic be­
havior leads to a slowly decreasing total cross 
section; 2) the asymptotic behavior is as dis­
cussed in [3] whereby the total cross section 
may be constant while the elastic scattering 
cross section approaches zero and the interac­
tion radius increases with increasing energy. 

The essential feature on which are based all 
discussions of this and future papers is the as­
sumption that for the scattering amplitudes there 
hold dispersion relations over the momentum 
transfer at arbitrary energies with a finite num.­
ber of subtractions. 

2. PARTIAL WAVE AMPLITUDES WITH COM­
PLEX l 

In the present paper we shall show that by in­
vestigating fz(t) as a function of t on the non­
physical sheets [SJ one can arrive at the conclu­
sion that fz ( t) cannot have any t-dependent sin­
gularities in l other than poles. This statement 
will be proved here with account of the simplest 
inelastic channels in the unitarity condition only. 
In the next paper we shall show that it remains 
true also if one takes into account a number of 
more complicated inelastic channels (a three­
particle intermediate state). This leads one to 

We consider the invariant scattering amplitude 
A( s, t) for spinless particles in the channel where 
t is the energy, and we represent it in the form 
of a series of partial waves 

00 

A(s,t)=2} (2n+l)fn(t)Pn(z), 
n=o 

1 

fn(t)= ~~ Pn(z)A(s,t)dz; (1) 
-1 

(2) 

873 
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here p10, p20, p1, p2 are the energies and momenta 
in the center-of-mass system. We assume that 
A ( s, t) obeys the usual dispersion relations in s 
with fixed t 

00 00 

1 ~ ds' , 1 ~ du' , A (s, t) =- -,- A1 (s ,t) +- -,- A2 (u , t). 
:rt s-s :rt u-u 

~ ~ 

(3) 

We consider this relation to be fulfilled in the 
sense that a sufficient number of subtractions has 
been performed. 

From (1) and (3) follows that 
00 00 

1 \" 1 I f,; (f) = :it J Qn(z)A1 (s, t) dz+( -l)nn J Qn (z) A2 (u, t) dz, 
Zo z'o 

(4) 
where Qn ( z ) is the Legendre function of the sec­
ond kind, n > n0, and n0 is given by the number of 
subtractions; z is determined in the first integral 
by (2) and in the second by an analogous connec­
tion with u. It is convenient to consider separately 
the parts of A(s, t) that are symmetric and antisym­
metric with respect to the replacement of z by - z: 

A (s, t) = A+ (s, t) + A- (s, t) (5) 

and correspondingly 

00 00 

f(f(t) = * ~ Qn (z) A 1 (s, t) dz ± * ~ Qn(z)A 2 (u, t) dz. (7) 
~ ~ 

The quantities Fn, can be easily generalized to in­
clude complex angular momenta. However, if no 
additional conditions are imposed, this can be done 
in a multitude of ways. Thus, for example, we can 
determine tf by inserting in (7) Qz instead of Qn 
and considering l to be noninteger, or we can re­
place in (1) Pn by Pz, where Pz and Qz are the 
Legendre functions of the first and second kind. 
This way we obtain different analytical functions 
f'[ and f['. 

We assume the following conditions which will 
define uniquely the functions tf: (a) fy has to co­
incide with f~ for either even or odd l; (b) fi 
must be analytic functions in the half-plane Re l 
~ l0, Z0 ::.S n0; (c) tf must be bounded if l - oo 

along an arbitrary direction in the half-plane 
Re l > l0• 

Evidently these conditions define tf uniquely: 
if there would exist two such functions their dif­
ference would be an analytic function in the half­
phj.ne, vanishing at infinity and having zeros at all 
even or odd points. According to Blaschke's theo­
rem modified for a half-plane, [S] such a function 
vanishes identically. All these conditions are ful­
filled by the function obtained by exchanging Qz 

for Qn in (7). As has been shown in [l), the sin­
gularities of this function determine the asym­
ptotic behavior of the scattering amplitude as 
s - oo by means of the relation 

n, 

A± (s, t) = {-~ (2n + 1)(1 ± (- l)n) fn (f) Pn (z) 
n=O 

l,+ioo 

+ -4i I (2! +1 1) ftc (t){Pt(- z) ± Pt(z)} dl. (8) J Sill :rt 
l 0-ioo 

We have treated the uniqueness of the quanti­
ties tf introduced in [l) in some detail because 
the clarification of this question allows one to 
write down without further calculation the unitar­
ity condition which the functions tf have to fulfill. 
For simpli'city we omit from now on the ±, re­
membering that the symmetric and antisymmetric 
parts have to be treated separately. We now con­
sider the problem of unitarity. At an energy t 
below the threshold for inelastic processes, fn (t) 
obeys the unitarity condition 

~(f~-f~) =~f~f~, f~=fn, f~= f~. 

If we now construct from the functions fK and 
f~, which are defined for integer n, the functions 

if and ft fulfilling the above enumerated condi­
tions, then we can show, repeating the arguments 
used above to prove uniqueness, that the unitarity 
condition has to be fulfilled for arbitrary com­
plex Z: 

1 (f' fa) - k f'fa 2i l- l - w l l' f~ = (ff.)*. 

3. ANALYTIC PROPERTIES OF THE PARTIAL 
WAVES 

(9) 

Before embarking on the investigation of the 
singularities of iz (t) as a function of l we con­
sider the analytic properties of fz ( t) as a func­
tion of t. We assume here that the Mandelstam 
representation applies and that for arbitrary t 
we can thus limit ourselves in the dispersion re­
lation (3) to a finite number of subtractions. This 
means that one can choose an Z0 defined by the 
following requirements: fz ( t) is analytic in the 
half-plane Re l ~ Z0, where Z0 does not depend 
on t. For reasons of simplicity we take the 
masses of the particles to be equal and A1 = A2• 

Then 
00 

ft (f)=~~ Qt( 1 + t !:m.) AI(s, f) t ~:m•. (10) 
s, 

For Re l > Z0 the integral then converges for arbi­
trary t. Since A1 ( s, t) for fixed s does not have 
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complex singularities in t and 1 + 2s/ ( t- 4m2 ) 

;.! ± 1 for complex t, the function fz(t) also does 
not have complex singularities in t. We now turn 
to the singularities of fz ( t) on the real axis. 

To begin with, fz(t) has singularities at t 
= (l:J.ti )2• These correspond to the thresholds of 
the inelastic processes which arise because of 
A1(s, t). Furthermore, fort-4m 2 - 0 

Q ( 1 _t_ _2s_) ~ ('- 4m2)1+t 
I I t-4m2 2s 

and thus fz(t) ~ (t- 4m2 )z. It thus has singulari­
ties which differ from the usual singularities 
(t-4m 2)112 of the partial waves with integer l. 
However, if in place of f z ( t) we consider the func­
tions cpz (t) = fl (t) (t-4m 2)z, then cpz (t) have 
only the usual singularity. 

If t <4m 2, then cpz (t) and fz (t) have singular­
ities at values of t such that 1 + 2s/ (t- 4m 2) 

2:: -1, i.e., for t:::: 4m 2 - s. Since the minimum 
s = s 0, A1 (s, t) has singularities also for t <4m2 

(the left cut), given by the condition 4m 2 - s - t 
= u1 when t = t0 =4m2 - s 0 (if s 0 =4m 2 then t0 =0). 
These lead to singularities of f (t) at 

t = t 1 =4m2 - s0 - u1 • 

We evaluate the discontinuity across the left cut 
of the function cpz(t). For t1 < t < t0 we have 

4m1-t 

A<pt=~[<pt(t+ie)-<pt(t-ie)]=2 ~ Pt(4m;~ 1 -1) 
s, 

X A1 (s, t) (4m2-t)-l-1 ds. (11) 

For t < t1 we have 

of fz ( t) can be put into two classes: 1) singulari­
ties whose position depends on t (moving singu­
larities) and 2) singularities whose position does 
not depend on t (stationary singularities). 

In this paper we are interested only in the mov­
ing singularities and we show that when one neg­
lects the inelastic processes these singularities 
can be only simple poles due to resonances. In 
order to show this we have to study the proper­
ties of fz( t) as a function of t on the nonphysical 
sheets, as was done by Gunson and Taylor [5] for 
integer Z. This is so because if fz(t) has a sin­
gularity at l = l(t) as a function of l then, gener­
ally speaking, it has the same singularity as a 
function of t at t = t(l). Since fz(t) is not a 
single-valued function of t, the singularity t = t( l) 
can occur on nonphysical sheets. 

We start from the fact proved above by using 
the Mandelstam representation that when Re l 
2:: Z0 there are no singularities t = t(l) on the 
physical sheet of the t plane (see Fig. 1). We now 
vary l in the region Re l < Z0• If we then find the 
first singularity at some l = l' and some t = t', 

FIG. 1 

this implies that for l = l' the first singularity 
appears on the physical sheet of the t plane at 
t = t'. We use the word "first" in this connection 
in the following meaning that Re l' > Re l for any 

4m•-t 
A = 4 {-.!_ ( p ( ~ _ 1) A (s t _ ie) ds+ ..!._ other singularity of fz(t) that depends on t. From 

<pt 2 ~ 1 4m•- t 1 ' n continuity considerations it is elear that t' can 
- 2 4m'-t-u~ lie only on the cuts t > 4m and t < t 0 of the func-

x ~ Q1 (4m;~ 1 -1+is)ImAr(s,t)ds}(4m2-t)-1-1 . tion fz(t), i.e., the singularity can come only from 
s, (12) the other sheets and cannot simply appear at an 

These expressions are obtained in an elementary arbitrary t. 
way if one recognizes that [ Qz(z + ie:) - Qz(z- ie: )]/ In order to determine the character of the singu-
2i = -7rPz(z )/2. We have written them out in order larity at t = t' it suffices to find out what kind of 
to emphasize the fact that tlcpz is determined by singularities existed on the other sheets in the vi-
integrals over a finite domain and is therefore an cinity of the real axis for Rel > Rel'. 
analytic function of l for all complex l, with the We first consider the left cut t < t 0• In order 
exception of negative integer values at which Qz to continue the function to the other sheet we ex-
has simple poles. This fact will be of importance press cpf = cpz(t + ie:) in terms of cpt = cpz(t-i€) 
in what follows. and Llcpz, namely cpf = cpt + 2itlcpz. If the right-

4. SINGULARITIES OF THE PARTIAL WAVE 
AMPLITUDES AS FUNCTIONS OF THE 
ANGULAR MOMENTUM 

In this section we consider the singularities of 
fz(t) as functions of l. All possible singularities 

hand side can be continued into the lower half­
plane, then this will yield the continuation of cpf 
to the second sheet and cpt can by definition be 
continued to the lower half-plane. The analytic 
continuation of Llcp z is determined by the analytic 
continuation of A1 ( s, t ) . However, independently 
of the analytic continuation of A1 ( s, t) the func-
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tion D.cp z will not have Z-dependent singularities 
since it is given by an integral with respect to the 
analytic functions Pz and Qz over a finite inter­
val. There are therefore no singularities which 
depend on l in the nonphysical sheets associated 
with the left cut. This fact can be explained also 
in a different way. By virtue of (11) and (12), the 
discontinuity !:::.cpz, being defined for Re l > lo, is 
uniquely determined and finite for all values of l 
(except for negative integers). Therefore the 
contribution from the left cut does not have singu­
larities in Z. 

We now turn to the right cut. Here we obtain 
from the unitarity condition 

1 ( r a) r a k 4 2 1 zr <pz - IPt = Pt IPt IPt, Pt = ( fw~ (t- m ) 

and therefore 

<p~ = <pf I (I - 2i PtiPI). (13) 

It follows from this that for Re l > l0 there can 
exist on a nonphysical sheet only poles which are 
given by the condition pzcpz = 1/2i and which can 
emerge to the physical sheet at l = l'. For inte­
ger l these poles correspond to the resonances 
discussed in [S]. 

We have thus shown that if we neglect inelastic 
processes the moving singularities of fz(t) can 
be only poles. 

In the next section we consider the simplest 
inelastic processes and show that they do not 
change the above conclusions. 

5. THE CASE OF SEVERAL CHANNELS 

We consider the case where there exist two 
types of particles, A and B, with masses m1 
and m 2 (m2 > m 1) so that the following reactions 
are possible: 

A+A-A+A, A+A-... B+B, 

B + B __, B +B. (14) 

We designate the amplitudes for the partial waves 
of these reactions by fz, gz, and hz respectively, 
and the corresponding invariant amplitudes by 
Af(s, t), Ag(s, t), and Ah(s, t). To begin with 
we assume that m 2 is not large so that none of 
the amplitudes Af, Ag, and Ah have anomalous 
thresholds. Then we can introduce, in complete 
analogy to the previous sections, partial wave 
amplitudes with complex l. They can be written 
in the following form: 

00 

gf- = * ~ Q1 (z12) Af (s12' t) dz12 ± (Af __. Af), 

[z~2 

00 

h"f = ~ ~ Q1 (z22) A~ (s22 , t) dz22 ± (A~---> A:), (15) 
zO 

22 

, 2sn · 
211 = 1 T --2 , 

t-4m1 

t + 2s22 - 2mi - 2m~ 
212 = [(t- 4mi) (t- 4m~) J'l'' 

(16) 

These formulae are valid for Re l > Zt, Re l > Z2, 
and Re l > Z3 respectively. 

To determine the character of the moving sin­
gularities, we are interested in the singularities 
on the other sheets for Re l larger than the larg­
est of the numbers Z1, Z2, and Z3• Evaluating the 
discontinuities Mz, D.gz, and !:::.hz on the left cuts 
we again conclude that there are no Z-dependent 
singularities on the nonphysical sheets associated 
with these cuts since the discontinuities are given 
by integrals with respect to Pz and Qz over finite 
intervals. 

The analytic continuations into the nonphysical 
sheets associated with the right-hand cuts t ~ 4mi 
and t ~ 4m~ are given by the unitarity conditions 

_!_ (f' -- fa) = !!!__ f'fa + kz g' ga' 2i l l (J) l l (J) l l 

__!_ (h' - ha) = !!!__ grg·a + ~ h' ha. 
2i l l (J) l l (J) l l 

(17) 

Strictly speaking, the values of the analytic 
function on the two boundaries of the cut are func­
tions of the type cpf and cpf. For simplicity, how­
ever, we do not consider the complications of the 
unitarity conditions associated with this circum­
stance, since they have no influence on the result. 
The continuation to the first nonphysical sheet 
associated with the singular point t = 4mi is ob­
tained by omitting the second term on the right­
hand side and solving the equations for ff, gf, 
and hf. This way we get 

' g/ 
gt = 1- 2iffk,jw ' 

' = ha _j_ 2i "'_ g/g/ (18) 
ht t ' w 1- 2if/k1jw 

The continuation to the second nonphysical sheet 
associated with the singular point t = 4m~ can 
most easily be performed by noting that according 
to (17) and (18) 
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__!__ [h'- h'] - '!!-_ h'h'. 
2i I I - w I I' 

{19) 

from this we obtain 

{20) 

It follows from {18) and {20) that on both unknown 
sheets there are no l-dependent singularities ex­
cept poles. Furthermore, it follows from {18) that 
gz and hz cannot have poles which are not con­
tained in f[, but gz and hz may not have a pole in 
the point where f[ has a pole if gl = 0 in that point. 
On the second sheet fz and hz exchange places. 
This indicates that the numbers l1, l 2, and z3, which 
determine the value of Re l at which the singulari­
ties emerge onto the physical sheet, have to satisfy 
the inequalities l 2 :5 l1, l 2 :5 Z3• If one excludes the 
special case in which a zero of g1 coincides with 
a pole of fz or h'z then all three amplitudes will 
have poles at the same l = l(t) or t = t{ l). 

We now turn to the question whether the situa­
tion will change when we increase the mass m 2 so 
that anomalous thresholds appear in the amplitudes 
Ag(s, t) and Ah(s, t). The appearance of anoma­
lous thresholds leads, first, to the occurrence of 
additional regions of integration over z12 and z 
. h f 22 m t e ormulae (15) for gz and hz. In these 
Af•h(s, t) have in general complex singularities 
in t. However, these additions cannot change the 
a~alytic properties of gz and hz as functions of l, 
smce they are finite integrals involving Qz and 
thus are analytic functions of l. Furthermore, 
even with an unchanged region of integration over 
z12 and z22 additional singularities appear in gz{t) 
and hz(t), connected with the anomalous thresh­
olds of Af and AP in t. 

It is convenient to consider these anomalous 
thresholds from the point of view of the behavior 
of the singularities on the nonphysical sheet, as 
was done in [7]. With m 2 close to m 1 and no 
anomalous thresholds, the singularities and cuts 
of gz and hz are shown in Figs. 2 and 3 with heavy 
lines. As m~ becomes larger the left cut approaches 

FIG. 2 

t,z ... ___ _ 

FIG. 3 

the point t = 4mf and reaches it for m~ = m~ + s~2 . 
Here t~2 reaches its maximum and decreases with 
further increase in m 2. One can easily verify that 
actually the singularity at t~2 moves off to another 
sheet. However, because of the second equation of 
(18) a similar singularity" exists on the second 
sheet (a singularity in gl) which moves with in­
creasing m 2 from the second sheet to the first 
and leads to an anomalous addition to the disper­
sion relation for gz. Simultaneously there ap­
pears an anomalous contribution to the dispersion 
relations for hz, since according to the last equa­
tion of {18) hz also has a singularity on the second 
sheet at t = t1°2. This singularity also emerges 
onto the physical sheet at m~ = mi + s~2 . 

One can see from the above description that 
the discontinuities on the cuts associated with 
the anomalous thresholds are proportional to the 
discontinuity ~gt on the left cut {the left cut 
leads to the second sheet) which does not contain 
singularities in l and therefore there are likewise 
no [-dependent singularities in the nonphysical 
sheet connected with the anomalous singularity. 

If the mass m 2 becomes unstable, then t~2 
either reaches the singularities of gz and hz on 
the left cut, or moves into the complex plane (if 
the inelastic process results in particles with dif­
ferent masses). In either case this cannot lead to 
the appearance of [-dependent singularities. 

Thus the appearance of anomalous thresholds 
or ·of unstable particles has no influence on the 
above-obtained result that the only moving singq­
larities can be poles. In a following paper we 
shall show, under rather general assumptions 
concerning the analytic properties of the produc­
tion amplitudes, that this result does not change 
if one takes into account the inelastic channel of 
the process in which t.wo particles are changed 
into three. 

6. TWO TYPES OF ASYMPTOTIC BEHAV­
IOR OF THE SCATTERING AMPLITUDE 

If one accepts the above considerations then 
fz( t) can have either t-independent singularities 
or poles. 

If the first (from the side of large l) singu­
larities turn out to be stationary singularities, 
then the asymptotic behavior of A1 ( s, t) for large 
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s has the form slOB ( ~, t), [2] where Z0 is the po­
sition of the singularity, ~=Ins,. B(~, t) < C/~, 
which leads to a decreasing total cross section 
(Z0 :::: 1, see [8]). If the first singularity is a pole, 
then A1 ( s, t) "' s Zo (t), which corresponds to the 
previously [8] described picture of the scattering, 
according to which the interaction radius grows 
with energy as ~ 1 /2, the elastic scattering cross 
section decreases as 1/ ~, while the total cross 
section may approach a constant. Such a picture 
evidently does not contradict the presently avail­
able experimental data, since the elastic scatter­
ing cross section is considerably smaller than the 
total cross section for all reactions, and the dif­
fraction peak in do/dt evidently becomes nar­
rower with increasing energy s. [9] 

In conclusion I express my deep gratitude to 
L. D. Landau, I. Ya. Pomeranchuk, and I. T. Dyat­
lov for useful discussions and to I. M. Shmushke­
vich who pointed out a number of errors in the 
work. 
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