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The cross sections (I) and (II) are calculated in the lowest order in weak and electromagnetic
interactions. The expressions obtained are then employed to calculate the total cross sections
for processes (A) and (B) by the Weizsdcker—Williams method. Curves of the cross section
for X-meson production on the ,Fe® nucleus vs. the incident lepton energy, from the thresh-
old up to 100 BeV, are presented for X-meson masses of 0.6mp, 1.0mp, and 1.4mp.

IT is known that a weak four-fermion interaction
cannot be regarded as local within the framework
of perturbation theory when the momentum trans-
fer is large. In this connection, various authors
have attempted to describe weak interaction as a
nonlocal interaction of fermion currents through
an intermediate vector boson, 1] a particle with
lifetime 7< 1077 sec and mass « exceeding the
K-meson mass.

Several recent theoretical papers dealt with
effects which, if confirmed experimentally, could
serve as an argument for or against the existence
of such a particle. The most convincing would be
experiments on the direct production of the X
meson. The simplest among these, as indicated
by Pontecorvo and Ryndin, [2J would be an experi-
ment in which an X meson is produced by a neu-
trino in the Coulomb field of the nucleus,

V4 zMAS ZMA 4 XF 4T, (A)

since this experiment would not be accompanied by
reactions caused by strong and electromagnetic in-
teractions. A formula for the cross section of this
process at large neutrino energies is contained in
the paper delivered by Lee at the Rochester Con-
ference of 1960.[3] Ebell and Walker [4] consid-
ered the ‘‘inverse’’ of reaction (A)

B+ zMA— ZMA + X* L v, (B)

The purpose of the present paper is a detailed
calculation of the total cross section ¢, and o, of
processes (A) and (B), so as to make more precise
the results of Lee and Yang[%] and of Ebell and
Walker.[*) In Secs. 1 and 2 we calculate 0., and
Oy+p for the reactions

T+v—-Xt+4p, (I
T+ pt = X 4. (1n

In Sec. 3 we derive expressions for the cross sec-
tions op and oy, using the covariant formulation
of the Weizsiicker—Williams method (%] and a very
simple form factor of the ‘‘stepped’’ type. Plots of
the cross sections of processes (A) and (B), calcu-
lated from the experimental distribution of the
charge in the nucleus, are presented in Sec. 4 for
the nucleus j,Fe®® in the energy interval from
threshold to 100 BeV.

1., CROSS SECTION OF THE PROCESS (I)

The Lagrangian of the interaction between leptons
and the X meson has the form [8]

L = fa,ve (1 + 7,) w9 + Herm. adj., 1)

where u, and u, —Dirac spinors of the muon and
neutrino, ¢ —wave function of the X meson, f2
= Gk%/V2 (G = mp? x 107% —Fermi interaction con-
stant, mp —proton mass, and h=c =1).

In the lowest order in the weak and electromag-
netic interactions, the matrix element T of proc-
ess (I), represented by the diagrams of Fig. 1, is

ief (r)t &4 (k+-p'—p—q)

T=—

2 V 0,0,
% e, (p) Tpo (1 + 75) 44 (P), @)
Oy — %722t
Tpe = (Fues ___té—_”;_lg_ Ta -+ To —m To- 3)
1

Here m —muon mass, €, and €p —photon and X-
meson polarization 4-vectors, e?/4r = a = Y3,
(Ty)pg —vertex part, describing the electromag-
netic interaction of the X meson:["]

(rp)oﬂ = - (‘h + tm) 8o + tlaéup + Qpaws +8 (kdarlp — kpﬁkm),
4)
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b I

FIG. 1. Feynman diagrams of process (I); k, p’, p and q —4-

momenta of the photon, neutrino, y~ meson and X meson, re-
spectively; t5t1=q—k=P,—p,UEtz =p.__k=pl_q_

where g —total gyromagnetic ratio for the X
meson.

The matrix element (2) can be simplified by
using the Dirac equation for the muon and neu-

; : Ay = My =0-
trino, and the relations ey k“ 0, €p dp 0:
—2g,7,+ g (8,,— k,1,) 2p, — 1,k
TW, = ple t%_‘:; elp l*tg_':nz To- (5)

In this expression we have neglected the terms
~m?/k% 1t is easy to verify that the matrix ele-
ments in (3) and (4) are gauge-invariant.

The cross section Oy+p of reaction (I) with
longitudinally polarized neutrino, averaged over
the photon polarizations and summed over the
muon and X-meson polarizations, is
g (’596 - q_p&,‘)QPm (6)

Oytv = P

aG %?

e |

Qoo = SP [Ty (1 4 13) P1aT e aP],
s=k+p =p+aq. (7

Integrating between the limits

[(x2 — % 4 m?) + V(¢ —x® + m?)? — 4s°m?],

()]

t2 max — 1
min 2

we obtain after simple calculations

8x4

aG . 2 8xs
67+v=%{[(g—2)2+(4——g2)?‘,——F—i——és—}lnC
4y? 8xd 8xs %2 m?\2 4m?
+[F*F+F]1DD+V(1_?+?) -

x[fe+re—T—7 @25+ F]} o

nC =1In [(sz +o—m) + V@ — u")“—"szm’],
(5% 4+ %2 — m2) — V (s? + m® — x2)2—4s’m?
0D = In [(s2 +m?— )+ V (% m®— u’)5—4s"m”:]' (10)

(8% 4 m? — %?) — V (5% 4 m® — )2 — 4s?m?

In (9) we neglected in the square brackets terms
containing m?%/s? in the first and higher powers,
since m? « k2.

At energies much higher than the threshold of
reaction (1) (k% « sz), we obtain from (9) and (10)

the following asymptotic formula

Oyps = %{(g —2en S 4 [% (g — 2) +8(g_1)]}. (11)
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2. CROSS SECTION OF PROCESS (II)

We now consider the process (II), which is the
“‘inverse’’ of (I) and is represented by the diagrams
of Fig. 2. The expressions for T, Tup, and Qpg
corresponding to these diagrams are obtained from
(2)—(5) and (7) by making the substitutions

t2—>t;=_———s',

uy (p') = v (—p;). (12)

p'——p; -t =t

‘_‘u (p) — 5u (—py)

p—')_p.n

X

FIG. 2. Feynman diagrams of (II): k, py, p; and q—4-mo-
menta of the photon, antineutrino, p* meson, and X-meson,
respectively; —s' =t/ =—p, —k=—pp—q

The cross section Oy s averaged over the pho-
ton and u*-meson polarization and summed over
the antineutrino and X-meson polarizations is ob-
tained from a formula similar to (6). Integration
between the limits (m? « k?2)

£ lmin = —(s? —x?® — m?) =~ — (st — u2)7
2 |max = ®*m?/s'? = 0

(13)

leads to the following formula for the total cross
section of reaction (II):

G 2 4 6
Surn = s (@ — W+ (— g =8 + 5 — 85 —8 ]

xn +[3@—2+8@— 1)+ (—y&—2+8)
x% 4+ (+g*—5g+13)%— 14:%]}. (14)

Ebell and Walker [*] analyzed process (II) di-
rectly in the pu*-meson rest system.* The ex-
pression they obtained for the cross section does
not vanish at threshold, however, and is conse-
quently incorrect. It differs from (14) in the nu-
merical coefficients in the second square bracket.
The result of Ebell and Walker is therefore cor-
rect only at high energies, when the cross section
is determined by the logarithmic term.

In the case of large energies (k% « s’?), going
to the limit in (14) and comparing with (11), we ob-
tain

Gy-pv (87) = 264y (572). (15)

*To change over to this reference frame it is necessary to
put in (14) s'?/x? =k/k°, where k® =~ x*/2m is the photon
threshold momentum.
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Thus, in this approximation Oyep differs from Oy+p
only in the coefficient ¥, connected with the aver-
aging over the u*-meson polarization (we assume
the incoming neutrino to be longitudinally polar-
ized).

Let us examine in greater detail the reason for
this identical dependence of Oy+y and Oy4y ON s?
and s’? respectively. We recognize that processes
(I) and (I) are inverse and can be described by the
same matrix element, with the transition from (I)
to (II) readily seen to correspond to the substitution
s? —u?, u?—s? and t? —t% Diagrams a of both
processes are perfectly similar and therefore
make identical contributions to the cross section;
diagrams b are essentially different and corre-
spond to different denominators in (5). In spite of
this, we see that in the high-energy limit the con-
tributions from diagrams b and from their inter-
ferences with diagrams a are symmetrical in
the variables s and u?, i.e., again identical for
processes (I) and (II). Furthermore, the limits
of integration with respect to t? in (6) are also
the same at high energies [see (8) and (13)]. The
total cross sections therefore satisfy relation (15)
obtained above.

3. CROSS SECTIONS OF PROCESSES (A) AND (B)

To calculate the cross sections of reactions (A)
and (B) on a heavy nucleus with spin 0 (see Fig. 3)
we use the covariant formulation of the Weizsicker-

Williams method (%]
IZP’Z

VAL dk? 1
6= — ﬁgdwz FFz (k2) [1 —-—(TP,—)z']

— @)

( P72 (k)
x{a e, w1+ frgpy

o e [(Pr— 1) G ]}

where Z —nuclear charge, b(k? w?) —unknown
function, a(0, w?)(Ik) = oy(w?), and oy(w?) is
given by formulas (9) or (14), in which s? and s’?
are replaced by w2.

We confine ourselves henceforth to the follow-
ing approximation: [ 1) a(k?, w?) differs little
from a(0, w2); 2) the main contribution to the
integral in (16) is made by the first term in the
braces. .

For processes (A) and (B) in which muons
(but not electrons) participate, these conditions

(16)

FIG. 3. Feynman diagrams
of processes (A) and (B); [,
k — 4-momenta of the incoming
lepton and Coulomb photon, P’
and P — initial and final 4-mo-
menta of the nucleus.

V. V. SOLOV’EV and I.
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are well satisfied if the energies are not too close
to threshold and the momentum transfer to the nu-
cleus is sufficiently small (|k| « M, where M is
the nuclear mass).* In this case expression (16)
can be simplified to

o=—Z22{ o, @) P2 ()
1 2 — k2 — 2 1 dk?
g+ T —am|F A 0

where E is the energy of the incoming lepton. At
large E and when w? > k? and lz, we obtain from
(17) the usual Weizsidcker-Williams formula.

Let us examine a nuclear form factor of the
simplest ‘‘stepped’’ type:

F =l ThSk,

0 —B>K, 18)

where K —highest value of the virtual-photon mo-
mentum, determined by the dimensions of the nu-
cleus (K = V12/R, R —rms radius of the nucleus ).
The limits of integration with respect to w? and k2
are determined from the relation w? = (k +1)2,
using the conditions K< E, K<< M, and 12 < EK:

(w?/2E) < — K < K?, (% + my)? < w? << 2EK, (19)

where mj is the mass of the produced lepton.

The cross sections of the process (A) calcu-
lated from (17) using expression (9) for O',Y(Wz)
leads to integrals that cannot be expressed in
terms of elementary functions. We therefore
consider the case of very large neutrino energies,
when we can approximate ay(wz) by formula (11).F
Integration yields

242G
' eay2

+ [_%(g_2)2_|_24(g—1)]1n2§+0(1n§)},
E=2EK/, InE> 1.

{e—2w¢

(20)

This result coincides with the cross section ob-
tained by Lee and Yang; (3] the latter, however,
contains a factor —7/2 in front of (g—-2 )2 1n? £,
We calculated the coefficient — ¥, in front of this
term in (20) by several independent methods. In
addition, the formula with coefficient -, leads
to a negative o at energies high enough that the
approximation In £ >» 1 is well satisfied and the
cross section should be positive.

If the cross section of the process (B) is cal-

*The cross section for the production of the X meson was
obtained by Lee and Yang[**] for large |k |, when the nucleus
does not stay whole.

T The main contribution to the integral in (17) is made by
the small w?, for which (11) greatly undervalues o.; this ap-
proximation is therefore very crude.
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culated from (14), then the integration in (17) can
be carried through to conclusion and we obtain

o= 222 {1
+[__%(g — 2P 424 (g —1)] In® q + R(n)}.
R(n) = _%lnzn

_1nn{[12§(g~2)2 +132(g—1) +23§}
+ ol =20+ 12— + 4
-t rae—n] - )

n
HiE @22 +2m0e—1+5]
+ol—3@—2'—32@—1) +4
+%[—%(g_2)2 16 (g — 1)—30]+3f]8}
n= 2k, 21)

For large p*-meson energies, expression (21) as-
sumes a form analogous to (20), since R(7n)
=0O(Inn) when Inn >» 1.

Ebell and Walker [4] calculated 0, using the
usual Weizsicker-Williams formula. As pointed
out above (Sec. 2) their expression for Oysp 1S
valid only at very high energies. Consequently
only the principal term with In37 is correct in
the result of Ebell and Walker.

4. CROSS SECTIONS OF THE PROCESSES (A)
AND (B) FOR THE NUCLEUS ,Fe®

To obtain cross sections for comparison with
the results of future experiments, we consider the
processes (A) and (B) in the ,gFe®® nucleus (M
=52.1 BeV) and use for the form factor an ex-
pression that agrees with the experimental charge
distribution

_ po exp (fkr) dv 1 dt
Fe) =\ B et = e e—omr
(22)
where k =V -k?, ¢ =4.05F, and z = 0.568 F. [10]

Integrating, we obtain

3nz stz sin (kc)
(¢* + n’2?) k sh (mkz) [_ cos (kc) + ¢ th (mkz) :I (23)*

F (k) =~

The limits of w? and k2 (see also [83) are now
determined only by the kinematics of the processes
and are equal to¥

*sh = sinh; th = tanh.

tWe note that in the case of process (A) the expression
given for €} corresponds exactly to the vanishing of the
square bracket in (17).
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O+ m)? <@ < M2 (V' T+ 2E/M — 1),

e L — k< e,

82 ~ 1_{_25 {QE2 [1 :!:]/1 ‘f‘/EzMz - Er (1 + %>}

—wt (1 5} @)

The integration in (17) was by numerical means
using cross sections (9)—(10) and (14) for the case
g =1 and for three X-meson masses, viz. 0.6 mp,
1.0mp and 1.4mp.

The results obtained for oy, /Z and 0',1/ 7Z are
plotted in Figs. 4 and 5. It should be noted that

(6,/2)-10", cm?

(6,/2)10"] cm?
I

Jr

6 g8 n 20 ' élﬂl I 610 40 l/ﬂlﬂ
(E/mp han {E/my) 1ab
FIG. 4. Dependence of the cross section of the process
v+ Fe > X* + u” + Fe (A) on the neutrino energy; g = 1.

(0 /2) 10%, cm2 (0,/2) 107, cm?
J Jr

i
2=0,6my /
x-my
2+ 2k
/- s
x=my
=/ 4my
x=14m, /
2 4 6 8 1 20 40 60 &80 100
(£/mp)1ab (t/mp)1ab

FIG. 5. Depencence of the cross section of the process
pt + Fe » Xt + 7 + Fe (B) on the p* meson energy; g = 1.

the curves for ¢,/Z are much steeper near
threshold than the curves in Lee’s Geneva Confer-
ence paper. (9] The latter, however, does not men-
tion the calculation procedure, so that we are un-
able to explain this discrepancy.

The authors are sincerely grateful to L. B.
Okun’ for suggesting the problem and for continu-
ous interest in the work and are indebted to I. Yu.
Kobzarev, K. A. Ter-Martirosyan and E. P. Sha-
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balin for discussions. We also take this opportu-
nity to thank I. G. Kristi for the numerical inte-
gration.

Note added in proof (April 12, 1962). It is seen from a re-
cently published paper by Lee, Markstein, and Yang["] that
the 0,/Z plots for energies up to ~6 BeV, given in [°], were
obtained by numerical integration without the use of the Weiz-
sdcker-Williams method. Thus, the difference noted in the
behavior of 0,/Z at threshold is due essentially to the poor
applicability of approximations 1) and 2) (see Sec, 3) at these
energies. In addition, the form factor used in [*!]

F (k) = (1 4+ k2a?/12)72, a= V37‘3-1.3A’/’F,

leads to larger values of ¢, than the form factor (23). We
note that this difference, of course, disappears with increasing
energy E.
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