
SOVIET PHYSICS JETP VOLUME 15, NUMBER 4 OCTOBER, 1962 

EFFECTIVE CROSS SECTION FOR PHOTOIONIZATION OF LITHIUM IONS 

V. A. ZHIRNOV 

Submitted to JETP editor November 9, 1961 

J. Exptl. Theoret. Phys. (U.S.S.R.) 42, 1097-1102 (April, 1962) 

The cross section for photoionization of the Li + ion in its ground state is calculated in the 
Coulomb interaction approximation. An approximate quantum-mechanical calculation of 
the LC photoionization cross section is carried out with allowance for a binding energy of 
E = 0.80 eV. 

l. In spite of its simplicity, Li+ cannot be regarded 
as a hydrogen -like ion because it has a filled shell 
( 1s )2• Therefore, the use of the exact formulas for 
photon absorption obtained from hydrogen functions 
is unjustified. For the same reason the method of 
calculating the photoionization coefficient of a va
lence electron, based on the use of the quantum defect 
and developed by Burgess and Seaton, [l] is in 
principle inapplicable to Li +. Kramers 's formula, 
obtained in the quasiclassical approximation, can 
give only a correct order of magnitude at low en
ergies of the removed electron, and the probable 
error is not known. 

A quantum-mechanical calculation of the cross 
section for photoionization of Li + in the ground 
state is given below on the assumption that the 
freed electron is subject only to the attractive 
Coulomb field of the residual ion. 

The problem of the photoionization of Li + in 
the ground state is similar to photon absorption 
by H-, since in both cases the initial electronic 
state is ( 1s )2• In many papers dealing with the 
calculation of the atomic absorption coefficient 
of H-, attention was concentrated on improving 
the accuracy of the initial-state wave function. 
Using a variational wave function, obtained in 
dealing with the energy eigenvalue problem, vari
ous authors successively increased the numbers 
of free parameters. Massey and Bates [2] solved 
the problem for three variational parameters; 
Williamson, [3] Henrich, [4] and Chandrasekhar [5] 

introduced wave functions with, respectively, five, 
ten, and eleven variational parameters. The re
sults obtained by Henrich agree very well with 
those of Chandrasekhar and a further increase 
of the computational complexity is not justified 
because there is a considerable error due to rep
resentation of the matrix element of the transition 
in the form of a "dipole length" or "dipole veloc
ity." In the present paper the photoionization of 

the Li + ion is dealt with using the currently most 
accurate wave function for the initial state. 

The atomic absorption coefficient of Li + (in 
em 2 ) for radiation of wavelength A in the case 
when the removed electron moves at a velocity v 
along the direction z is given by 

a~.= 6,812· w·-20k (k2 + k~) 1 f.LJ 2 ; 

f.l = \ 'ljl~ (z1 + 2 2) 1Jlc dr1 dr2 , (1.1) 

where 1/Jd is the normalized wave function of the 
initial state of the ion; 1/Jc is the normalized wave 
function of the final state of the two electrons; z 1 
and z 2 are the components of the radius-vectors 
of the two electrons in atomic units of length; k~ 
is the ionization energy of the initial state ex
pressed in rydbergs (k~ = 5.6 ). 

The wavelength A (in angstroms) is related to 
the nondimensional electron momentum k = nv I e 2 

by 

(1.2) 

As the wave function of the two-electron ground 
state of Li + we shall employ the ten-parameter 
expression of Chandrasekhar and Herzberg [S] who 
used a variational method: 

1Jld = Re-""' ( 1 + ~u + yt2 + 6s + 8 s2 + ~u2 + X6Su 

+ X7t 2U + XsU2 + X9i 2U2), (1.3) 

where s, u, t are Hylleraas coordinates: 

The wave function of the final state of the two 
electrons, made symmetrical for both of them, 
has the form 

'¢c = ;2 {'ljJ (ri) X1o (r2) + 'ljJ (r2) X1o (rl)}. (1.4) 

The exact wave function of the ground state of 
Li2+ is a hydrogen-like function of the form 
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( ) (za/ )'/• - Zr :Xto r = Jt e ' Z=3. (1.5) 

As the wave function of the removed electron, 1/J( r ), 
we shall use the wave function for an electron mov
ing freely in the field of the Li 2 + nucleus. 

Massey and Bates [2] showed that in calculation 
of the atomic absorption coefficient the final-state 
wave function of Eq. (1.4) gives a sufficiently accu
rate result and the corrections representing higher 
approximations to 1/Jc are not important. The ef
fect of the polarization of the residual ion produced 
by the free electron field was neglected by Massey 
and Bates. Since the only electron of the Li2+ ion 
is in the K-shell, ( ls ), we can assume with suffi
cient accuracy that the free electron in the final 
state moves in the attractive Coulomb field of an 
effective charge z1 = 2. 7. This value of Z agrees 
with Slater's rules [7] who recommended z1 = Z- b. 
with b.= 0.3 for the residual Is-electrons. 

At infinity the wave function 1/J( r) should ap
proach asymptotically a plane wave eik·r and a 
converging spherical wave eikr /r. The required 
wave function has the form 

'ljl (r) = N'1•etkr F (- iZ1 / k, I, - i (kr + kr)), 

N'1• = e"2 ' 12k I r (1 + iZt! k) ,, (1.6) 

where F (a, b, c) is the confluent hypergeometric 
function. 

The above wave function can be conveniently ex
panded in spherical functions: 

co 

'ljl (r, 8) = L] Rt (r) P1 (cos 8}. (1. 7) 
1=0 

The matrix element of the dipole transition con
tains only the p-wave and, therefore, the following 
expression is obtained for the radial wave function 

Rt = re-ikrft (r), 

ft (r) = ike"2 •12k I r (2 + iZtfk) IF (2 + iZl/k, 4, 2ikr). 

(1.8) 

Calculation of the matrix element of the transi
tion dipole moment using Eqs. (1), (3)-(8) gives 
the following result: 

_ 64n2RN {~ (r:t +!E._ + 56x, 
1-t - 3a3 a3 t' a a2 

+ 24xs [-1 F (d 2 4 ~) 
a2 ac2 ' ' ' c 

1 ( 2ik) 2 ( - (i[)2 F d, 2, 4, -b- - VF d, 3, 4, 2~k )] 

24 ( 14 ) [ 2 ( 2ik ) + 7 X6 - a X1 C3 F d, 3, 4, -c-

+ :3 F(d, 3,4, 2~k)]+ Xu ~l F(d, 9,4, 2~k) 

+ ( I 6 ) 7! F (d 8 4 2il< ) X7 I Xs - a X9 C" ' ' ' -c-

40 ) 5! ( 2ik) - aa Xu C6 F d, 6, 4, -c-

+. ( 1 ·+ 1_ 1l + 12r + 1,2s + 41; + ~ ) 
a a2 a• Xu) 

41 ( 2ik) 24 x -j;- F d, 5, 4, -c- + (i4 (X7- 3zs) 

~ F (d 4 4 '!:!!:__) X c4 ' ' , c 

_ E_ (r:~ + 9x6 + 30x, + 18xs ) ~ F (d 4 4 2bik ) 
a2 l-' a a2 at b4 ' ' ' 

_ 3_ (r:t + 16)(6 + 20~, + 12xs ) 4; p (d 5 4 2bik ) 
a P a d'~ a2 b<> ' ' ' 

_ Sxo ~ F (d 6 4 2ik )} 
a b13 ' ' ' b ' 

a = z + a, b = zl + 2u + ik, 

c = u + ik, d = 2 + iZ1/k, 

N = ik'1•zi•z'1' exp (nZ1/2k) I r (2 + iZ1/k) 1. (1.9) 

Using Gauss's recurrence relations and the rela
tionships between the hypergeometric and the ele
mentary functions, we can reduce Eq. (19) to a 
form convenient for numerical computations. This 
form is very cumbersome and, therefore, it is not 
quoted here. Numerical calculations were carried 
out with an electronic computer "Ural-2" to an 
accuracy not exceeding 0.5%. The results are 
given in Fig. 1. 

A similar calculation carried out using a wave 
function with only three variational parameters 
(a, {3, and y) gave too low a value of the photo
ionization cross section at the limit of the series: 
u = 0.486 x lo-18 cm2 instead of u = 1.44 x 10-18 

cm 2 which was found using the ten-parameter 
wave function. This indicates that the matrix ele
ment is sensitive to the wave function selected and 
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FIG. 1. Effective cross section for photoionization of the 
Li + ion as a function of the momentum of the removed electron; 
1) calculated using an initial-state wave function with ten para
meters [Eq. (1.3)]; 2) calculated using an initial-state wave 
function with three parameters (a., f3, y). 
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that it is necessary to use a large number of vari
ational parameters. The unavoidable complexity 
of such calculations is justified because of the 
greater reliability of the final results. 

The result obtained can be compared with an 
estimate of the photoionization cross section ob
tained using exact hydrogen functions: 

(1.10) 

Assuming as before that Z1 = 2.7 and substituting 
n = 1 and k = 0, we obtain at the limit of the series 
a cross section fJ' = 0.865 x 10-18 cm2• This dem
onstrates that the hydrogen-like approximation is 
not valid. 

The approximate Kramers's formula with 
Gaunt's quantum-mechanical correction gives 
better agreement with the exact value: at the limit 
of the series fJ' = 1.82 x 10-18 cm2• With increase 
of k the Kramers's cross section falls rapidly, 
i.e., this formula gives only a correct order of 
magnitude up to k ~ 1. 

2. Cross sections for photon absorption by 
Li- and H- ions were obtained by Geltman [8] 

by an approximate method which allows for the 
interaction of a free electron with the residual 
atom by means of a truncated Coulomb potential. 
For H- Geltman's method gave good agreement 
with the calculations of Henrich [4] and Chandra
sekhar. [S] In calculation of the absorption by Li
it was assumed that the wave function of the inner 
shell ( 1s )2 is not affected and, therefore, this 
shell can be regarded as the ''nucleus.'' Thus 
the numerical calculation in the case of Li- is 
based on practically the same formulas as for 
H- with the binding energy of the electron to the 
lithium atom taken as E: = 0.384 eV. Recently new 
work has appeared [9- 11] in which the electron af
finity for the lithium atom is given as 0.74 eV 
< E < 0.90 eV; Holc;1ienC11J proposes E = 0.81 eV. 
In view of these new values we have used E 

= 0.80 eV. 
The cross section for photoionization of Li-, 

given in terms of the nondimensional electron 
momentum k, has the following form: [8] 

32n" 2 k2 + k~ I r 2 12 cr,. = - 3- cxa0 --k- ~ 1p0)(1r dr , (2.1) 
0 

where a is the fine structure constant; a0 is the 
Bohr orbit radius; k~ = 0.0591 is the binding en
ergy of the electron in rydbergs; cp 0 and x1 are 
the radial components of the wave function for a 

bound and free electron, respectively, found from 
Schrodinger's equation with the following trun
cated Coulomb potential: 

V (r) = f~o-1/r, (2.2) 

The explicit form of the wave functions cp 0 and 
x1 is given in Geltman's work. [8] Using Moisei
witsch's results, [10] it can be easily shown that 
for an electron binding energy E = 0.80 eV, the 
truncated Coulomb potential radius r 0 is 3.38. 
A numerical calculation of the photoionization 
cross section was carried out on a BESM elec
tronic computer with an accuracy not greater than 
2%. Figure 2 shows the calculated results for Li
as a function of the nondimensional electron mo
mentum. The relationship between the electron 
momentum k and wavelength is again given by 
Eq. (1.2). 
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FIG. 2. Effective cross section for photoionization of the 
Li- ion as a function of the momentum of the removed electron; 
1) present author's result; 2) Geltman's curveJe] 

With an electron binding energy E = 0.80 eV 
the series limit k = 0 corresponds to A. = 15410 A 
and consequently the maximum wavelength lies 
within the scope of a standard infrared spectro
graph. Comparison of curves 1 and 2 in Fig. 2 
shows that the dependence of the photoionization 
cross section for Li + on the electron momentum 
is not greatly affected by the value assumed for E. 

It follows that the measured position of the emis
sion maximum of LC in its continuous spectrum 
can be used to find the binding energy of an elec
tron to a lithium atom. 

The author thanks L. A. Va1nshte1n for valuable 
discussions, and D. A. Mazurova, 0. G. Nikolaeva, 
and E. A. Khesed for carrying out the numerical 
calculations. 
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