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A method whereby reaction channels that are open at a given energy and compound-nucleus
states are excluded is employed to deduce the Schrédinger equation with an infinitesimally
small addition which automatically takes into account the diverging wave in the incident
scattering channel, with the ordinary Hamiltonian replaced by an ‘‘effective’’ one. In the lat-
ter, the terms with smooth energy dependence are combined with dispersion terms averaged
over the energy and related to processes occurring via the compound nucleus. An optical

Hamiltonian is thus formed.

Knowledge of the formal solution of the equation is sufficient to find the diagonal transi-
tion matrix element of the exact collision problem and hence various cross sections for in-
teraction between neutrons and nuclei. Optical penetration factors are separated in the neu-
tron widths. The cross section for elastic scattering via the compound elastic nucleus and
the reaction cross sections can be determined. A ‘‘large resonance structure’’ is singled
out in the ‘“force function’’ of the previous theories. The imaginary part of the optical po-
tential is related to the true force function which is independent of the optical properties of
the interaction. The theory is compared with experiment.

1. INTRODUCTION

THE presence of both narrow and broad reso-
nances in the energy dependence of the total cross
section for the interaction between neutrons and
nuclei has called for a theoretical analysis not only
of the compound nucleus model [1-3] put also of the
optical model.[*] The optical model, however, un-
like the compound-nucleus model, could yield only
cross sections averaged over the energy. A need
thus arose for a theory that describes from a uni-
fied point of view both the ‘“fine’’ structure of the
interaction cross sections, and the ‘‘large-scale’’
structure of the average cross sections.

The theory variant developed in the present
paper is based on the mathematical apparatus of
the formal theory of nuclear reactions.[5"71 In
addition, we use Serdobol’skii’s idea (8] of divid-
ing the Hilbert space of the system Hamiltonian
eigenfunctions within the configuration space of a
system of A+1 nucleons into two subspaces, the
subspace of the wave functions of the open reac-
tion channels, and the subspace of the wave func-
tions of the compound nucleus and closed reaction
channels. Unlike, (8] we separate in the subspace
of the wave functions of the open reaction channels
the subspace of wave functions of the input channel,
on which, in final analysis, the initial Schridinger

equation with the ie-additions are projected. The
equation obtained enables us to change over to the
terms of the Feshbach, Porter, and Weisskopf
(FPV) optical model.[*] The “‘effective Hamilto-
nian’’ of the Schrddinger-equation projection in the
input channel (see, for example, [sa]) contains,
along with the optical terms that vary smoothly
with the energy, also dispersion terms from the
compound nucleus. The optical and fluctuation
terms are separated by averaging over the en-
ergies.

Knowing the formal solution of this equation,
we change over to a diagonal transition matrix
element in the input channel, and from it to the
diagonal element of the S-matrix in the chosen
representation. The S-matrix is presented here
as the sum of the optical S° matrix and contribu-
tions from the compound nucleus. It is then easy
to go over to the different cross sections: the total
cross section, the cross section for elastic scat-
tering on the optical potential (shape-elastic) and
the cross section for elastic scattering via the
compound nucleus (compound-elastic).

Breaking down the optical wave function into
two factors, one dependent on the energy and the
other not, we can separate the so-called optical
penetration factor in the neutron width. By the
same token we separate the true ‘‘force function’’
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in the neutron width. We also show how to relate
the imaginary part of the optical potential W, with
the true ‘‘force function’’ Fic /D. At the same
time, the customarily used force function

Te _ I.(E R) B,
D  p,(E,R) D

has a ‘‘large resonant structure,’’ since it contains
as a factor the optical penetration factor II,(E,R),
which is proportional to pc(E, R).

We calculated in the FPV complex rectangular
well model the cross sections for the interaction
between the neutrons and the nuclei Mn®%, Thm,
and U®8 The results of the calculations are com-
pared with experiment.

2. GENERAL THEORY

Following the terminology of Serdobol’skii and
of Agodi and Eberly, (8] we introduce the projec-
tion operators P. Let Pg, Py, and P be the
projection operators in the subspace of the wave
functions | ®c) of the input channel ¢, in the sub-
space of the wave functions | &y ) of the reaction
channel r, and the wave functions of the compound
nucleus states | x) ). Using the same symbols in-
troduced by Serdobol’skii, [%a] we can obtain from
the initial Schrédinger equations with ie-additions

(E + ie — H) [$P)) = ie | D) @.1)

the equivalent equation (E —energy of relative mo-
tion of the system of colliding particle and the tar-
get-nucleus; H —Hamiltonian of the system; | )
—wave function of the system, on which we impose
at infinity in the input channel ¢ the condition of
incident plane wave plus outgoing wave (the latter
is indicated in the wave function by the index ™®);

| c ) —wave function of free motion of the system
in the input channel ¢, or incoming plane wave;

ie —infinitesimal imaginary addition, which auto-
matically separates the divergent wave at infinity.
In the final formulas this addition is made to ap-
proach zero from the right, i.e., € — 0+). That

is to say, the equation equivalent to (2.1) for the
projection of the wave function in the input channel
of | Pcy™), where the usual Hamiltonian H is re-
placed by the *‘effective Hamiltonian’ Hg eff, will
assume after slight transformations the form

(E + ie — Heegr) PV > = is| @p. 2.2)

Here

Heogg = He + 1o [E + ie — H, — 17, (E— H)? T 17
X [Te+ T (E—H) Tl + T [E—H —T,
X (E + ie — H,)™T, |t

X[Tice+ Ty, (E+ ie —H)? T, (2.2a)
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where we introduce the notation

H, = P,HP,, H, = P,HP,, H, =P, HP,, (2.2b)
I.,, = P.HP,, T, = P.HP,, (2.2¢)
Iy, =P.HP,, T, =P, HP,, @.2d)
I;, =PHP,. T.., =P, HP,. (2.2e)

As in the paper by Serdobol’skii, [33] we impose
on the wave functions | Xp.» the natural boundary
conditions (dy, /dr)/x, — 0 as r — « —an expo-
nential decrease outside the region of nuclear
forces. The addition ie is therefore left out of
the Green’s function (E +ie — Hj)™L.

The first term of the Hamiltonian (2.2a) obvi-
ously makes the main contribution to the real part
of the optical potential, the second term corre-
sponds to the direct transitions with redistribution
of the particles, and the third term corresponds to
a transition via the compound nucleus. The second
member in the parentheses of the second term in
(2.2a) is of second order of smallness compared
with the first member in the parentheses (see the
figure). The same can also be said concerning the
second member in the parentheses of the third
term of (2.2a). We therefore neglect the contribu-
tions from these terms.

Let us expand the Green’s function
(E +ie — Hp)™! and (E-H;)"! in terms of the
eigenfunctions lzp{.*’) and ka) of the correspond-
ing Hamiltonians Hy and H,. After minor trans-
formations, using Bethe’s assumption (9] that the
magnitudes and signs of the transition matrix ele-
ments containing the functions |x, ) are random,
we obtain from (2.2a)

P:_L [0 < IFJ_c

— (r)
Hceff —HC—}—VC +;E—EL—A)"+1'F)\,/2' (2.3)

We use here the notation
(ry _ 1 ,
ReVy = ngE
r
Iyl <l T,

E—E — N < T} [ x0Ty, 148 ) (E—Ey)
A

X

1
Im Vy) -~ - '272 r:r Iu(r+)> <u£+) l I‘rm
r

1T 168y <l [TE 100
E—FE ’

1
Ay, = ng dE’

l-‘)sr
2

= -2% Z [Ty u(r+)> <u$+) | F:_L [E752

For the wave functions |${”) in the representa-
tion with quantum numbers {asvimJM}, where

a —quantum number of internal motion of the sys-
tem comprising the particle and target nucleus,
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s and v —channel spin and its projection, I and

m —orbital momentum of the particle and its pro-
jection, J and M —total system momentum and

its projection, we have in analogy with the corre-
sponding expansions of Serdobol’skii (8a] the asym-
ptotic expansion

| Py = 1( )/’ 2 Y,,.( )gsvlm]JM)[uH'))

r’érr rror r ’ oy
|u(r+)>=2——vf/”—_[ > |r'y=|a’El's’'IM),

r”

(2.4)

where |u}.“)) —radial-spin-angle function of the
system and the channel of the reaction r, I and
Or —incoming and outgoing waves of particles of
type r at infinity, vy —relative velocity of par-
ticle of type r and residual nucleus, and |r) —
wave function of internal motion of the system in
the state |a) and spin-angle function |IsJM ).*
The wave functions |${?) are normalized to

unit volume
YD [Py = 8,6 (k' —Kk), (2.9)

and the radial-spin-angle functions | u}.‘“)) are nor-
malized to the velocity vy:

U | uy = 31 8,8 (k' —K) = 2nhid (E’
(r'|r> = 0.

After averaging expression (2.3) over the en-
ergy, we get¥

_E) Gr’n

He oy =Ho=H: +V — i—z_% T xap<x D).  (2.6)
Using (2.6), we obtain from (2.5)
He ets = He + AH, o,
AH; egs = ZE EAI iA)A:rx_)‘i_lll;M 5 z = m
2.7

*One must not confuse the letter r in the denominator of
[uy +)> which has the meaning of a coordinate, with|r>, which
has the meaning of a collective quantum number r = { aE I'sJM}.

fWe henceforth omit the indices ¢| and | c in the operators I
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The formal solution of (2.2) has the form

| P = |92 + AH; ege | Pop™), (2.8)

_[-12

where the optical wave function is

0 ()Y — i D,>.
(92 =~ s | @)
Separating from the Hamiltonians Hg eff and
H) the interactions Vg eff and V3, and also the
interaction Vgc) from Hi, we have respectively

H, eff =H0c+Vcet‘f, Hc Hoo+V2,

= Ho + V&, (2.9)
where Hy, is the Hamiltonian of free motion of the
system in channel c.

It follows from a comparison of (2.6) with (2.9)
that
ReVe =V.” 4+ ReVY”,

ImV? =v® —Bi T+ 1y Cxa | T).
J

(2.10)

The further procedure of going over to the ma-
trix elements, and from then to the expression for
the SJ matrix, is similar in many respects to the
procedure used in [sa]’ and we shall write out
only the final expression for the diagonal element
of the SY matrix:

2=

h<u0( )II‘+1X)\><X)\IFlu(+)

@O TH x> | T uf

J _ QoJ
See = Sec — 21 (E — Ey—Ay, + i1y, 12)

. IT
—2i —

5= (2.11)

where (ug U2 | is the radial-spin- angle function of
the wave function (z/)o( )| of the reverse motion,
described by the stationary Schrédinger equation
with ie-additions in the Hamiltonian OHY*O* (the
operation O corresponds to a unitary transforma-
tion of the inversion of the particle spin direction
and the symbol ~ corresponds to the reversal of
the sign of the imaginary part of the optical poten-
tial V%), with
e £
RN = e g =y | = el g
|ulP) is the radial-spin-angle function of the wave
function of the exact problem |P{M).
It follows from (2.11), in particular,

To determine the sought matrix element

(xa 1T Ju&?y, which enters into (2.11), we have
the system of equations

, .
2=
2}[(‘5“* ‘D,

= (| T2 @),

) (E—Bn— o4 i72) — 80 v

(2.12)
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where Y, denotes the sought expression

Gl Tl
E—E, —A,, + i0y,/2

Y)Lc -
and we have introduced the notation

1
x == —— +
o= (fp | T Ere—m! -
The ‘‘shift’’ and the width of the level A in
channel c¢ are derived in this case from the for-

mulas

r
2 — | Tm, % | =[x | T8 (E — HY T+ 1|

1 ~
=2 [ | T ™) <™ T+ 0y,

1 CdE o T 1ads ) [T x50
A)\c = 5% - ¢

2 (2.13)

where we make use of the condition that the wave
functions |ul®’) be complete, a condition which
has the form

ng[ WP E, 1) GRD(E, 1)| = 2ak8 (r — ).

3. ANALYSIS OF THE STRUCTURE OF THE EX-
PRESSIONS CONTAINED IN THE S-MATRIX.

To separate the energy depencence of the op-
tical transition-matrix elements we derive a re-
lation connecting the optical wave function |ud*)
with known quantities of the logarithmic-derivative
type on the boundary of the nucleus. For this pur-
pose we use the initial Schrddinger equations for
the direct |ud™®) and inverse (u}”| solutions
in the form

(E—HY|Py =0, (E'—OHY0) w7 =0. (3.1)

Integrating over a volume with radius R, we can
obtain from (3.1), using Green’s theorem,
2 (?L‘C’ 1

~0(=) 1,0 (N e
e e Ton = 2hP % 58 oy

’ (3‘2)

Lc:R_c R= A+ ipc» Qz:(lc/OC)r=R,
d (rud ™) fdr

0 (+)
ru,

=R .
r=R

The energy-dependent part f,(E,R) of the op-
tical wave function |ul*) inside a nucleus of
radius R can be separated and the function rep-
resented in the form*

*The independence of N.(E, R) of E will hold true so long as
k <<K, where k and K are the wave numbers of the neutrons out-
side and inside the nucleus, respectively. This approximation
holds true satisfactorily for incident-neutron energies not higher
-than 5-10 MeV, if ReVQ =42 MeV,
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| 2™y = f.(E, R)N(E, )|c>, r<R. (3.3)

By virtue of the condition of ‘‘generalized re-
ality’’ of the optical wave function (for more de-
tails see, for example [%19] and others) we have

= (=)Mo P (— m)p,

where M —projection of the spin J, and for the
spin-angle function we have

el =(—1)""M0|c(—m).

We thus have for r = R
@2 = [.(E, R)N. (E, r)c].
Substituting (3.3) in (3.2) we obtain

f-(E, R) = i (k11 (E, R)/Er)*Q.8?, (3.4)
under the normalization condition
<NV NC>R = 1.
Here
(B R = P B e (%)
c(E, R)= cm, 2 =—\3E ,
0 — (Le_L(c’). R
¢ L,—1° ’ R= 9MR?

Near optical resonance of the complex energy
E) —iW; (where E} and W, are the real and
imaginary parts of the energy of single-particle
resonance in a complex optical potential ) we can
use for the logarithmic derivative Lg the linear
approximation

0
L; = (E—Ee+ i%)%

E:Eg, We=0

dReL?
JE

~(E—E2+iW,) (3.5)

E:lEg. W ,=const

The last equation holds true within the framework
of the approximation (3.5) when W, = const (i.e.,
independent of E).

We then have from (3.4) the following expres-
sion for y%z

(6L2>_1 ‘0 Re LB)“
o — (< ~_ (__ .
¢ 0L Jp—g% w,=0 OE ) E—E%, W, =const

(3.6)

Using the expressions (3.5) and (3.6) for (3.4)
we get
ERTY/2

Hc (E, R) - 0 0 0
(E— EQ— AD? (%2 4 W )2

’ (3-7)

where I'd = 2p,y¥ is the single-particle width and
AY = — Aoy® is the “‘shift’’ of the single-particle
level.

From the asymptotic expression
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0
SCC

‘/:

| up )y =~ e
and (3.2) we can obtain an expression for the S(c):c
matrix

0 ’

L.—L 2ip
St =0 = Qe ‘_92(1—L ‘0).
c _Lc

LO

(3.8)

Substituting (3.5) and (3.6) in (3.8) and using
(3.7), we obtain

ir?
8%, = QF (l — > .
e E—E}— A%+ i(T%2 + W,)

From the equations for the direct and conjugate
solutions, namely

(E—H)|Wy=0, (E'—HY)W™M|=0, (3.9)

we can obtain by using Green’s theorem, another
useful relationship:

@02Q“

<ug +) l ug (+)>R

=5 Hc (E, R) (3.10)

In the derivation of (3.10) we have used the expres-
sion

~ 1 37
(uf“)]:W(Oc o ) e,
[4

has in accord with (3.8) the form
LO
—2 L‘

L—L°

where S3%

3;2: = (Sgc

For (ug““’ | inside the nucleus we have an expan-
sion similar to (3.3), namely

™| =TFe(E, RN (E, n<cl,
which when substituted in (3.10) yields

( oK1 E(;s R) )v, @

(3.11)

Te(E, R) =

under the normalization condition
(Ne| Ny, = 620, /2.

Introducing the reduced half-widths in channel
¢ by means of the formulas

bre = ER™<¥a | T|eND, 5 = ER <N | T+ %) (3.12)

and using expansion (3.3), we can represent the
transition matrix elements contained in the ex-
pression for the S matrix (2.11) and in (2.12) in
the form
BT+ %y = i (25) " BATTLQ.0?,
| TPy = i (20) 6 J12Q,00. (3.13)

From the condition of ‘‘generalized reality’’ of
the wave functions of the compound nucleus [8]

V. GORDEEV

| = (=DM 0| % (— M)>

and the condition for the invariance of the Hamil-
tonian under time reversal O*H*O = H (see [10]),
the consequence of which is the condition O*I'*O
=T, we can establish the equality

b = ba. (3.14)

The expression for I'y, from (2.13) can be
transformed after slight manipulation, using (3.13)
and (3.11) and assuming that Ng(E, r) is weakly
dependent on E (see the last footnote), into

IMe/2 =| Im, #y | = [ (E, R) b},

Im % = —TII. (E, R) b3 Q0% / QF. (3.15)

The expression for the diagonal element of the
Sgc matrix from (2.11) assumes upon substitution
of (3.12), (3.13), and (3.15) the following form

=S¥ _2i[1,Q020% Ebnzu + b;cn Q22  (3.16)

where Z,. is determined by the system (2.12),
transformed into

X — Q,0%\? Ty,
Z{[éph'_%—;bxcbptl—IC( 92 > ] (E—EA*AM_Q“ZL)

A
Q 80 2
-r lb}\cbpcnc( Q ) }ZM = bN"

c

(3.16a)

with the sought quantities Z,, denoting
Zne = — i (2RTL)" (Q89)1 Va;

the expression for Y). is given in (2.12).

4. AVERAGE CROSS SECTIONS

With the aid of well known formulas [3:4] we can
relate the cross sections for different reactions
(total cross section ot, elastic scattering cross
section og, absorption or total-reaction cross
section 0g) with the diagonal elements of the
Sgc matrix

o (E) = 20f (E) = mx2 )} 2g,(1 —Re SL),  (4.1)
J J, I
o5 (E) = 207 (E) == 7x® D) g, | 1 — Sif2, @.2)
J J,
=§01 (E) =nX2JEI g, (1 —|SLP).,  @.3)

where gy is the statistical weight of the state of
the compound nucleus with spin J.
In addition, in accordance with [4], we have for

the average cross sections respectively:*
o/ =2(1 —ReSY), 4.4)

*In units of g; and n X2
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ol =1 —S% P+ (] Skeres® —| St res 2, @.5)

Ol =|1—S[? (4.6)
—cross section for elastic scattering on the optical
potential,

;ge = I S},{creésl 2 '—I Egcresl 2

4.7)

—cross section for elastic scattering via the com-
pound nucleus,

ol =1—|SY] 4.8)

—cross section for production of the compound nu-
cleus

ol =6l —cl 4.9)

—cross section for the total reaction.
We put for brevity

J 0J J </ .
Sec = Scc + Sec res — See res

S:cres = _QiQf.@ngcz bAcZ).c, §‘c,(: res — —%E Bﬁcggegznc-
, > 7 (4.10)
Thus, for example, for &ge we can obtain, in

accord with (4.7) and (4.10), the expression

T/ \2 TS (2 T
-7 2n (Fln 2 Lin Thn
Cpe = =———= — e = for — < 1,
“~D D, b °

(4.11)

where fi]n = Zbicﬂc —average neutron width of the
levels A with spin J, I‘{ —average total width of
levels A with spin J.

For E‘CI we can obtain from (4.8) an expression
in terms of the imaginary part of the optical poten-
tial W, if we use the pair of complex conjugate
equations

(E—H)|ue®y =0, (E'—HY)uP|=0. (4.12)

Integrating over a volume of radius R we obtain

with the aid of the Green’s theorem the relation
1— | S =252 P ImV2| 2y,  (4.13)

from which, using the expression for Im V& and

|ud*y from (2.10) and (3.3),
1 —| S P = 4W ERTL (E, R), (4.14)

and for W, we have

_— E
W, ={cN.| ImV2|eNyy = _E—’j Er[Bre [P —5p 21| ber [*

Here
brc - ;{‘/2 <ui'+) { rrc | CNc>

—amplitude of reduced single-particle half-width
of the direct transition with redistribution of the
particles. Here bpc = bgf, where

ber = ER"<cN, | Th | ufy
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and accordingly
b = ER"*<cNe | T+ %) = bye.

5. CALCULATION RESULTS

To check the theory we made actual calcula-
tions of the cross sections for the interaction be-
tween neutrons and the nuclei Mn®®, U8, and
Th?2 in the region below 1 MeV. To estimate the
logarithmic derivatives L?_, we used the rectangu-
lar complex well model, following FPW,[“J with
the following parameters:

ReV? =42 MeV, & =0.05, ¢ =2,13 MeV,
R=1254".10"% cm .

For the case of Mn® we calculated the total
cross section oy and the radiation capture cross
section Oy which in this case coincides with the
total absorption cross section o4. It has been
assumed in the computational scheme that the
parameters for the nuclei Mn® and the energies
under consideration are

Rely=0, PReld+ AQ=0, ES=FE=0,
(2= q® =138 MeV, R=55-10" cm.

For Th?%? jn U8 in approximately the same
energy region, best agreement between theory and
experiment [11] is obtained for the following param-
eters: for Th?3?

ReV® =42 MeV, W =1,26 MeV,
WE + A =10 keV, ES~5 MeV,
12 = 0,58 MeV, R =8.3-10" cm;

and for U288

ReV? =42 MeV,
WEL + A} =10 keV,
1% = 0.58 MeV,

W =1,26 MeV,
ES~5 MeV,
R =28,5-10" cm.

6. CONCLUSION

The nuclear-reaction theory developed in the
present paper starts out with the possibility of two
types of interaction between neutrons and nuclei,
single-particle and many-particle. Unlike the ear-
lier theories, [1-4,8] the present theory enables us
to obtain an exact expression for the diagonal S-
matrix element in terms of the diagonal element
of the ordinary optical scattering S matrix and
contributions from the resonances of the com-
pound nucleus [see (3.16)]. Knowledge of the exact
S matrix of the problem enables us to obtain dif-
ferent cross sections for the interaction between
neutrons and nuclei (Sec. 4). The theory is most
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effective in describing the average cross sections.

Knowing the fluctuating part of the S matrix,
we can determine the cross section for compound-
elastic scattering and consequently separate the
neutron absorption cross section from the cross
section for the production of the compound nucleus
[see (4.11) and (4.14)]. The theory makes it pos-
sible to separate in the ‘‘force function”’ ’Y)Z\c /D J
of the earlier theories [1-3] the ‘‘large resonance
structure’’ connected with the optical properties
of the penetration factor I (E,R) (Sec. 3). We
also establish a connection between the imaginary
part of the optical potential Wi peg, due to the
resonances of the compound nucleus, and the true
““force function”’ bic /]_DJ [see (4.14)].

Numerical calculations of the total cross sec-
tions for the interaction between neutrons and
Mn55, Thm, and U8 and of the cross section
for radiative capture of neutrons by Mn® show
satisfactory agreement between theory and experi-
ment.

In conclusion, the authors are grateful to V. I.
Serdobol’skii for fruitful discussions in writing the

present paper. The author is also grateful to L. N.

Usachev, V. M. Agranovich, and V. S. Stavinskil
for useful advice and remarks.
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