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The collision integral for Coulomb interactions is derived with shielding due to polarization
of the medium taken into account. The polarization is introduced by means of a complex di-
electric tensor in which both frequency and spatial dispersion are included.

]..In an investigation of the correlation function
and the collision integral for charged particles in
the absence of external fields one of the present
authors [1J has pointed out that the Coulomb field
should not be used in computing the collision prob-
ability; instead, in computing the field one must
take account of the polarization of the medium by
introducing the effect of shielding into the field
produced by the charged particles. The explicit
physical picture in this work makes it possible to
write an expression for the collision integral in
the presence of an external field without solving
the equations for the correlation function. In the
present work we obtain the collision integral for
charged particles in the presence of a strong mag-
netic field.*

The collision integral for Coulomb particles in
a strong magnetic field has been considered in
turn by E. Lifshitz ‘¥ and by Belyaev.'¥ The colli-
sion integral obtained in the present work differs
in two respects from those obtained by these au-
thors: first, we take account of the polarization of
the medium, thus making the collision integral
convenient for describing remote collisions, sec-
ond, we take account of quantum effects (in the
Born approximation) thus making the collision in-
tegral suitable for analyzing close collisions (pro-
vided one is considering a plasma for which the
Born approximation is adequate). For the particu-
lar case of classical collisions and spatially uni-
form distributions our results correspond to those
obtained by Rostoker.[®] A complete correspond-
ence holds only for electron-electron collisions.

2. Assuming that the Fourier components
[~exp (—iwt +ik-r)] of the electric field and the
electric induction are related by the expression eJ

Di(o,k) = {d K’ e;1(0, k, K)E;(0,K'), (1)

*Some of the results reported below have been published
earlier in a brief communication.[%]

as in [1], we obtain an expression for the matrix
element describing the scattering of particle a on
particle S8

E (v,) —E (vg)

Sdk dk” 4me, egA™? ( N , k, k')

X (Ve | €™ | va> <vp | €7 [wg). @

Here, vy and v;, represent sets of quantum num-
bers describing the state of the particle before and
after the collision, E(v,) is the energy of the
particle and A~!(w, k, k') represents a solution of
the equation

gdk” keey (0, k,K) £ A (0, kK"K) = s (k —k)-  (3)

In the particular case of a uniform medium
e (0, k, k') = &y (o, k) 8 (k — k'), (4)

where g;j(w, k) is the complex dielectric tensor, (el
so that (2) assumes the form

v | € [v> <ol e g
ke ([E (vg) — E (v)l/B, k) &y

S dk 4meqep (5)

Using the elements of the scattering matrix (2)
we obtain the probability for transition of particles
o and B from states vq, g to the states vg, 4

W (vavg; viVp) = 20718 [E (vy) + E (vg) — E (va) — E (vg)]

E(v,) —E(v,)
h

x | 4reaes { ik A ( k)

X (Ve | €% | ved (v | €7 | Vi) lz- (6)

Using this expression we can write the collision
integral in the following form:

1 [f a ('Va)]
= D) W (vavp, vavp) {fa (V&) fo (Ve) — Fu (V) fa (Va)}-

Bvavpvg (7)

We note here that the form of the collision integral
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(7) is retained for distributions that are spatially
nonuniform and time dependent, provided that the
changes in the impact parameters and collision
times characteristic of the distributions can be
neglected.

3. To write the collision integral in the pres-
ence of a magnetic field B we must obtain explicit
expressions for the quantities given by (2), (6), and
(7). Evidently it is sufficient to determine the form
of the matrix element

Vo | e | vg ). (8)

We use the Landau representation in what follows.
Thus, if B is assumed to be along the z axis the
energy eigenvalue E (v, ) and the eigenfunction

| va > are given by

E(ve)=E
[Va) = | naps P2y
= (2nh)t exp {ipix/h + ip3z/h} @u, (Y — yo)/Aal,  (9)

(na, P2) = Q4 (na + /2) + (p3)?/24a,

where Q¢ = |eq [B/epg, A%y = 0/uqQq vo
= —cpg/eyB is the pro;ectlon of the center of the
Larmor orbit on the y axis and &p o is the nor-
malized wave function for the one-dimensional os-
cillator.
Using (9) we obtain the following expression for

the matrix element ( 8)-

) (B35

n,

Vo | €™ vy =8 (kz

!
l/ a'
«! exp (— | Xa[?/2),

xexp{— 3k, (yo+yo)} LX)

x X\t (10)
where n, = min (ng, ny)

ch IealB a
X"‘:-‘/ZlealB [ W

and Lf is the Laguerre polynomial:

=zs" (Zirt) (—tzx)t .

t=0

— i) sign (e — o) — ity |

Ls (x)

We can now write an explicit expression for the
transition probability and the collision integral,
which assumes the form

I, (nay p2, g1 = ) (2athi)™ gdp'z“dp;ﬁdpghé
Bn;nﬂn;;
x (p2+ p2— px — pP) (@) { dpizdpPdptns
X (3 + Pl — P2 — pP) 8 [Ea (V,) + Eg (vy) — Ea(Va)
2 ,
— Eo (o)) 2 |{ iyt grecea A

a a

E,(v,)— E, (v)) p%—p% p*— ,
X(a uhaa’ xhpx P, pz;ky,k_,/)
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X exp {+ Ry (02 + 43) — 5 k(5 + )
1 a 1 ’

— X = 1 X 12}
;l ! ! - —”a] FLB! ln;;—np‘

i |2 L. Xal?
Vn!nlL”a (1Xa|?) 7 (1Xal?)

x XL”“_"“’XH"Z’_"B‘

ng! "B

2 ’ ’, ’ ’ Iﬂ IB
{f, (e P25 U5 f, (M, P2 UF)

— [ (nas B3, Y8) o (ns, P2, 46} (11)

Here
, ]eBI
XB:l/ZleB\B[ ch (yo

In writing (11) we take account of the fact that
if the density matrix is diagonal in the Landau
representation it is possible to have a spatially
nonuniform distribution which depends on the y
coordinate only. In this case

£ (0, k, K') = 8 (ke — k) 8 (ks — k2) €4 (@, ks, bz} By, ky),
(12)

ys) sign (ng — ng) — ik, }

so that
A7 (0, k, K') = 8 (ke — kx) 8 (b, — ko) AT (@, kx, bz By, k).
(13)
A further simplification is possible when the
particle distribution is spatially uniform. This
case occurs when the density matrix is diagonal
in the Landau representation and is independent of

¥o- Then
I [fa (Pas p:)]

= 3 @y (dpidpPdpino (o3 + p2 — p— pP)
Bn;nénﬁ

X 8 [Ea (e, p2) + Eg (n5, p)

- EU- (n;’ p’za)

X | ea| Bet (2m)2 Sdkxdky e

o (Ea (e PF) — Eq (ng, P3) PRt
A PPl TR
4me,eq 2
dl 7]
B+ [(p%— p;)A)
chk | ma=ma | chik? |na—ng |
[2|ea|8] [ZIeBIB]

2 I
X exp {_ cﬁkJ_ [ 1 4 1 -J} i (ng! nﬁl!)z
2B Lleg| ' |egl ng! n,! ngl ngl

n,—n, chk? 2 na—n chk2 2
s [eh e Y[ e ]
X {f, (M, P2) o (Mg PP) — [ (na P2) o (ma, P2)}. (14)

Here, kzl
tion

=k +k} and ¢ is defined by the rela-

ke (w, k|, k) = kikjesi (0, k). (15)



COLLISION

The fact that ¢ depends on k; follows because
Ey depends only on n and p;, corresponding to
the isotropic distribution in the plane perpendicu-
lar to the fixed magnetic field.

The collision integral we seek is given by (11)
and (14). The particular importance of this colli-
sion integral is the fact that it does not diverge at
small values of the transferred momentum. This
result is obtained because we have taken account
of the polarization of the medium and this leads to
a shielding of the Coulomb interaction.

4. In kinetic plasma theory wide use is made of
the kinetic equations written in the form given by
Landau and the corresponding Fokker-Planck
equation.m Equations of this type can be easily
obtained from those written above by taking the
limit i = 0. In this case the asymptotic expres-
sions for the Laguerre polynomials (&) are used:

(n+m)1 J, [V {én +2m+ 2)x]

e x L () = e+ m D

+ 0 (nn—n),
(16)

where Jy, is the Bessel function. Using (11) we
obtain a collision integral for distribution functions
depending on the longitudinal and transverse mo-
menta and the y component of the radii of the
Larmor orbits:

I1f, (p% %, Y3)]

- 3 (2nh)‘3gdp’ipﬁ_gdp§ g(2n)‘3dkxdkzdy§

B, mgy, mg

ck, 9 m,Q, _l?_)

3
X (ke — o ==
“op @B oz ' ol opt

X 718 (k0% + MaQo — k08 —mpQyp) ‘S dk,dk, Anieaeq Ay
X (maga + kzv: , +ky, + ks kyy k;/)
v—Lk vg 'y
b’ B . a _L
X exp {— ik ys + ikyys} Jymy | ( )Jlmgl( o )

| my |

k ik
X [ﬁ sign (eama) + %f]

k. ik, ™8l 2
X [—" sign (egmg) — ———y] l
k) k.

{ ) ck, 9 m,Q, 9 ]
k.

op3 —Z'E@E vt 0pj__ ZEE

x 0 - mBQBi_ B B
+~%—Ba—yg——~—vé aﬂ}f (P2, %, 43) Fo (P2, pl,yzl)%)

Here, k] =k + Kk} and ki = k& + K%

An important feature of the collision integral
(17) is the fact that it is an integral operator with
respect to the dependence of fg on yj. In the par-
ticular case of a spatially uniform particle distri-
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bution, using (17) or (14) [ in the latter case we
must take account of (16)] we have

. dk
I'f,(pz, p)1= 3 (2nh) “‘S2ndp‘ip'3 Xdp S NP
B, mg, my
9, Ml 5
X (kz e + oL opL ) 70 (k02 - maQu — kB — mpQp)
(4me, eg)? 2 (Urki\ o sogk)
X e, T kot k., kz)]2J'"a( Q, )Jme( Q% )
9 mQ, 9 3 mBQB F)
X{kzap;+ U'L ap-'- kzapg UBL ag}ffﬁ (18)

In the case of electron-electron collisions (18)
is the same expression as that obtained by Rosto-
ker (5] except that it is written in somewhat differ-
ent form.

5. In order to indicate the value of the results
given above we consider applications to a case
which could not be studied before either by means
of a theory of two-body collisions, neglecting the
effect of waves in the plasma, or by means of the
diagram temperature technique, which is suitable
only for weak deviations from total thermodynamic
equilibrium. As an example we compute the coef-
ficient in front of the second derivative in y{*

(17); this quantity represents the diffusion coeffi-
cient for the guiding centers of the Larmor orbits.

We have

“)
_L
)

3(p7) .
Tpi Fg (p?), ng = const.

f [Na + 8N (y )I

@, (P2 — pat,), ny = const,

fg:nB

We assume that the density én, is small and that
its effect on the dielectric properties of the plasma
can be neglected. Furthermore, we assume Fg to
be constant for ng | < ugvg < ugvy and zero for
large values of the argument while ¢ to be non-
vanishing only when |p% — povy | < pgAv, in which
case

p’a. (UO + AU) - p:

V2 (Aot v Baly < pE < P (v, + A0),

Po =
p:_p'a (UO_AD)

waop 0 Het T Pe > ba(l— A0)

P =
After some elementary calculations we obtain
the coefficient in question in the form

=n 2 et mg Ut
B ”B "? —
where, in the usual way k.5 is determined by

the limits of applicability of perturbation theory
or the classical expansion, while

Fmax gy
| Zle0 )l
o L
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1 ofg
e(0, k) =1— S —
O %0 S @ —
2.

+ (kj?v)z 1“[1 - (u_;é_v_vo_) ]

We average D over the distribution ¢ . Since
Av K vy, we can write

kmax
et ng v+ dk

Dy=ma3) gz —u@_ v:-—vﬁ S kl<|3(0’ k)|,

B g o
where

1

oy o dx (1 —x)

e, k)|~ 2’“§ B —aipm =i

2
s
a2=2 02—02 ’
B o0 B

Dy o 2
b= (S ).
In the limit of low beam density, in which case
a? > b?, we have
_ ez e g U+ U -~ a\2
<D>—n§ oo o {m e 4 (5) }
Whence it follows that for the particular case

(Dy =23 ;2'1:2 {in
s (

Uokmax

% fg)" * z;;" (

This expression differs in two ways from that
which is obtained when plasma waves are neglected:
first, by the more exact logarithmic term (when
the logarithmic term is important the difference
can be appreciable at large values of v,); second,
and this is more important, by the appearance of
the additional term (the nonlogarithmic term),
which becomes important at low beam densities.

At low densities there are oblique plasma waves,
characterized by the spectrum

O Av )2}‘

@yq Yo

0 = (kofh)? D ol p > K2 o}
B

which have a rather small damping factor

v = ww‘iaw/Z( kAv)? (or growth rate v). Under
these conditions the magnitude of the diffusion co-
efficient is determined by the second term in the
curly brackets in the last expression for <D>

and may be considerably greater than the value ob-
tained from the theory of two-body collisions. In
this case our results hold as long as the ampli-
tudes of the oblique waves do not become appreci-
ably greater than the amplitude of the stationary

noise wave with positive vy given by
(‘)ia 4k?
kp | A0 (g2 — 3020 j02]2 + 02 [0 ,/A0]?

(Ez)kzv.-l-o,k = ‘

V. M. ELEONSKII, P. S. ZYRYANOV, and V. P. SILIN

APPENDIX A

In this appendix we obtain the formulas for
kig;i(w, k, k') k4. We consider the charge density
of tﬁe plasma particles due to a scalar potential
@ which is a periodic function of time and coordi-
nates exp (—iwt +ik.r). In the linear approxima-
tion in ¢ we have*

D) {Valead (r—Ta) [Va) fy (Va) = — ) eig (;::)s

vy

gfkr —latgy

x 2 <Va 'e—ikral,v;> < ,v; leik'ralva>

v_ v
a a

fa (V) = Fo (V)
E (v,) —E (v) —lio — ihA

(A.1)

It follows immediately that
ke (0, k, K') by = k28 (k —K')
Y 4re? (Vo | ¢ vy (va | €47 [ ve)
avava

fo (Ve) — fq (vg)
E(v,) —E (vg) —ho — ihA

(A.2)

It is convenient to use the Landau representation
for the case of charged particles in a fixed mag-
netic field when the distribution function is inho-
mogeneous in the y direction. Then (A.2) assumes
the form

ke (0, k, K') by — k20 (k — K') = — 8 (ke — ky) 8 (ke — k2)

2 (_dpdp} ic et
x 3 anet {2 exp {m[k,,—ky] (P2 + 1)}
anan;
(7g))? 1 1) v 9y 7| %a—"al
Xy gl Xaf— gl Xl L,

xxan Ll e (XoXol" "]

fo (N> P+ by, DE 4 Bky) — fo (ng, DS, P)
(ny, — ny) hQ + (hk22,) + Bk, vt — ho — KA’

where

Xe=V srerp lhesign (ea {na — ni}) + ikl, (A-3)
Xo =V s7orp tesien (e fna — ni) — k). (A.4)

For a spatially uniform distribution, in which
case the density matrix fy (v, ) is independent of
ygy , the right side of (A.3) becomes

*Here, A is an infinitesimally small positive correction
corresponding to the adiabatic switching on of the interaction
in the infinitely remote past.
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’ | €y B dpg (’iu!)2 chk? l "o l
Bk—k) 3 4net ==\ i broard
anana
chi? | rg—ng |, By \T°
Xex?{‘ZteaxB}[Lﬁa <21e113>]
fa (Mg, PE +Bk,) — f, (ng, P3) A.4)

(ny — ng) B, + (R2R2/2,) + k0% — B> — iRA

APPENDIX B

The quantum-mechanical and classical collision
integrals can both be simplified considerably when
the spatial inhomogeneities have a weak effect on
the nonlocal polarization of the medium because
the elements of the scattering matrix for « and B
are given by (5) rather than (2). Using (5), (6), (7),
and (10) we have

11, (na p2, g1 = >, (@) dpzdpPdp? dpiedpPdps
Bn;nﬂnt;

X B8 [pg -+ p— p — pP1BS (5 + Py — P — Pf)
X 8[Eq(n,, p*) + Ep(ng, PF)
—E. (nar PZ ) - Eﬁ (nﬂv Pg) 1
2 4re, egh®
x =\ dk, —; ;
h IS Y pE— 2 + B+ (P — P )
X exp {5 iky (Y2 -+ Y%) — & iky (48 + yP)

— 1 Xa|?2— 51 Xe1?}

X €1 [(Ex — Ea)fh, (P — p2)/h, ky,
gl 7!

X (ps — P2 )[Rl :

—'—_'—';/—
ng ! ngl gl "B!] 2

X XLn;—na I X‘Bﬂé——ﬂﬁ l LI n;—na \ ( lxa l2) Ll ﬂé—ﬂp ‘

g g
2
X (1Xa 19| {F, (% 02, 42) o (150 P2, %)

— fo(na, P2, ¥2) fg (na, P55 Y3)} (B.1)
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When the distribution function is independent of
yo we again obtain (14). The quantity €(w, k) in
(B.1) is given by

e, k)=1-2 % egg
‘ Ban;a

chk? l";a—"al |ma=ng]  cnez \p chk?
L - L L
X[Zleng] [Lﬂs <2|e9|3>] exP{ 2IeB|B}

fo (ng, P2+ hk,, pl+ hk) — fg (ng, P2, Pf)
(np — ng) BQy + k2205 + Bk 08 — ho — iRA
If the distribution is independent of pﬁ (B.2) be-
comes (A.4). In the classical limit the collision

integral (B.1) becomes (17) if we write

dpg dpg
(2nk)?

('1;3!)2
ng! ”B!

(B.2)

ATH (MR + k03, ke, ko by, ky) = 6 (R, — k)
X {€c1 (maga + kzvg y ke, ky, kz) [k:zc + kz =+ kg]}_lt

in the latter, where g¢](w, k) is the classical
limit of (B.2).
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