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It is shown that for the case when the limiting phonon energy is greater than the Stark split-
ting of the levels of the paramagnetic ion, the probability of two-phonon transitions (with one
phonon emitted and the other absorbed) can be expressed in second-order perturbation theory
in terms of the probability of single-phonon transitions to an intermediate level. The temper-
ature dependence of the transition probabilities due to different relaxation processes is con-

sidered.

THE usual methods for studying relaxation phe-
nomena in some salts of the iron group of elements,
successfully applied by Van Vleck,[‘] do not work
in a number of cases. For example, a divergent
integral is obtained when the probability of two-
phonon transitions in crystals containing rare-
earth ions is calculated by these methods.t?] The
reason for this is the neglect of the finite width of
the energy levels of the ion. It is therefore inter-
esting to consider the relaxation processes from
the point of view of the general theory of quantum
transitions, including damping effects. According
to this theory, the probability of a transition in unit
time from the state O to the state n is given by the
expression[:‘:|

Wao = 22| Uno (En) 8 (Ex— Eo). )

The term UpQ (E) fully determines the time be-
havior of the quantum system and obeys the equa-
tion

Uno(E) = Hno + 2 Humt (E — Em) Umo (E),

me0

n=0, Uoo =0, ()
which is, in fact, the form of the time-dependent
Schrédinger equation in E -space. Here H is the
perturbing Hamiltonian producing the transition

and the value of ¢ (x) is determined by the relation

(1) =P o — imb (x), ®)
where P is the symbol for the principal part.

Let us consider the following problem, often
encountered in studying relaxation phenomena in
solid paramagnets. Paramagnetic resonance can
be observed between levels n and k (see the fig-
ure) of the ion. Level m participates as an inter-
mediary in the transition processes n — k, with
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A = Em — Ep much greater than A =Epn — Ek. It
is necessary to calculate the probability of a tran-
sition of the ion in unit time from level n to level
k under the influence of spin-phonon interaction.
We shall consider separately the different proc-
esses which lead to the transition n— k. Such a
treatment is valid since one of the mechanisms for
the transition usually predominates. We shall use
indices A and o, indicating both the frequency and
polarization of phonons to label states differing
from the initial in the number of phonons.

If we now limit ourselves to considering states
differing by one phonon from the initial, then the
system (2) and Eq. (1) lead to the usual expression
for the total probability of a one-phonon transition:

@

The index A corresponds to phonons with energy
A and the bracket indicates averaging over all such
phonons.

Both the part H of the perturbing Hamiltonian,
linear in the lattice vibrations, and the part H,
quadratic in these vibrations, can lead to transi-
tions n— k, accompanied by two phonons. The
following expression is obtained for the transition
probability due to H

0} = 2 N | Hiro, ol Torpadh Y, 5)

which consists of two parts, for the first the sum
of the energies of the phonons A and ¢ is equal to

2
wid = 5 (|Ha.n PPa)-
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A, and for the second their difference equals A.

Let us now consider the two-phonon transition
n — k under the action of H in second-order per-
turbation theory. In the intermediate state the ion
is then in the level m and the phonon A is absorbed
(or phonon ¢ is emitted). In this case the system
of equations (2) is written in the form

Um)\. n= Hm)\, n+ ZHmA. k)\on)\c, al (E - Ek)\n), (63-)
Uma. n = Hmu, n + 2 Hms, h)mUhM, n E (E - Eh)\a), (Gb)
A

Umno, n = Hire,mUmr, n & (E — Em\)

+ Hkhc,msUma, né (E - Emc)- (60)

In order to find the probability required, according
to (1) one must know Ukpg,n for E =Eg\g. I A
> k@®p, where @D is the Debye temperature, then
the system (6) and Eq. (1) lead to the usual expres-
sion for the transition probability via an interme-
diate state.

If, however, A <k@®D, Expg — Ema =Ek — Em
+hw, can become zero for certain wg, while the
difference Exyg — Emg is negative for all A, o.
The second term in (6¢) can therefore be neglected
and the simultaneous solution of (6a) and (6c) gives

Uk)\a, n= Hk)\a,mleh, n/[E - Eml + %lﬁ T (E)]’ (7)

where

%T(E)=i2IHk)\o,m)\PC(E‘—'EkM)-

The real part of y gives the total probability
per unit time of a transition of the ion from level
m to level k, while the imaginary part gives the
shift in level m under the influence of this transi-
tion.[3] If we take into account that the ion can
return to the initial level as a result of a two-
phonon process, Rey in (7) must be replaced by
Revy’ — the total probability of a transition from
level m to levels n and k. We will not take the
shifts of levels into account, so that

1 (E) = 225\ | Hipo, | 26 (E — Eina).

c
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v practically does not depend on E, so that ¥ can
be considered a constant. Substituting (7) into (1),
we obtain

o | Herg,ma |21 Hopa, n |2

Wehre, n = F (Epre — Epin) + BY4 ©)

s} (Eklo - En).

For sufficiently small width of level m, i.e., if the
value of 7y is small, we can write the following
approximate equality:
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(Exra— Ema)* + 3537217 = 358 (B — Ena)- - (10)
Equation (9) then takes the form
Wiro, n = (47%/B%Y") | Hiro,mn | 2| Him, n | 2
X8 (Egng — En)® (Emp — En).

This expression must be summed over all A, o to .
obtain the total probability of a two-phonon transi-
tion. Taking (8) into account, we obtain the follow-
ing interesting result:

) =2 L (| Hma, ] P13, 1)
where v/y’ represents the ratio of the probability
of the transition m — k to the total probability of
transitions from the level m to the levels n, k.
For the case A < k@D the probability of the two-
phonon transition n — k with the intermediate
level m taking part is determined by the proba-
bility of single phonon transitions n — m, m — k.
Finn, Orbach and wolf[4] proposed that this se-
quence of single-phonon transitions should be con-
sidered as a new relaxation process. If the maxi-
mum of the § -function (10) is considerably differ-
ent from the maximum of the expression
| Hiag, ma |2 |Hma, n |2, then the usual probability
of two-phonon transitions is added to (11), with the
integration over the phonon frequencies not includ-
ing the neighbourhood of A/h.

An analogous consideration of the transition
n — k under the action of H with the emission of
two phonons leads to the following expression for
the probability of such a process:

8 H,, H 2
wgg:_“<gi____k-" man o ondh ),

[ A

with the sum of the energies of phonons A and ¢
equal to A.

We shall consider briefly the temperature de-
pendence of the probabilities of transitions for A
< k@p, which is characteristic for many compounds
of the rare earth elements. The temperature enters
expressions (), (6), (11), and (12) through the mean
quantum number of the phonons:

{nye, = [exp (hw/RT) — 1171

(12)

The quantities A and A enter into these equations
because of the density of the final states and the
dependence of the matrix elements of the pertur-
bation energy on the phonon frequency. Expressing

the dependence on T and A in (4), we have
w® = AenA®exp (A/kT)/lexp (ART) — 1. (13)

For A « kT this leads to a linear dependence on
temperature, while it ceases to depend on temper-
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ature for A > kT, going over to the probability of
the spontaneous emission of a single phonon of
frequency A/h. If the lower doublet is a Kramers
doublet, then A enters in (13) to the fifth power.

If we assume A > KT and neglect the magnitude
of A compared with A, we can express (11) in the
form

w®) = Bp,A®exp (— A/kT). (14)

The functions Ak, and Bkn depend uniquely on
the density of the substance and the velocity of
sound in it. In spite of the rapid decrease in the
value of w{é{ with temperature, the presence of
the factor A3 in (14), which is large compared
with A% (or large compared with A% A? in the
case of a Kramers doublet), can make w® > w'l
down to temperatures around 2°K, as occurs in
cerium magnesium nitrate (A =34°K, A =0.2°K).E4]

The probability (5) has two parts —the proba-
bility of emission of two phonons, the sum of
whose energies equals A, and the probability of
emission of one phonon and absorption of the other
with energy less than the energy of the emitted
phonon by A. The first part can be written in the
form !

‘ @3 (A — o )3exp (A/RT)

[exp (@/AT) —1] [exp (A — w)/ET) — 1T %©°

ws’e)n =Cun

co——p

For A < kT this leads to a quadratic temperature
dependence, and for A > KT this expression prac-
tically ceases to depend on temperature, going
over to the probability of the spontaneous emission
of two phonons, the sum of whose energies is A.
The law of the temperature change of the proba-
bility (12) is the same.
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The second part of (5) is of the form
kep
3 : ®3 (0 -}- A3 exp ((o + AV/ERT)
0 = Con \ oy ToRTT= 1T Toxp (@0 T AVETT=1T" %"
0

This part varies with temperature as T’ for not
very high temperatures (T < @D).

We thus see that the relative importance of
different relaxation processes varies with the tem-
perature. Since the coefficients in the expressions
for the transition probabilities will be different for
different substances (mainly because of the differ-
ence in the matrix elements in these coefficients),
the law governing the increase in relaxation time
with decreasing temperature can be completely
different for them within the same temperature
interval.

Having obtained this law from experiment, it is
possible to judge the character of the relaxation
process for a substance in a given temperature
region.

In conclusion, I express my thanks to S. A.
Al’tshuler for his valuable suggestions in the
carrying out of this work.
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