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We give the results of computations of the vertical motion in a microtron for various shapes 
of the transit holes in the accelerating cavity. It is shown that replacing the circular holes by 
slots may result in considerable improvement in the vertical focusing. 

IN constructing large microtrons, at energies of 
several times ten MeV, one encounters difficulties 
in maintaining vertical focusing. Computations 
show [i, 2J that as the energy of the accelerated 
electrons increases, the vertical focusing prop
erties of the accelerating cavity become poorer. 
For this reason, in the 29-MeV microtron, [2] an 
inhomogeneous magnetic field had to be used to 
guarantee vertical stability, although this was ex
tremely undesirable because it interfered with the 
phase stability. 

These difficulties are typica-l for resonators 
with circular flight holes. We shall show that 
changing the shape of the holes can significantly 
improve the focusing properties of the resonator and 
thus solve the problem of vertical focusing at high 
electron energies. 

The figure shows a section of the microtron 
through the median plane and exhibits one of the 
orbits. In the vicinity of the flight holes, the ver
tical component Ez of the accelerating electric 
field acts on the electron, while the vertical force 
inside the cavity comes from the horizontal com
ponent Hx of the variable magnetic field. These 
forces determine the vertical motion. 

It is not difficult to see that near the axis of a 
circular aperture one can approximate the field 
Ez by Ez =- iz 8 Ey/8y, whereas for a horizon
tal slot, Ez = - z BEy /By. Consequently a hori
zontal slot focuses the electrons twice as strongly 
as the circular hole. On the other hand a vertical 
slot has no effect on the focusing, since Ez = 0 
near it. 

Keeping these properties of slots in mind, we 
shall compute the vertical focusing. In making 
the computation, it is assumed that the region 
over which the inhomogeneous electric field ex
tends i:h the neighborhood of the slots is small 
compared to the width of the resonator. This con
dition is satisfied for accelerating cavities of the 

Section of microtron 
through the median plane: 
1- waveguide, 2- ac
celerating cavity, 3 -
flight holes, 4- coupling 
holes. 

X 

new types. [3, 4] because they are quite wide; inside 
the resonators themselves, we include the influence 
of the components Ey and Hx on the motion of the 
electrons. 

Let zn and Pn be the vertical coordinate and 
momentum of the electron at its entrance into the 
resonator on the n-th orbit, and Zn+i and Pn+1 
the values of coordinate and momentum at this 
same point after the electron has completed one 
full turn (see the figure). We introduce the trans
formation matrix { aik}: 

(Z,.+t) = (au a12) (z") . (1) 
P11+1 a21 a22 Pn 

From the theory of such matrices [5] it follows that, 
for -2 < S < 2, Det aik = 1, the motion described 
by formula (1) is a stable oscillation of the form 
Zn = b cos ( vn + 6 ), where the frequency v is 
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given by the relation 

cos v = s 12. 

Here S = a 11 + a 22 is the trace of the matrix aik· 
If I S I ~ 2, the motion is unstable, except for the 
case of the unit matrix. 

The computation, dropping terms of order n-2 

and higher, leads to the following expressions for 
the aik: 

a 11 = 2 + (2nc I eH) a 21 - a22, a12 = (2nc I eH) a22, 

Here E cos wt is the accelerating electric field, 
H the intensity of the constant magnetic field, L 
the resonator thickness, e the absolute value of 
the electron charge. The values of all quantities 
are in absolute units. The symbol TJ denotes: 

'11 = (e E12c) (1- 2 e1) cos ffif, 

(2) 

where the parameter a is determined by the shape 
of the hole. We use a prime for quantities refer
ring to the time of entrance and a double prime for 
those at the time of emergence from the resonator. 

A horizontal slot gives the value a= 1, while· a 
vertical slot has a = 0. In the ease of a combina
tion of two circular holes, a'= a"=!. formula 
(2) simplifies and, for H = mcw/e, coincides with 
the expressions given previously. [1] In this case, 

t• 
"'E2 ro \ 

S = 2 - Zn H 2 J cos2 ffif • dt. 
t' 

We see that on the later orbits the stability of 
the motion is reduced, since S --2. The oscilla
tion amplitude increases like n 114• [ 1] Another 
difficulty is the following. As the computation 
shows, a tilt of the resonator axis at an angle e 
from the horizontal plane results in a vertical 
drift of the electron beam from the center of the 
hole, proportional to en. As a c:onsequence, there 
is a rapid loss of particles in the acceleration 
process even for very small values of e. [2] 

Let us see the effect of a change in shape of 
the holes. Omitting terms of order 1/n, which 
is permissible on the later orbits, i.e., for high 
energy electrons, we find from formulas (2),* 

S = 2 + n [1- (e1' + e1")] tgq>. + n (e1"- e1') ctg (ffi Ll2c). 
(3) 

Here CfJs is the equilibrium phase, whose value can 
lie within the following limits: 0 < CfJs < tan-1 2/rr, 
where the optimum equilibrium phase is CfJopt 
= tan-1 1/rr. [6] 

In the case of circular holes, S = 2, giving our 
*tg = tan, ctg = cot. 

previous conclusion that the motion is unstable. If 
however a' = a" = 1 (two horizontal slots), then 
S = 1, and there is a stable nonincreasing oscilla
tion with a period of six revolutions. Here a tilt 
of the resonator axis gives a small constant shift 
of the electron beam relative to the symmetry 
plane of the resonator (by an amount of order A.e/2 ). 

The computations show that a combination of 
horizontal slots guarantees not only vertical but 
also horizontal stability. Furthermore, such a 
hole shape allows for the horizontal drift of the 
orbits which arises because of magnetic field in
homogeneities and radiation reaction, and also 
permits one to change the mode of operation and, 
consequently, change the electron energy at the 
output of the resonator over wide limits. [4] 

Using a cavity with horizontal slots in the 
microtron should certainly solve the problem of 
stable acceleration of electrons up to ·energies of 
several tens of MeV. At low energies this con
clusion has been confirmed in preliminary experi
ments made on the microtron of the Academy of 
Sciences Institute for Physical Problems. [4] 

In conclusion we mention the following point. 
If a' = 1 and a" = 0, i.e., if there is a horizontal 
slot at the cavity entrance and a vertical slot at 
the exit, then we find from formula (3), S ~ -3, 
i.e., cross-focusing occurs. Then the vertical 
coordinate changes sign at each orbit and the os
cillation amplitude increases rapidly. This sys
tem is unsuitable for the microtron; possibly, 
however, the use of crossed slots or a sequence 
of slots of some other orientation may enable one 
to get strong focusing in linear accelerators or 
other electron-optical systems. 
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