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Results of a theoretical calculation of the axial and radial distributions of the electron inten
sities over the cross section of a bunch are given. A method is presented which can be em
ployed to determine the betatron and synchrotron oscillation amplitudes from the experimental 
intensity distributions. The method is based on the above-mentioned calculation. Some new 
data regarding the variation of the radial oscillation amplitudes in the C-60 synchrotron of the 
Academy of Sciences Physics Institute during the acceleration process are presented. 

THE main difficulty in the investigation of betatron 
and synchrotron oscillations of electrons in a syn
chrotron by high-speed motion--picture photogra
phy [t] lies in determining the oscillation ampli
tudes from the distributions of the electron radia
tion brightness over the cross section of the bunch. 
To develop a method of determining the amplitudes, 
the brightness distribution was calculated theoret
ically for the two most important electron ampli
tude distributions, namely for a Rayleigh-Gauss 
distribution that is stationary, and for a Rayleigh
Gauss distribution that oscillates with a certain 
amplitude. 

The first case was assumed to correspond to 
betatron and synchrotron oscillation amplitude 
distributions arising during injection and at the 
instant of synchrotron acceleration, or resulting 
from quantum excitation of these oscillations. We 
calculated the brightness distribution produced by 
electrons oscillating as 

x =a sin w t, (1) 

The following expression was obtained for the 
relative brightness 

B (u) = exp (- u2 ), (3) 

where u = x/ a. A plot of B ( u) is shown in Fig. 1. 
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FIG. 1. Relative brightness for Rayleigh-Gauss distribution. 
Experimental axial distributions of the brightness B (z/az): 
6-t = 0.1!46 sec; 17 -t = 0.415 sec; &-t = 0.605 sec. Radial 
distributions B (r/ ar): o- t = 0.144 sec, •- t = 0.605 sec. Con
tinuous curve- theoretical distribution B (u), 

with amplitude distributions 

p(a)da = (2N jo2 ) a exp ( -- a2 jo2 ) da, 

Formula (3) leads to the important conclusion 
that the half-width of the brightness distribution 

(2) at the 1/e level is equal to the mean-square am
plitude 

where x is the coordinate of the electron at the 
instant t, a is the amplitude, w is the circular 
frequency of oscillation, N is the number of elec
trons, and a2 = a 2 is twice the value of the disper
sion, equal to the mean square of the amplitude. It 
was assumed in the calculation that all the radiation 
emitted by each electron is concentrated within a 
narrow cone with the axis perpendicular to the oscil
lation direction and parallel to the observation 
direction. 

0.5 6 xo.36S = c; = (a2)'/,, 

where ill{ is the distribution width. 

(4) 

To check this conclusion, we compared the theo
retical distribution B ( u) with the experimental 
one. For this purpose we used the axial and radial 
distributions of the relative brightness, B(z/az) 
and B ( r I ar), obtained in investigations of elec
tron motion in the C-60 synchrotron of the Acad
emy of Sciences Physics Institute. The agreement 
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between the experimental points and the theoretical 
curve was satisfactory over the entire investigated 
part of the acceleration cycle, except for the radial 
distributions of the brightness in the interval from 
the interception to the center of the acceleration 
cycle (see Fig. 1). This enabled us to conclude 
that the calculation is correct and the bunch elec
trons have an amplitude distribution close to the 
Rayleigh-Gauss distribution (except for the indi
cated interval). The detailed connection between 
the half-widths and the amplitudes can be written 
for our case in the form 

0.5 ~ 20,368 = (G;b + a;b )'1•, (5) 
q 

0.5 ~ ro 368 = (a2b + Q2 + £lib + az )'/, (6) • r rs r q rsq t 

where the index z stands for the amplitudes of the 
axial oscillations, r for the radial ones, b for the 
betatron oscillations, s for the synchrotron oscil
lations, and q for the oscillations due to quantum 
fluctuations of the radiation. 

The brightness distribution for the second case 
of electron amplitude distribution was calculated 
for the simplified model of electron radial oscilla
tions following interception. In addition to the fore
going assumptions (1) and (2) concerning the char
acter of the electron oscillations, it is also as
sumed in this case that the Rayleigh-Gauss dis
tribution is itself subject to harmonic oscillations 
given by 

Xc = as sin Q t , (7) 

where Xc is the coordinate of the distribution 
center, as is the amplitude of the synchrotron 
oscillations of the bunch, which arise during in
terception, and n is the frequency of these oscil
lations. 

The numerical results were used to plot the 
relative-brightness distribution for as /ar = 0.2, 
0.4, ... , 2.2. An analysis of the resultant curves 
enabled us to establish a connection between the 
brightness distributions observed after intercep
tion, the amplitudes as of the synchrotron oscil
lations, and the summary mean-square amplitude 
of the radial oscillations, ar. The principal re
sults of the analysis are plotted in Fig. 2. 

The values of as and ar are determined from 
these plots. Curves a, b, and c are first used 
to determine as I a r for the experimental bright
ness distribution, after which curves d and e are 
used to determine as + ar and hence as and ar. 
To check the correctness of this method, the theo
retical and experimental brightness distributions 
corresponding to the same ratios as /ar were 
compared and found to be in sufficiently good 

a b c d e 
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FIG. 2. Plots for d.etermination of a 8 and ar: a-B(O); b
llr0.6/6r0,3; c-0.5 llro,a68/ar; d-(a8 + ar)/llr0,5 ; e-B(a8 + ar). 

agreement. By way of an example, Fig. 3 shows 
one of the experimental radial brightness distri
butions after interception, compared with the cor
responding theoretical curve. 

The procedure developed for determining the 
amplitudes was used to make more precise the 
experimental results obtained earlier in the in
vestigation of electron motion in the C-60 syn
chrotron. [1] The shortcoming of the earlier re
sults was that they did not yield the mean-square 
amplitudes necessary for a rigorous comparison 
with theory, nor did they make it possible to sepa
rate the synchrotron oscillations arising during 
interception from the previously existing betatron 
oscillations, so that the experimental damping of 
the radial betatron and synchrotron oscillations 
could not be determined in the interval between 
interception and the middle of the acceleration 
cycle. The use of the new procedure made it pos
sible to overcome the foregoing difficulties. 

By using the results of the new calculation 
method we can readily obtain the mean-square am
plitudes of the axial betatron oscillations from ear
lier experimental results. To determine these 
from the plots of [1], one must multiply by 0.455 
the ordinates of the plotted widths of the axial dis
tributions at the 0.3 level. The course of these 
curves does not change in this case, and all the 
conclusions made in these investigations regard
ing the axial oscillations remain valid. 

FIG. 3. Relative radial 
brightness fort= 0.215 sec, 
Points -experimental dis
tribution from which a 8 /ar 
= 2.0 was obtained. Curve
corresponding theoretical 
distribution. 
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FIG. 4. Curves showing variation of the amplitudes of the 
radial oscillations: 1- experimental curve of summary mean
square amplitude; 2-theoretical curve of summary amplitude 
with account of radiation damping; 3- curve without account of 
damping; 4- experimental curve showing variation of the ampli
tudes of the synchrotron oscillations arising during interception; 
S- theoretical damping curve of the synchrotron oscillations. 

The analysis of the radial brightness distribu
tions yielded essentially new results. It became 
possible for the first time to plot experimentally 
the damping of the synchrotron oscillations aris
ing in the bunch after interception (curve 4 of Fig. 
4). Curve 5 of Fig. 4 shows the theoretical varia
tion of these oscillations in accordance with the 
following formula (see [2]) 

t 
, ( 13-4n\W, ) a ~V'I·£- 1• exp ---- --dt. rs s 2 1 -- n . E s 

0 

(8) 

For the theoretical curve, the amplitude of the 
synchrotron oscillations at the instant of inter
ception was chosen equal to the experimental value 
as = 16.0 mm. A comparison of the curves shows 
that the experimental curve attenuates more slowly 
than the theoretical one. A possible reason is that 

the theoretical curve corresponds to damping of 
synchrotron oscillations with low amplitudes, 
whereas the amplitudes of the bunch oscillations 
can apparently assume large values during inter
ception, and their damping is not given by formula 
(8). 

It was further possible to obtain a curve show
ing the variation of the summary mean-square 
amplitude of the radial oscillations, from which 
the experimental damping of the radial betatron 
oscillations after interception was obtained. It 
was also possible to determine the build-up of 
betatron and synchrotron oscillations at the end 
of the acceleration cycle (curve 1 of Fig. 4). A 
comparison of the experimental curve with the 
corresponding theoretical curve plotted with ac
count of radial damping (curve 2, cf. [2]) and with
out account of the damping (curve 3, cf. [3, 4]) has 
shown good agreement in the former case and 
great discrepancy in the latter. 

The author is most grateful to A. N. Lebedev 
for valuable advice and useful discussions. 
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