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Various methods for estimating the effective strong-interaction radius are discussed: 
1) the estimate from the degree of the last term in the expansion of the angular distribution 
in Legendre polynomials; 2) the estimate from a known total cross section for a channel 
and the value of the angular distribution at one point; 3) the estimate from the total cross 
section for all channels and that for the elastic-scattering channel; 4) the estimate from 
the mean square of the transverse momentum and the uncertainty relation. The first two 
of these are extended to the case of inelastic reactions of the most general type, a + b 
- c + d + e + ... (the spins of the particles are arbitrary). All of the methods have no 
connection with any particular model of the interaction (potential well, optical model). 

THE effective radius r 0 for the interaction be- L, 
tween particles1> is an important qualitative char- 0 (-fr) = ~ BLPL (cos 'fr). {1) 

acteristic of the strong interactions. It is a mat-
ter of interest to get information about the inter
action radii of 1r mesons and nucleons at various 
energies, and also about their interaction radii 
with strange particles, and those of strange par
ticles with each other. The purpose of this paper 
is to discuss several methods for estimating r 0 

from experimental data, which are among the first 
to present themselves: estimates from the total 
and elastic cross sections and from the angular 
and momentum distributions (as they are at first 
known only in broad outline). These methods in
volve either determination of the quantity Z0 { cf. 
footnote 1>) or the use of the uncertainty relation. 
Therefore they do not depend on any ideas about 
a model for the process. They can be regarded 
as a first step in a phase-shift analysis-namely, 
as the obtaining of evidence about the minimum 
number of phase shifts necessary for the repre
sentation of the available experimental data. It 
is worth emphasizing that any additional data can 
only increase the required number of phases, that 
is, can only increase r 0• 

1. For the case of arbitrary spins of the par
ticles and unpolarized beams a and b the an
gular distribution of a reaction of the type a + b 
- c + d must be of the following form [cf. e.g., 
[ 1], Eqs. (4.5) and {4.6); [ZJ, Eq. {5.1)]: 

1>one can define r0 , for example, by the classical relation 
r0p = hl0 , where l0 is the largest orbital angular momentum of 
the relative motion that is still of any importance. 

L=O 

Furthermore L0 must be equal to the smaller of 
the two numbers 2l0, 2l0, 2> where Z0 ~ 40p/h and 
lo ~ rop' /h are the maximum orbital angular mo
menta of particles a, b and particles c, d, 3> re
spectively. 

On the other hand, suppose the experimental 
cr(.J) is given. Since it is measured at a finite 
number of points and with some error, the coeffi-
cients 

1t 

BL= ZLii ~PL(cos-fr)o(-fr)sin-frd-fr {2) 
0 

in the expansion of cr{J) in Legendre polynomials 
must all vanish to within the limits of error, be-
ginning with a certain degree Le· Le ~ L0, since 
as the experimental errors decrease Le may in
crease. Thus Le possibly gives too low a value 
for the smaller of the quantities 210 and 2l0• 

To prove the correctness of Eq. {1) for arbi
trary transitions a + b - c + d + e + ... , let us 
take the amplitude of such a transition expressed 
in terms of the elements of the R matrix of the 

2>l; can be defined as the maximum number of partial waves 
that are of importance for the channel c + d -a + b of the reaction 
of c and d (the inverse reaction with the corresponding energy 
of c and d). 

3)If the reaction is one with a threshold, such as 1T + p 
.. A + K, for example, then because obviously p' < p, L0 will 
be equal to 210• By determining L 0 (see the further discussion) 
we will then get an estimate of the interaction radius r; of the 
particles A and K (and a somewhat too low estimate for r0). 
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transition in a representation which contains the 
orbital angular momentum (in terms of ''gener
alized phase shifts"). For the case a + b- c 
+ d + e such an expression is written out, for ex
ample, in Sec. 3 of[3] [ cf. Eq. (9)]. Let us inte
grate the square of the absolute value of this am
plitude (proportional to the angular distribution 
of the reaction products ) over all of the angular 
(and energy) variables of particles d, e, etc., 
so that there remains only the angle J of the 
relative momentum of particle c in the c.m.s. 
(or the momentum of the set of particles ( d, e, 
. . . ) in the c.m.s. ). Then let us sum or average 
the resulting expression over all the spin projec
tions. The result is of the form (1), and it turns 
out that the summation over L is taken not up to 
twice the value of the maximum total angular mo
mentum, but up to the smaller of the quantities 
2lo, 2l[J. Furthermore Zo = roPe max /h, where 
r 0 is to be interpreted as the effective radius of 
the volume in which particle c and the set ( d, e, 
... ) have been produced and interact, and Pc max 
is the maximum value of the absolute value of the 
momentum of particle c in the c.m.s. which is 
allowed by the law of conservation of energy. We 
can of course take for c any one of the products 
of the reaction. For example, for the reaction 
7r + p- p + N7r one can take u( J) to be the angu
gular distribution of the nucleon. 

Equation (1) is true for each channel of the re
action a +b- ... , for example, for the channels 
7!"- + p- p + 7!"-,- n + 7!"0,- p + 7!"- + 7!"0, and so on. 
When we write out relations (1) for all possible 
channels and add them together, we find that the 
result is again of the form (1). Therefore we can 
take u( J) in Eq. (2) to mean the angular distribu
tion of the nucleon without regard to the number 
of other particles (to say nothing of their direc
tions of emission). In other words, we can get 
information about L0 and then about Z0 or Z0 
without necessarily singling out any particular 
channel of the reaction in question. 

Thus the method now being stated consists of 
finding the index Le of the last nonvanishing co
efficient in the expansion of the angular distribu
tion of some chosen one of the products of the re
action in terms of Legendre polynomials. Of 
course it is not necessary first to find all of the 
preceding coefficients. To determine the value of 
L for which it is worthwhile to begin the calcula
tion of the integrals (2) one can use the cruder 
estimates of r 0 to be explained later, which are 
based on inequalities which give a lower limit 
on r 0• 

2. Ogievetskii and Grishin [4] have given an 
inequality for reactions of the type a + b- 1 + 2 
which can be of use for the estimation of r 0 or r 0 
in cases in which one knows the value u( J') of 
the angular distribution at one point J' and the 
total cross section of the reaction a + b- 1 + 2. 
We write it in a form which is valid for arbitrary 
spins: 

dcr (W)jdQ < (crf4n) ~ (W), (3) 

where ~ (J') means the one of the expressions 
J, 

2] (2J + I) [d~,+m,. ma+mb ({}')]2; 
J=O 

- ja <rna<+ ia . 
(4) 

and so on ( ja is the spin of particle a) that has 
the largest value. The function dfu,n is defined 
in [5,6]. J 0 denotes the maximum value of the 
total angular momentum, which is the smaller of 
the numbers Z0 + h + jb and Z0 + ji + h· Since the 
spins of the particles are usually not larger than 
0 or 1, J is nearly equal to l if l is large. 

To derive Eq. (3) one must use the expression 
for the amplitude for the reaction which is given 
as Eq. (31) in a paper by Jacob and Wick. [5] By 
using the Cauchy inequality one can get the esti
mate (3) for the differential cross section du( J) I 
dQ (which is proportional to the square of the ab
solute value of the amplitude), by an argument like 
that used in C4J. The corresponding starting ex
pressions for the case a+ b- 1 + 2 + ... + N 
are given in C3J. It turns out that Eq. (3) also 
holds for such reactions, with the following 
changes. du(J' )/d!11 is the angular distribution 
of a chosen particle, for example particle 1-see 
the preceding section. Instead of m 2 one must 
use in Eq. (3) the projection M 2 of the "spin" of 
the complex ( 2 ... N) of all the other particles. 
If there is no information about this "spin," one 
must assume that M 2 takes all values allowed by 
the condition I M2 +mil :::: J (for I M2 +mil > J 
the function dJ vanishes). Furthermore in the 
case N > 2 the value Je of the upper limit of the 
summation in Eq. (4) which is required for Eq. (3) 
to be satisfied can give an estimate only for Z0, 

and not for any of the orbital angular momenta of 
the products of the reaction. 

We note that the form of Eq. (3) is the same 
for all N. Therefore for an estimate of the radius 
of the interaction of a 7r meson and a proton, for 
example, one can use Eq. (3), meaning by u the 
total cross section of all channels with a proton 
in the final state (7r + p- p + 7r,- p + 27r, •.. ) 
and by du(J' )/dQi the differential cross-section 
for protons at the angle J' (paying no attention to 
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the other particles). In fact, we can write out a 
relation (3) for each channel and add these rela
tions. The resulting expression will be of the form 
(3) with the indicated meanings of a and da(J' )/ 
dQ1, if ~ 1 means the largest of all the partial ~ 1's. 

As can be seen from Eq. (3), this inequality is 
actually useful only if a( J') differs decidedly 
from a/47r. Whether or not this method for esti
mating Z0 has an advantage in simplicity as com
pared with the preceding method can be judged 
only in concrete cases.4> 

Hsien Ting-ch'ang has obtained [B] an estimate 
of the form (for arbitrary N) 

da (W)jdQ <;;: aj4rt: (10 + 1 )2 , (5) 

which is obtained from Eqs. (3) and (4) by replace
ment of all the functions dJ by unity. dfu,n ( J) s 1, 
since these functions satisfy the unitarity condition 

1 = ~ d~, n (dJ+)nm = ~ [d~, n (i})J2. (6) 
n n 

Although this estimate is much too low, on the other 
hand it does not require the calculation of sums of 
the form (4), and can be useful for a simple pre
liminary estimate. 

3. Rarita and Schwed [s] have indicated an in
teresting method for estimating the interaction 
radius in the elastic reaction a +b ....... a + b, which 
requires only a knowledge of the elastic cross sec
tion ael and the total cross section atot for the 
process a+ b ....... (all channels). As Ogievetskii 
and Grishin have pointed out, [4] this estimate fol
lows from the formula (3) and the so-called op
tical theorem ( cf., e.g., Sec. 24 of [10]). We shall 
give the derivation for the case of arbitrary spins. 

For J' = 0 the right member of Eq. (3) goes 
over into ael(J0 + 1) 2/47r, since dfu,n(O) = Omn· 
For the left member we have 
dcr (Oo) [2ja + 1)(2jb + 1)1= ~ I (m~m~ IR (0°) I mamb) 12 

dQ • • 
ma, mb, rna, mb 

;> ~ I (mamb IR (0°) I mamb) J 2 

X (2ja + 1)]. (7) 

4 >we note that the estimate l 0 - 16 for pp scattering at 
8.5 Bev[•] from the data used by Grishin and Ogievetskii can 
also be made rather easily by using Eq. (2). In fact, for t'J0 "'0 
all of the Legendre polynomials are equal to 1, and they then 
decrease to zero in such a way that the first root is at the 
point iJ0 "' 2.4 x 57°/L. In particular, the first root of P 32 is at 
at 4.~. Since more than half of all the scattered particles are 
scattered at angles smaller than 4°,[71 the coefficient B32 must 
still be different from zero. Calculation of the integral (2) in
deed shows that the value of B32 differs from zero by more than 
twice the error. 

Use has been made of the relation 

~~ (a1)2 ;> (~ a,y J N 

and the equation 

(4nhlpa) Im (mamb IR (0°) I mamb) = a~~m0 , (8) 

which follows from Eq. (24.14) of [10]; afg~mb de

notes the total cross section for interaction of par
ticles a and b with fixed spin projections rna 
and fib· We get finally 

(9) 

4. To estimate r 0 one can also use the uncer
tainty relation5> ~px_Ax =::: h/2. 

Suppose the process of change of state of the 
particles (or of the production of new particles ) 
effectively occurs in a limited volume of the rela
tive coordinates with the radius r 0• This means 
that before the particles became free particles of 
the final state their relative coordinate was fixed 
with the accuracy r 0• Then in particular the com
ponent of the relative momentum perpendicular to 
the incident beam must have an uncertainty ~Pi 
of the order h/2r0• (The uncertainty ~Pi is eas
ier to detect than the uncertainty in the component 
parallel to the beam.) The experimental mean 
square transverse momentum (~PI )~v can only 
be larger than ( ~p1_) 2 , since part of the quantity 
(~pf>~v may be due to the concrete dynamical in
teraction and not to the fact that the range is lim
ited. For example; the Coulomb interaction does 
not have a finite radius, but does scatter at non
zero angles, so that (~PI>iv > 0. 

From 

we get as a (too low) estimate for r 0: 

r 0 ;>} [(t.p})!J-'1• (10) 

(compare this with the estimate r 0 ::::: hZ0 /p from 
the preceding methods ) . For this estimate we 
need to know only (~PI >iv for any one of the 
particles that are products of the reaction. 
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