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Differential equations are obtained for the deformation field created by dislocations in an
elastic isotropic medium. It is shown that the field of the elastic deformation tensors e€jx
and the field of the displacement velocity vectors v; of the elements of the medium can
be determined in the general case if the density of the Burgers vector and the dislocation
flux are known as functions of the coordinates and time. The deformation of an infinite
medium is considered at large distances from the system of moving dislocations which
creates the deformation. The intensity with which elastic waves are radiated by such a

system is calculated.

DISLOCATIONS in a continuous medium must be
regarded as defined singularities of the field of the
elastic deformations which extend along lines that
are either closed or terminated on the surface of
the body; these singularities have the character-
istic property that in their presence the elastic
displacement vector u in the medium is not a
single-valued function of the coordinates.[173]
However, the distortion tensor ujik = Vjuk

(Vi = 8/08x{) made up of the spatial derivatives
of the vector u, remains a single-valued and dif-
ferentiable function of the coordinates. The fact
that the vector u is not single-valued is analogous
to the similar property of the scalar potential of
the magnetic field created by linear electric cur-
rents. And, just as the concept of the magnetic
potential loses its meaning for a continuous dis-
tribution of currents, so does the concept of a
vector elastic displacement u lose its meaning
for a continuous distribution of dislocations.
Therefore, the elastic deformation of a medium
with a continuous distribution of dislocations is
described directly by the distortion tensor ujy,

which satisfies the condition[1~4]
€imV Ump = — Dy, i,k=1,2,3. (1)

Here ejk7 is the unit antisymmetric third-rank
tensor,* and Djik is the dislocation density tensor
(of the Burgers vector density),H!™%

ViDik = Or (2)

¥In formula (1) and in those that follow, summation from
1 to 3 is carried out over repeated indices.

which is the compatibility condition of the equations
in (1).
For a linear dislocation

Dy = 1,640 (E), (3)

where T is a unit vector tangent to the dislocation
line, b is the Burgers vector, £ is a two-dimen-
sional radius vector starting from the axis of the
dislocation and lying in the plane perpendicular to
T at the given point, and 6(§) is a two-dimensional
6-function.

In a crystal the vectors T and b can have only
a certain number of well-defined directions; there-
fore, the tensor Dji in a crystal must have the
form

Di (r) = D) b%p=t (1), 4)
a, B

where o and B denote the possible directions of
the vectors T and b, respectively, and p®P is the
density of distribution of the vectors T and b over
the directions specified. It should be noted that
directions of types a and B are in general differ-
ent and nonequivalent directions in the crystal.

The dislocation singularity, by definition, is
not associated with an additional volume force;
therefore the equilibrium conditions of an isotropic
elastic medium containing dislocations have, in the
absence of external volume forces, the usual form

[2]

Ve (uie 4 tr:) + AVitte, =0, (5)

where A and u are the Lamé coefficients.
For a given dislocation density Eqs. (1) and (5)
comprise in the static case a complete system of
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equations for determining the distortion tensor
Uik, i.e., they completely describe the deformed
state of the medium.

For moving dislocations, corresponding differ-
ential equations have been proposed by Hollinder. £5]
However, their derivation is not completely satis-
factory: first, they were derived under the assump-
tion that the difference between the velocities of
Rayleigh surface waves and shear waves in the
solid body could be neglected; second, the quanti-
ties assumed given were not the density of the
Burgers vector and its flux, but certain quantities
not having a direct physical meaning.

In the present work it is shown that the system
of equations determining the deformation field of
moving dislocations can be formulated without
using the stated assumptions. In this system the
density of the Burgers vector and its flux are the
sources of the deformation tensor field and the
medium displacement velocity vector. One of the
possible ways of solving this system of equations
is equivalent to Nabarro’s method, (6] which re-
duces to replacing the displacement of a linear
dislocation by the formation of a dislocation loop.
This method is convenient when only the time de-
pendence of the deformation field is considered,
but requires the additional solution of a static
system of equations of type (1) and (5) to find ujik
uniquely.

We present here another method of solving the
original system of equations, which is applicable
in the general case and is based on the introduc-
tion of certain subsidiary quantities like field po-
tentials. This method is also used to determine
the field of a dislocation system at large distances
from the system, a problem of independent interest.

1. THE DISLOCATION FLUX DENSITY TENSOR

We set up a complete system of differential
equations describing the dynamics of an elastic
body in which there are moving dislocations. We
assume that motion of the dislocations is not ac-
companied by transport of mass. The equation of
motion of an isotropic elastic medium, which re-
places (5), must then be written as usual:

p0v;[0t = PV (Ui + trr) + AVitlge,

where p is the density of the medium, and v
=v(r, t) is the displacement velocity of an ele-
ment of the medium with coordinates r at the
time t (there are no external volume forces).
) Condition (1), which defines the dislocation
singularity, does not depend on the state of mo-
tion of the medium, and therefore remains un-
changed.

(6)
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In order that the system (1) and (6) Be complete,
it is necessary to establish the relation between the
spatial derivatives of the vector v and the time -
derivative of the tensor uj,. If the dislocations
remain immobile during the motion of the medium,
then the obvious equality applies:

V0 = Oug/0t. (7)

If the dislocations move, and the density of dis-
locations changes with time, equality (7) is incom-
patible with (1); we therefore, replace it by

V0 = Ouin/ot — I, ®)

in which the tensor Ijx must be chosen so that (1)
and (8) are compatible.

To simplify the tensor equations, we denote in
what follows any tensor of second rank Aji by the
symbol A and introduce the notation: [31*

RotA = (eymViAmi),  DivA = (V,Ay), Grada= (V).

Then the condition of compatibility (1) and (8)
can be written as

oD/ot + Roti = 0. (9)

Equation (9) is the differential form of the con-
servation law for the Burgers vector. Thus, it is
natural to call the tensor I the dislocation flux
density and Eq. (9) the dislocation flux continuity
equation. An equation formally identical with (9)
was obtained by Holldnder; (5] however, it involved
different quantities (see below).

Starting from the physical concept of the dislo-
cation flux density, we can easily establish the re-
lation between the tensors 1 and D for a known
velocity of the dislocations.

We consider first a linear dislocation with
Burgers vector b, for which each point of the
loop moves with velocity V=V (r, t), and calcu-
late the Burgers vector flux caused when such dis-
locations cross some line £. If dl is an element
of the line £, and T is a unit vector tangent to the
dislocation loop near the point of intersection with
the line ¥, crossing of the line £ by the disloca-
tion loop and transport of the Burgers vector occur
only when there is a component of the velocity V
perpendicular both to dl and to 7. It is apparent
that the number of such crossings of the element
dl by ‘‘parallel’’ loops of dislocations in a unit
time is¥

N [dl, =]V,

where N is the number of dislocations under con-
sideration per unit area of the plane perpendicular
to T.

*Rot = Curl.
tldl, t] =dl x t.
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Therefore, the flux of the component by of the
Burgers vector through the line £ is

S dlil = S N [dl, =] Vb, (10)
2 )
It follows from (10) that in the case of linear
dislocations with equal velocities at the point in

space considered

It = Neum TbpVm. (11)

The generalization of (11) to the case of a con-
tinuous distribution of dislocations leads to a for-
mula similar to (4):

Lin (v) = ean 20 TORVEL (1) po5(). (12)
a, B
Here V3 is the mean velocity of an element of
the dislocation line with the corresponding direc-
tions (o and B) of the vectors T and b, and
p(r) is the same distribution density as in 4).

Thus, the tensor 1 has an independent meaning,
and is a characteristic of the dislocation motion.
To determine the field of the velocity displace-
ments of the medium, the tensor i, as well as
the tensor D, must be assumed given. For a
given tensor 1 the system of equations (1), (6),
and (8) is complete.

Special interest attaches to the trace of the
tensor I (Sp I = Ik ), which, in the case of a
linear dislocation, is proportional to [b x 7]+ V,
on the direction perpendicular to the vectors T
and b; the direction perpendicular to the vectors
T and b is, of course, perpendicular to the glide
plane of the dislocation.

The quantity Sp i appears in the equation that
is obtained by contracting (8):

(13)

The physical content of (13) is easily clarified.
In fact, the sum uyy is the relative volume change
of an element of the medium, and is obviously re-
lated to the corresponding relative change of den-
sity:

div v — Oupa/ot = — Sp 1.

(14)

Substituting (14) in (13) and using the linearity
of the theory we arrive at the relation:

Ure = — dp/p.

p 1 {divp v + dp/dt} = —Sp . (15)

If the elements of the medium move without de-
Sstruction of continuity during the motion of the dis-
location, then, by virtue of the equation of continu-
ity, the left-hand side of (15) vanishes, and
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For linear dislocations, condition (16) has a very
simple meaning: the dislocation velocity vector V
always lies in the plane of the vectors T and b,
i.e., in the approximation considered mechanical
motion of the dislocation can occur only in the cor-
responding glide plane. [1,2]
~ If the dislocation motion is accompanied by the
formation of certain breaks in continuity, e.g., by
a macroscopic accumulation of vacancies along a
part of the dislocation line, then the! left-hand side
of (15) differs from zero and is equal to the rate of
relative inelastic increase of mass of a certain
elementary volume of the medium (or, correspond-
ingly, decrease of its specific volume). We denote
the relative inelastic increase of specific volume
of the medium at the point r in a unit time by
q(r, t); then

Spi=q(r, t). (0%))

It follows from (17) that motion of a dislocation
in a direction perpendicular to its glide plane is
possible through the formation (or annihilation)
of some continuous chain of vacancies.

With regard to the tensor f, it should be spe-
cially noted that the dislocation flux density di-
rectly determines the rate of plastic deformation
of the medium. In order to verify this, we form
from (8) the symmetrical expression

—;— (Vivh -+ VkUj) = aeik/at —_ l[i, (18)

in which e€jik is the elastic deformation tensor,
equal to the symmetric part of u;}, and Iisk is the
symmetric part of Ijk.

Since the vector v is the rate of the total geo-
metrical displacement of an element of the me-
dium, the left-hand side of (18) is the tensor of
the velocity of the total geometric deformation
6€igk/ ot, and therefore

(5 —e)/ ot =—1°%, 0ef/0t = L+ (Vo + Viv)).

The difference €8 — & defines the part of the
total deformation tensor which is not associated
with elastic stresses, and is usually called the
plastic deformation of the body. Denoting this
quantity by €P, we obtain

oe?/ot = — 15, (19)
Thus, the change of the plastic deformation ten-
sor at some point of the medium in a small time
ot is
8P = —156¢. (20)

Comparing (20) with (16), we see that the state-
ment that Sp i is zero is equivalent to saying that
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the corresponding plastic deformation does not in-
volve a change in the volume of the body.

A relationship equivalent to (19) or (20), but
expressed in a different form, was obtained by
Kréner and Rieder. [

2. DEFORMATION FIELD OF MOVING DISLO-
CATIONS

Equations (1), (6), and (8) comprise the system

dv
p_azf_ = Ve (e + i) + AVitleg,

eimVillmpe = — Dip,  ViUp = (0U/0t) — I, (21)

which, as already remarked in Sec. 1, is complete
and allows the velocity and plastic deformation
fields in the body to be found for given sources
(i.e., dislocation densities and fluxes).

One of the possible methods of solving the sys-
tem (21) is to differentiate the first equation of the
system [Eq. (6)] with respect to time, and, using
the third equation [Eq. (8)], obtain the dynamic
Lamé equation in terms of the vector velocity v,
with the vector 2uDiv I” playing the part of the
‘“force density.”” After v has been determined by
integrating (8), the time-dependent part of the elas-
tic distortion tensor ujix can be found. The solu-
tion of the Lamé equation in terms of v, with sub-
sequent use of (8) to determine the time-dependent
part of ujy, is equivalent to Nabarro’s method. 6]
To determine uji uniquely, such a method requires
the additional solution of the static system, which
consists of Eq. (1) with the right-hand side taken
at some definite moment of time, and an equilib-
rium equation of type (5), but with the right-hand
side equal to p 8v/ot at the same instant of time.

We shall solve the system (21) using a different
method, which is more convenient in some cases.
We write the distortion tensor uji in the form

uy, = ViU, — gu, (22)

where U is a vector which is a single-valued func-
tion of the coordinates (conditionally—the displace-
ment vector) and g is a second-rank tensor so
chosen that its trace is zero

Spg =0, 23)
and that it satisfies (1), i.e.,
Rotg = D. (24)
The vector velocity v is also resolved into
v=0U/dt +w, (25)

where, if (22) and (25) are to be compatible, the
following condition must be satisfied:

111

Gradw + dg/ot = — I. (26)

Equations (23), (24), and (26) do not uniquely de-
termine the tensor § and the vector w, and can
therefore be related by some additional condition
which, to a large extent, is arbitrary. It can be
shown that the necessity for such an additional
condition disappears if U is chosen to be the vec-
tor of the total geometrical displacement and g to
be the plastic distortion tensor. However, the total
displacement vector and the plastic distortion (or
deformation) tensor are not functions of the state
of the body; they depend on the deformation proc-
ess that has brought the body to the given state,
and are therefore defined only accurate to the
initial state of the body. The choice of the initial
state becomes the additional condition referred to
above.

We are not interested in plastic deformation,
but consider those dynamic characteristics of the
elastic body (v and uji) which can depend on the
history of the deformation only by virtue of the
delay of elastic waves. Bearing this in mind, we
impose on g and w a condition that allows the
original system of equations to be separated
simply into an equation for U and a system of
equations for § and w. As such a condition it is
convenient to take the differential equation

P g—:v +puDivg =pD, D;=emDu. 27

The equation for the vector displacement U, if
(23) and (27) are taken into account, then reduces
to the dynamic Lamé equation, in which the vector
—2uD takes on the role of the force density:

pd?U/d* —pAU — (A + p) grad divU = — 2uD. (28)

The methods of solving dynamic Lamé equa-
tions have been well studied and are well known
(see, for example, [8-197), and we shall not, there-
fore, present a solution of (28) in general form. In
Sec. 3 these methods will be illustrated with a spe-
cific example.

Equations (24), (26), and (27), which determine
ﬁ and w, form the system

Roté = i), Gradw + a;;/at = — i,

Div'g + ¢ ow/dt = D, (29)

where ¢ denotes the velocity of the elastic shear
wave (c?= u/p). The conservation laws (2) and (9)
are a consequence of the system (29).

We shall, by convention, call the deformation
field described by the tensor g and the vector w
the dislocation deformation. In so far as Spg =10
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and div w = 0, the dislocation deformation contrib-
utes only to the ‘‘transverse’’ (shear) part of the
elastic deformation caused by the dislocations.

For screw dislocations D = 0; we can there-
fore take U = 0, and, by introducing the corre-
sponding notation, reduce the system (29) to Max-
well’s system for the plane case (Eshelby[“]).
This allows the electromagnetic analogy to be
widely used when screw dislocations are con-
sidered.

Reverting to the solution of the system (29), we
express g and w in the form

¢ = Rot A — grad y — pdB/ot,

= 9y/0t + pDivB, % = emAu, (30)

where A and B are certain tensor potentials, with
regard to which we can at once remark that they
are not uniquely defined. We use this lack of
uniqueness to impose on the potentials the con-
ditions

Div A = 0.

Rot B + p-0A/0t = 0, (31)

Then the equations for A and ﬁ, which are ob-
tained by substituting (30) in (29), separate:

AR — c20?A/o2 = — D, AB — c3*B/orr = —1/p. (32)

As is seen from (32), the velocity of propagation
of the small perturbations of the dislocation defor-
mation is the velocity of transverse sound waves,
which agrees with the remark made above concern-
ing the shear character of the dislocation deforma-
tion.

For known coordinate and time variation of D
and 1 the general solutions of (32) in an unbounded
space are the corresponding retarded potentials,
which can easily be written down.

For a known distribution of dislocations and
their fluxes, the solution of (28) and (32) also al-
lows us to determine with the aid of formulae (22),
(25), and (30) the elastic distortion tensor uji and
the vector displacement velocity of the medium v.

To conclude this section, we shall demonstrate
the relationship between the system (28) and (29)
and equations [5] with which Holl#nder proposed
to describe directly the elastic deformation tensor
€ and the velocity vector v.

If the tensor D is expressed as the sum of two
tensors D= -a —ﬁ, one of which (&) gives rise
to Kroner’s [3] symmetrical incompatibility ten-
sor 7

Nik = et'lmvlakm = eklmvlaim,

and the second satisfies the conditions

A. M. KOSEVICH

ermViBim = — eum ViBim,  ViBu = 0,

then Eq. (1) can be split into two equations, one
for the symmetric part of the tensor uj, (for the
elastic deformation tensor €):

Rote = a (33)

and one for its antisymmetric part, which is not
associated with the elastic deformation and the
elastic stresses.

Further, if the tensor

jr= — e — +Vyur, (34)
is introduced, Eq. (8) becomes
1 Grad v — 9e/ot = §. (35)

Equations (33) and (35), together with the equa-
tion of motion (6) written in terms of the tensor €

2uDiv & + A grad Spé — pav/ot = 0,

comprise Hollidnder’s system of equations. £s]
Naturally, (33) and (35) imply a continuity equa-
tion of the type (9) which relates the tensors a
and i (5] with regard to this system, it is as-
sumed that the tensors @ and f are given. How-
ever, as written here these relations are only
formal, since it is the Burgers vector b and the
tensor densities directly connected with it that
are physically determined.

3. THE DEFORMATION FIELD AT A LARGE
DISTANCE FROM A SYSTEM OF DISLOCA-
TIONS

We consider the deformation of an infinite me-
dium caused by a system of moving dislocation
loops at large distances, i.e., at distances R,
significantly greater than the dimensions of the
system L. We assume that the dislocations move
with velocities V small compared with the veloc-
ity of sound c in the solid body. Then the ratios
L/R;y and V/c are small parameters, in powers
of which we can expand the quantities character-
izing the deformation field. We limit ourselves
to the first nonvanishing terms of such an expan-
sion, considering the smallness of both param-
eters to be of the same order of magnitude.

We start by analyzing the dislocation deforma-
tion which is described by the tensor potentials
A and B, which are in turn subject to Eqs. (32).
We express the solution of these equations in
terms of retarded potentials

A, t)=ég%ﬁ(r’,t——%), (36)

R=|r—r"],
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B(r, )= 37

1(r 0 5),
and note that the potential B is proportional to the
parameter V/c.

The expansions of A and B are similar to those
of the scalar and vector potentials of an electro-
magnetic field at a large distance from a system
of charges and currents (see, for example, [12]),
The ‘‘total charge’’ of our system, i.e., the total
Burgers vector of all the dislocation loops, is
Zero:

£

\Duav = bsax; =0, (38)

since all the dislocation loops are closed.

We locate the origin of coordinates anywhere
inside the dislocation system and denote by R,
the distance from the origin to the point of obser-
vation (n is a unit vector in corresponding direc-
tion). Then, because the dimensions of the system
are small, R = Ry—r’.n and elementary manipu-
lation leads to the following expressions for the
first terms of the expansions of A and B:

Cim™m | 1 1 d
App= R, [70 M+ o Mlk] )
1 d
Bix = — e | 4 Mat) (39)
where the tensor M is given by
My =3 S eimXi1DmrdV, 40)

and the quantities in the square brackets are taken
at the moment of time (t-Ry/c).

The physical significance of the tensor M is
easily clarified by going over in (40) to summation
over the dislocation loops 2:

M = Leim Dby, <§ XidxXm = Dby (1)
D
s is an axial vector with components equal to the
areas included by the projections of the dislocation
loops % on planes perpendicular to the correspond-
ing coordinate axes:

1
Si = 5 ikt §7 xpdxy, @ xdxy, = eipiSi.
2 2

Thus, the tensor M is directly expressed in
terms of the dislocation loops and their Burgers
vectors. By analogy with the similar def1n1t1on in
electrodynamics, we shall call the tensor M the
tensor of the dislocation moment of the system.*

*The dislocation moment of a closed loop does not de-
pend on the choice of the origin of coordinates.
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Since

ds;/dt = g&eikahdxm,

2

where V is the velocity of an element of the dis-
location loop, it follows from (41) and (12) that

AMgldt = — S IdV. 42)

Relation (42) was utilized in writing down (39).
Introducing the symbols of differentiation with

respect to the coordinates and the time at the

point of observation, formulae (39) can be sim-

plified:

i

M (£ — Ro/c)
’ 4mtp

M (¢t — RoJc)
Ro :

43)

All the quantities on the right-hand side of (43) are
taken at the time (t-Ry/c).

Knowing the potentials A and B which at great
distances are completely determined by (39) or
(43), we can easily calculate the tensor g and the
vector w in the same approximation. Since the
dislocation deformation is considered far from
the dislocations, the tensor g can be expressed
as the gradient of some vector. In fact, perform-
ing an identity transformation, we can write

& a
Rot B=— ra

1
T4

Mlk
)L'k = Vl 431: Vl R ’

where the right-hand side, naturally, is taken at
the time (t—Rgy/c).

We substitute (39), (40), and (44) in (30), and,
remembering (16), verify that

oB

§ =_—Grad g, w = 0g/0t,

where the vector g is equal to
1 Mt'k——Mkt M
8=z [Vh R; + n; Ro .

We now proceed to find the vector U. The so-
lution of (28) for this vector in an unbounded me-
dium has the form [8]

45)

Ui(r, t) = — %S AN (.}.g){:i DA(F, £ — 7) dr} v’
APED (4 - B
ZnSXX"Dh<'t——\)dv' 46)

where

X: = xi — x, =plp, a®= (M+ 2u)lp, v = cla.
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The second and third integrals in (46) are sim-
ilar to the retarded potentials (36) and (37), and
imply the separation of the displacement vector
field into transverse and longitudinal elastic
waves; the first integral has, however, a more
complicated structure.

We expand the vector U in powers of the small
parameters specified earlier and, to simplify the
notation, we introduce

M = \DixadV = 84Mu — M.

Simple calculation then shows that the vector U
splits into two parts:

U = Uo + Uy,

one of which depends on the behavior of the dislo-
cation moment in the time interval (t-R,/c,
t-— Ro /a )Z
. c - Ry/c .
Ul = 5= Vi (&) S M (t — 1) dt, @7)
Rya
whereas the second is determined by the disloca-
tion moment at the times (t—Ry/c) and (t-Ry/a)
only—these times are associated, respectively,
with the delay of the shear and compression waves
in, the solid body:

Ul = Ut + Ulr
/ * n[f'l —6i *
Ut = 2—131— { RyV.V, LRLo) AmMpm — Vi {_IZTE Mkm}] ’
48)
. 1 . n;n *
Uf = — g; [ R\V.:V, (—0) NnMim — Vi { Rok Mkm}:la '
“49)

In all these formulae, differentiation is with re-
spect to the coordinates of the point of observation,
and the square brackets with index a signify that
the values of the quantities included in them are
taken at the time (t—Rgy/a).

It is easy to verify that div Uy = 0 and curl Uy
= 0; therefore Ui and U; contribute to the trans-
verse and longitudinal parts of the displacement
field, respectively.

We introduce the tensor tji = 6k —njny, which,
when multiplied by any vector, gives the ‘‘trans-
verse’’ component of this vector relative to the
direction n, and use the notation:

Ny = tans + ndue + npdy — 4ninen,.

Then (48) and (49) can be reduced to

M M
Uf'—_——%[tikvl-%‘—]vikl—ékz—l]» (50)
(1)
2 [ My, Adkl
U= — g}; [ninkvl‘m + (Nire + n:der) ik (51)
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Formulae (50) and (51), together with (47) and
(45), determine the elastic displacement vector
u=U~+g. .

In the static case, when the tensor M is inde-
pendent of the time, the value of u agrees with
that obtained from the Burgers formula.[13] At
distances R, that are large compared with the
wavelength of the elastic waves emitted (R,
> ¢L/V), the expressions obtained determine
the elastic displacement vector of the radiation
field. In the latter case all formulae are consid-
erably simplified, and we have for the vector dis-
placement in the radiated sound wave

u = (2ncRo)™ {y°n [(nM)], + [M — n (nM)]}. (52)

The vector M in (52) denotes the “Qrojection”
of the symmetrical part of the tensor M on the
direction n:

Mi= meMi =% np M + M),

and the dot over the letter signifies differentiation
with respect to the time.

With the aid of (52) we calculate, using the well
known formula for the flux density of acoustic en-
ergy, (8] the differential intensity of radiation dJ
(the radiation in the element of solid angle dO):

(53)

dJ =—F— (S [(nM)]; + [M)? — [(nM)]2}dO.

%
The bar in (53) denotes averaging over a region
in space with dimensions greater than the wave-
length of the radiation.
The total energy of the elastic waves radiated
by a system of moving dislocations is
J = P

S (S IMR G+ [ME)7)
I consider it a pleasant duty to express grati-
tude to I. M. Lifshitz for valuable discussions,

and to V. L. Indenbom for discussing the first
version of this article.
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