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Invariant parametrization of the relativistic amplitude for scattering through given angles
is carried out for reactions involving particles of arbitrary spin. The analysis is applicable
to both particles with vanishing and nonvanishing rest mass.

].. As is well known, the scattering matrix S is
invariant and may therefore be a function of only
invariant parameters, characterizing the initial
and final states of the system. However the state
vector of an arbitrary quantum-mechanical sys-
tem depends also on noninvariant kinematic vari-
ables. Thus, for example, the state of a free par-
ticle may be described by the vector

|ps %, 8, m, a)

which contains invariant variables—the mass «k,
the spin s, the ‘‘charge’’ o —as well as nonin-
variant variables—the momentum p and the pro-
jection m of the spin onto the z axis. Conse-
quently matrix elements of the scattering matrix
taken between the initial and final states in an
arbitrary coordinate system will also depend on
noninvariant quantities, such as the momenta of
the particles and the projections of their spins.
It is in this connection that we are faced with the
problem of parametrizing the S matrix, i.e., of
finding a transformation connecting the elements
of the S matrix in its noninvariant form with ele-
ments that depend only on invariant parameters.

The solution of this problem is needed for
scattering theory, for the problem of a complete
experiment, (1] for dispersion relations.

Depending on the choice of invariant param-
eters it is possible to obtain various parametri-
zations of the scattering matrix. Thus, if one
chooses as invariant parameters the energy,
spins, and the orbital and total angular momenta
of the initial and final states one obtains a ‘‘phase
shift’’ parametrization, useful in a phase shift
analysis of the experimental data. Such a para-
metrization of the S matrix has been fully carried
out for both the non-relativistic (see e.g., [2'4]) and
the relativistic case (see, e.g., ™),

Such a parametrization, however, is not useful
in the cases where the phase shift analysis does

not yield satisfactory results, as for example in
experiments on multiple scattering of high energy
particles.

For the special case of scattering of spin 0 and
1/2 particles Ashkin and Wolfenstein Lel gave in the
nonrelativistic approximation an ‘‘angular’’ para-
metrization of the scattering matrix, i.e., using
the scattering angle (beside the energy, spins,
etc.) as an invariant parameter. The nonrela-
tivistic parametrization for the case of arbitrary
spins was obtained by Ritus, (7] Bilen’kii et al, (8]
and Fischer and Ciulli. %]

In the present work the relativistically invari-
ant angular parametrization of the S matrix is
obtained.

In order to parametrize the S matrix in an ar-
bitrary (laboratory) coordinate system it is con-
venient to parametrize it first in the center-of-
mass system (c.m.s.), and then transform to the
laboratory system by means of a unitary Lorentz
rotation U:

Slab: U+S-c.m.s.U. (1)

In Sec. 2 we give various versions of paramet-
rizing the S matrix in the c.m.s. The investigation
of S¢.m.s. is by its nature nonrelativistic and
therefore our parametrization of Sg .5, does not
differ inprinciple from the parametrizations inf779],
however it preserves the convenient matrix form
in which the invariantly parametrized elements of
the S matrix are written, it does not introduce any
nonphysical parameters of the type of the total spin
of the initial and final channels, and is directly ap-
plicable when the initial and final states of the par-
ticles are specified in terms of their helicities as
is necessary in reactions involving particles with
Zero mass.

2. The scattering of two particles in the c.m.s.
is described by the scattering matrix
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n, %1, K2, S1, S2, M, ma, @ |S (w)| N, %}, %,, s, S, M, M, a’>

(2)
where Ky, Ky, ki, K are the particles’ masses, sy,
Sy, S{, sy —their spins, my, m,, mj, mj —projec-
tions of their spins on the axis zy of the arbitrar-
ily chosen coordinate system (system N); n, n’
are unit vectors in respectively the directions of
the final and initial momenta (in the c.m.s.); a,
o’ are other parameters invariant under proper
Lorentz transformations (charge, parity, etc.);

k 1is the total mass of the system (initial, as well
as final); the S matrix is diagonal in k. In the
following the parameters «, kq, Ky, ki, K3, @, @’
will be omitted.

In order to obtain an invariant parametrization
of S¢.m.s. it is necessary to choose a coordinate
system in which the spins of the particles are spe-
cified invariantly, i.e., are rigidly connected with
the invariant directions given by the vectors n, n’
and k =n xn’/|n xn’|. Depending on the charac-
ter of the problem one or another parametrization
of the S matrix turns out to be more convenient.
Thus, for example, for nucleon-nucleon scattering
it is desirable to determine the scattering ampli-
tude in triplet and singlet states separately. In the
general case this corresponds to the introduction
of the spin of the channel as an invariant param-
eter of the S matrix. Such a parametrization cor-
responds to the LS coupling case in the phase shift
parametrization.

a) To obtain such a parametrization we choose
invariant coordinate systems A, A’ in which the
axes zA and zAs are parallel to n and n’ re-
spectively, and the axes yp, yaAs are taken per-
pendicular to the scattering plane (i.e., parallel
to the vector k). At that the spins of the initial
particles are determined in the system A’, and
the spins of the final particles in the system A.
We then rotate the original coordinate system N
to make it coincide with the system A; this rota-
tion is specified by the Euler angles «, B3, and y.
The same coordinate system can be made to coin-
cide with the sytem A’ by a rotation specified by
the Euler angles a’, B’, and y’. The Euler angles
in these rotations are given by the relations

B, — e/,

cos § cos & — cos §” 'l

a=qQ, ’=(P,, :9,

v = arccos [ sin @ sin &

0s § — cos §’ cos
" = arc cos[ 288 —cos 0’ cos &7
sin §’ sin ¢

3)

Here ¢, 6, ¢', 8’ are the spherical coordinates of
the vectors n, n’ in the system N; ¢ is the scat-
tering angle given by the well known formula
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cos ¥ = cosH cos®’ + sind sin6’ cos (¢’ — @).

(4)

Sc.m.s. can now be written in the form

n, s1, s2,m1, me, | S| n’, s, s, m, m>

(5)

= 3 <s152m1ma|jmyDly (aBy)

Ji'AN

X (51,82, j, A, n|S]s, s, M 'y Do (0’ B’ Y')

X (s s,m, m|j m’y,
m= m; = my; m’:m’1+m'2.
Here j’, j are the spins of the initial and final
channels respectively, (sy, sy, ml, m,|jm) are
Clebsch-Gordan coefficients, D (aBy) are the
finite rotation matrices as defmed by Edmonds. (10]
The star denotes complex conjugation. The sole
noninvariant parameters left now are n and n’,
since A, A’ are invariant being the projections
of the channel spin onto the invariant directions
n and n’.

Since

{s1, So0 jo M| STs, s, j7, A, 0"

is invariant, it can depend only on invariant com-
binations of n and n’ and not on n or n’ sepa-
rately, i.e., only on n-n’ = cos 4 (let us recall

n and n’ are unit vectors, i.e., n®=n’2=1).
Indeed,

<Slv 52, j, }"7 nlSlS;, S;v j’» }‘"v n,>

-3

Li',mm’

n|lmyd'm’ |n")

{sy, Sop o M L, m|S|s), s,j A, Um')

=D\ ¢n

I,m

[ Im)
m|n'>sy, 8o, o My L|S|S), 85§ N, 1)
- 5372(21 + 1) Py (cos 9)

{81, S2, f, Ay I]SHSI, > PN, D

= {81, 83, j, M|S(cos B) |5}, 5, j’, A'D.
We finally have

(6)

<81, Sz, My, My, n|S |8, s, m;, m,, n'>

= D) <sisemymy| jm> Do (0BY)

I
X {81, 820 |, M|S (N) ]85}, 8§ A7
(7)

*j R _
X D ('B'Y") (sy5;mymy, | 'm” >, x = cos 9.

b) If one chooses for the invariant parameters
the helicities Ay, Ay (A{, Aj) of the particles rather
than j, A (j’, A’), one obtains a somewhat different
parametrization:
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<slv 52» mly mz,“ | S I sl’ 21 ;v m'z» n,>

= 2 Dia@WDip (@ +ma— B n—y)
Ahadg g

X <81, Sp, My M|l S (%) |}, 8], Ay 7“;>D,::A: (“'B'Y')Dm;x;
X (@' +m; n—p's w—v') (8)
The arguments of the functions D:. are so

chosen that the spins of the particles 2 and 2" are

determined in coordinate systems A and A' for

which the axes z3A and zA’ are along the direc-

tions —n and —n’ respectively, and the axes

yA and yXr coincide and are parallel to k. Mak-

ing use of the relation
Dhm (@ + 75 — Byt — v) =(— 1)/ D fu(aBy), (9)

we can write Eq. (8) in the form

E (_ l) Sy+83 -kz—

M,

X {51, Sa, M, ]| S ()8, 8), Ay 7»2>D % (a B'Y').

Do, @BY) Do, (@BY)

X Dr:f_lr @BY). (10)
This parametrization clearly corresponds to the
jj coupling case in the phase shift parametrization.
c) Jacob and Wick (%] showed that the calcula-
tion of polarization tensors is significantly sim-
plified, if the particles in the initial and final states
are specified by their helicities Aj (i =1, 1/, 2, 27).
The helicity of a particle is defined by the relation

In, s, A = Z Do (9; 9; V) |n, s, m), (11)

where ¢ and 6 are the angular coordinates of the
vector n in the system N; the choice of § is arbi-
trary and depends on the representation chosen.
Thus, in the representation used in[411] y = — ¢,
whereas in the representation used in [12] Y =0,
Let us emphasize that the definition of helicity is
not only nonunique (owing to the arbitrariness
of ) but also noninvariant, since the angle § in
any representation is determined in the laboratory
coordinate system and therefore, generally speak-
ing, changes under three-dimensional rotations
with the result that, although the value of A re-
mains unchanged, |n, s, A) becomes multiplied
by a noninvariant phase factor. For this reason
the transition to an invariant parametrization of
the S matrix reduces to an invariant fixing of the
reference line from which the angle ¥ is to be
measured.

To accomplish this we go by means of three-
dimensional rotations from the coordmate system
N to the invariant systems A, A A, A’
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|n, s, X)-ZD

where |n, s A) A is the state vector of a particle
with helicity A, defined in the system A. The angle
6 depends on the definition of . For ¥ =0

(0,0, 8)n, s, M'>a = e™|n, s, Apa, (12)

§,=1vy;, da=m—vj; 8 =" d'=m —v'. (13)
We may now write
<sl! Sa, A’ly }\‘2y nISIS;, S;y }\';1 A’;’ n,>

= (— 1)"exp {i (b2 — M) v}

X (81, So, My Mo [|S (%) |8, 85, AL, A

x exp {— i (A, —A)v'}

Here the invariant matrix elements (...
are the same as in Eq. (10).

It should be noted that for forward scattering
(n=n’) the vector k becomes arbitrary (while
remaining perpendicular to n), i.e., the angles
v =v' are arbitrary. However in that case [e.g.,
for parametrization a)] the projection of the total
angular momentum onto n coincides with A’ in
the initial state and with A in the final state. As
a consequence of the conservation of the projection
of the total angular momentum onto any direction
in space we have A = K’, and therefore
{81, Soy My, My, m |S| s, s,, m, my, n) = ~Zx {818ty | jr)y

I

XDiw. (¢, B, 0) e sy, 85, f, M S (), 52, §7, 1>

X Do (@, B, 0) e (sysy mymy| 'y, x = 1. (15)
It is clear that Eq. (15) does not depend on y. The
situation is analogous for scattering in the back-
ward direction.

d) In scattering experiments it is often the
transverse, and not the longitudinal, polarization
that is measured. Thus, in the scattering of an
unpolarized beam by an unpolarized target, the
scattered beam can have only transverse polari-
zation, as is well known. We therefore give also
the parametrization of the S matrix, for example
for the case of ‘‘LS coupling,’”’ when the trans-
verse polarizations u and u’ are chosen as in-
variant parameters. They are invariant because
they are defined in the invariant coordinate sys-
tem B, in which the axis zp is perpendicular to
the scattering plane and the axis ypg is parallel
to the vector ¢ =n +n’. At that
sy, m,, m,,n")

(14)
Isell...»

{815 Sz, My, My, HISIS;.
= D) (518 mymy | jmyDh, (a, B, ¥)
1 s’
X (51, Sz, o 0] S (¥) |51, S2, ' 0> Dot

~ o~ o~

X(@, B, Y)<s1 82 my my|j'm’, (16)

where a, E, ; are the Euler angles specifying the
rotation of system N into system B:
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tga = — (tgh cosp — tg8’ cos ¢’)/(tg 0 sin p—tg6'sin ¢’), invariant under space inversions is written in the
cos B = sin® sin®’ sin (¢’ — @) /sin ¥, form
cos y = (cos®’ — cos8) /2sin B sin (9/2). (17)* PSP = S, (25)
b 1."‘or f?i}v: ard (or .bagzkward) scs..itering ;he which gives for the parametrization of item a)
choice of the zpg axis becomes arbitrary, however s s i AlS Ll A S1HSa= 8= S+ A—h’
once a choice of zp is made the determination of S 52 1 M8 ()lsn & 7, WD= (e
the invariantly parametrized elements of the scat- X (s, Sa, J, — M|S (%) || 8, 8, ', — A", (26)
tering matrix is unique.
3. Invariance under time inversion imposes on  for the parametrizations of items b) and c)
the scattering matrix the well known condition ¢Sty Sa, My, Mo | S(¥) | Sty Soy Aoy Aad = (— 1)Mtehehs
T‘IST = ST’ (18) X(Sl, SZ» - )"1’ - 7"2 Hs(x)u s’h 3127 - }"'lx _;“;> (27)

where the superscript T denotes transposition,
and the operator T is defined by the relation?
(see, e.g., [13])

T|p,%, s, may=(—1pm|—p,x,8 —ma)d (19)

Let us see what restrictions are imposed by Eq.
(18) on the invariant matrix elements. Using Egs.
(7) and (18) we get

(— 1SSt S e M T, (g, e, —m1,—me2,—n | S |s'1, S5,

- ml!—mZy_n,>: <S'1» S;, mll’m;) nIIS |sh 521 mly m2) n>y

(20)
whence, using Eqgs. (7), (10), (14), and (16) and

taking into account the orthogonality of the Clebsch-

Gordan coefficients and the unitarity of the mat-
rices Di]nm'( a, B, v), we get for the parametri-
zation of item a) )

(s182jM S (x) | 818"V ) = (— DM SA S (%) 181827,

(21)
for the parametrizations of items b) and c)
{s18aMAs || S (x) | S; S; 7~’1 7v'2 >
= (= D7) 5 Ay R[S () Isusahahsd (22)

and for the parametrization of item d)

(siSaft | S () IS i "> = (— 125 spi " | S (x) [ 18-
(23)

Let us pass now to conditions imposed on the S

matrix by space inversions. The operator P for

space inversions is defined by the relation (see
(137

P I p’ %, S, m, a> = (— l)s I - py x®, 8, m, a>' (24)

For simplicity we assume here that space inver-
sion does not affect the charge variable a (see
the footnote ). The condition that the S matrix be

. *tg = tan.
11t is assumed here, for simplicity, that the operators T
and P (see below) do not act on the charge variables a. The
transformation of a under time and space inversions is dis-
cussed in detail in [*4],

and for the parametrization of item d)
<Sly Sa, j’ }LHS (x) ”S;, S'IZ» j,y p',>

= (— )R (s s, p ]S (W) 1 s 70D
(28)
4. In order to construct the S matrix in an ar-
bitrary (laboratory) system of coordinates it is
necessary to know how state vectors transform
under a Lorentz transformation. As is known, [%]
the transformation of the vector |p, «, s, m)
under a Lorentz transformation with the four-
velocity u, = (u; iuy)
p=1p + u(up)/(uw + 1) + up,
Po = (up’) + uop, (29)*

(where py= Vp? + k% is the particle energy) is
given by

|p, %, s, m) = V-p;./p0 ZUfnm» (P, u)| p’ (p), %, 5, m'), (30)

p’ (p) = p + u (up)/(4o0 -+ 1) — upo,

P, (p) = — (up) + pouy. (31)
The operator U(p,u) is for spin ¥, of the form
(see [151)
s _ (o + %) (1o + 1) — (uo)(p3)
vt . ) = [2 (po 4 %)(ug + 1) (#oPo — up + ”)]‘/z ’ (32)
where o is the vector Pauli matrix. The operator
U(p,u) describes a three-dimensional relativistic
spin rotation, i.e., the matrix U§,m/(p,u) is the
finite rotations matrix DjSy/(a,b,c) with appro-
priate values of the Euler angles:

Unm (P, u) = Do (@ (pu,), b (p, u), ¢ (p, u)). (33)
The angles a, b, c turn out to be equal to
_ are tg Pot W+ D —wplry 41y,
@ = A B T 0+ D —uwplr, —r,r, ’
O S
b = arc cos \1 — G035, T i aope— o)
_ 1,72 — Ty [(Po + %)(40 + 1) — up] o
c=arcte e T RE T D —w " pul
34)T

*gp = u-p.
farctg = tan=, [pul = [p x ul.
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The transformation of the vector |p, s, A) under
Lorentz rotations can be gotten from Ursnm' if use
is made of the definition of helicity, Eq. (11):

IM&M=VWm§Wh@mHWMJJ% (35)

where

Ww—ZDmme@um@,w%wwwmwm

Here ¢, 6 and ¢’, 8’ are the spherical coordinates
of the vectors p/|p| and p’/|p’|. Making use of
the formula

2Dhne (@ B V) Dha (@15, ¥) = Dipn (0, Bosva), - (37)
_ sin B’ sin (y 4+ &)

@ = a + arctg cos B sin B + cos B sin B cos(Y + o)’

Bo = arc cos [cos B cos B’ — sin Bsin B’ cos (1 + &')],

Yo =y’ + arc tg sin B sin (y 4 a') (38)

cos B sin B’ + cos 3’ sin {3 cos (Y + a’)’

it is easy to obtain the matrix Wg,,/(p,u) explic-
itly for arbitrary p and u, however the formulas
are unwieldy and will not be given here.

In a different form the matrices U§, s and
Wpym' [for the case ¥ = —¢ inEq. (11)] were
obtained by Ritus. (1]

We can now express the S matrix in the labora-
tory frame in terms of Sg m g.:

<{P1, P2, %1, Ko, Sy, Sp, My, My, O | Slab ]P'n Plz‘ “;, “'27 sll, 5,2’
X my, my, o'> =6 (K — K') 8 (x — %)
X [ﬂuﬂaﬁlﬁ&/pmpmp&p&z1'/‘ 2 U :::,7{1 (p1, u) U m:m (p2, u)

X Ky, %g, S1, Sz, My, M, N, Q ‘ Sc.m.s. () |“1, ”2, 31, Sa,
T R A
X, g, 0, 0> U o (py, 1) e, (py 1),

K=p, +p.=p+p u=Kx,

n=p/|p|. 0" =p/IPl, (39)
where the summation is over m,, m,, mj, mj.

An analogous formula may be written down in
the case when the particles’ helicities A; are
specified.

It is clear that the above discussion applies
equally well to reactions involving particles with
vanishing rest mass. In that case the matrix for
the Lorentz transformation of the state vectors is
diagonal in A, since for such particles the helicity
is an invariant under the Lorentz group (see l:11]).

The parametrization of the scattering matrix
for reactions with an arbitrary number of particles
in the final state proceeds by the method discussed

automatically:
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<Sl, ey Sy My, oL, My, Mg, . ni—llSc.m.s. ls;» S;,
’ ’ S;
my, My, 0') =2 Dy, (@BaT1) - - - Doy (0:BiYs)
X Sty Sty My M S (- %) St S AL AR
*s, r o *s, vy .
X D’"illl (0aBar1) szk_; (a:8573), =3(—2) (40)

(summation over A, . - . Aj Ay, Az).

As the ‘‘basic’’ invariant coordinate system,
to which are ‘‘attached’’ the invariant coordinate
systems of each particle, one may choose any
pair of relative momenta of the particles np
=pk/| Pk | and n; =p;/|p;| and the vector kg
=ny X n7. The method for transforming expression
(40) into a relativistically invariant form is ob-
vious.
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