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The dependence of the angular and energy characteristics of proton-nucleon interactions on 
the observed multiplicity is investigated. An approximate method has been developed for this 
purpose, based on the assumption that the transverse-momentum distribution is constant. 

1. ANGULAR DISTRIBUTION OF THE SECOND
ARY PARTICLES IN THE LABORATORY 
SYSTEM OF COORDINATES 

NucLEON-NUCLEON showers were studied in 
NIKFI (type R) emulsion irradiated by the 9-BeV 
proton beam from the proton synchrotron of the 
Joint Institute for Nuclear Research. As a selec
tion criterion, we used the conditions (nb +ng :$ 1, 
the absence of a recoil nucleus, etc.) already men
tioned in the literature. [1] All events observed 
were grouped according to multiplicity. The num
ber of interactions N in each group, the half-angle 
81; 2, and the mean geometrical angle 8g are shown 

Type of star I N I 
o./2 Og 

in the table. The angular distribution of the sec
ondary particles in the laboratory system of coor
dinates (l.s.) is shown in Fig. 1. It follows from 
the data that the angular distribution of shower 
particles becomes somewhat wider with increas
ing multiplicity, which is seen most clearly by 
comparing the 3- and S-prong stars. 

2. ANGULAR DISTRIBUTION IN THE C.M.S. 

A. It was of interest to compare the different 
assumptions on which the approximate transfor
mation of the shower-particle angles from the l.s. 
into the c.m.s. are based. For this we have used 

I 
A <flc!W = 1) I I + I A 

K- m2 
n 5 -1.25 !'-" 

3-prong 110 11"07'~~:02' 13°16' +0,36±0.08 +0.04±0.08 0.21 ~1.6 

4-prong 53 15°30'~~:30' 16°29' +0.26±0,08 -0.08±0.10 0,16 ~1.9 

S-prong 19 16° +3°12' 
-jO 

17°02' +0.24±0.14 -0,04±0,14 0.13 ~3,0 

6-prong 23 18°36'~~: 17°07' +0.24±0.12 -0.18±0.12 0.17 ~6.0 

7-prong 6 18°24'~~= 18°15' -0.04±0.22 -0.20±0.22 0.16 ~5.8 

S-prong 7 27°24'~~:~~; 25° -0.20±0.17 -0.36±0.17 0.16 ~6.2 

S-prong* 13 26° +5°30' 
-t,ooo' 26°27' -0.12±0.07 -0.30±0.07 0,17 ~5.6 

*The last row contains the complete data on S-prong stars found in the High-Energy 
Laboratory of the Nuclear Physics Institute of the Academy of Sciences, Kazakh S.S.R. 
(7 cases) and in the High-Energy Laboratory of the Joint Institute for Nuclear Research 
(6 cases). 
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a group of identified particles from 3-prong stars 
( 86 protons and 99 1r mesons ) [2] whose angular 
distribution in the c.m.s. has been obtained di
rectly by measuring the angles and the energies 
in the l.s. (Fig. 2, histogram 1). For this group 
of particles, we have constructed also a c.m.s. 
distribution, assuming a constant transverse mo
mentum [a] and assuming the c.m.s. particle ve
locity {3' equal to the velocity f3c of the c.m.s. 
with respect to the l.s. (Fig. 2, histograms 2-5). 

The observed transverse momentum distribu
tion of secondary particles is found to be constant 
over a wide range of primary-particle energy, of 
the observed multiplicity, and of the target mass 
(Fig. 3). We therefore consider a method of angle 
transformation in which we postulate that the form 
of the shower particle transverse-momentum dis
tribution remains constant. As a satisfactory ap
proximation of the experimental distribution of 
p 1 we consider the function 

~N/N 

60 

30 

F.:.."'=t 
I t 
I I 
I I 
I I 

I 

FIG. 1. Angular distribution in the 1. s. of sec
ondary particles in proton-nucleon collisions. 

100 
0, degrees 

D.NfND.p.l. =Cpl. exp(-p3_/b2), (1) 

which is shown in Fig. 3 for different p 1 . In order 
to use this distribution in going over from the l.s. 
to the c.m.s., it is first necessary to find the cor
relation between the particle emission angles and 
the transverse momentum. The calculated coeffi
cients of this correlation for protons and 1r mesons 
were found to be small (rp = r7r ::=:; 0.3 ). 

The variation of the mean value of p 1 with e is 
shown in Fig. 2. The width of the angle intervals 
over which p 1 is averaged is denoted by horizontal 
segments. It can be seen from Fig. 4 that at small 
angles the mean value of p 1 tends to increase with 
increasing angle e. This is explained by the influ
ence of the momentum conservation law. (For 
fixed secondary-particle emission angles there is 
a limiting transverse momentum, which is deter
mined by the energy of the primary nucleon. ) The 
limiting value of p1 increases with the angle e, 

C'.:::J 
I i 
j"'""'''j 

i i 

a5 I 
. cos O' 

FIG. 2. Total angular distribution of 
protons and TT mesons in the c.m.s, Histo
grams: 1 - experimental distribution con
structed assuming that the transverse mo-
mentum is constant[•] respectively for 
P 1 = 1.6 J.L17 (mean value), p 1 = 0.8 Jl.TT (most 
probable value), and p 1 » J.LTTi histogram 
5- for f3c!f3'; and 6- taking into account 
the fact that the tranvserve momentum dis
tribution is constant. 
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FIG. 3. Transverse momentum distribution of second
ary particles: histograms 1, 3 - nucleon-nucleon inter
actions atE= 1010 ev[•J and E = 1011 ev[•J respectively; 
2, 4 - nucleon-nucleus interactions at E = 1010 ev[•J and 
E = 1011 ev[•] respectively. Curves I, II, and III corre
spond to distributions of the type for b = 0.630 (JL17f 1 

<P1 = 1.6 p.77), and 0.480 (fJ77r 1 (Pl = U$25 p.77) (velocity 
of light is everywhere assumed to be unity). 

which evidently causes a small decrease in the 
mean value of P1 with decreasing fJ. 

With increasing multiplicity, the relative num
ber of particles in the range of small angles de
creases (see Fig. 1). Therefore, the correlation 
between p 1 and fJ is small, and, as an approxi
mation, we can assume that p1 is independent of 
fJ. * Using this assumption and averaging the for
mula for the J;,orentz transformation of angles 
over the distribution (1), we obtain the expres
siont 

ctg6~ = rcctge,- Vr~-J F (a,, b), 

t. 
F (61, b) =~f) exp t, !Ko (t;) + K1 (t,)], 

Stn i 

b2 sin2 a, (2)+ t,= --2-' + 

where fJi and ei are the angles of emission of 
particles in the l.s. and c.m.s. respectively, and 
K0 and K1 are Bessel functions of imaginary ar
gument of zero and first orders, respectively. 

Using Eq. (2), we obtained the angular distribu
tion of particles in the c.m.s. for b = 0.556 (his
togram 6 in Fig. 2). From a direct comparison 
it follows that the proposed method leads to a 
better agreement with the observed c.m.s. angu
lar distribution than the approximate method 
used earlier. It should be noted that the c.m.s. 
angular distribution of the particles obtained with 
account of the distribution of transverse momen-

*An analysis of the variation of p 1 with (J for cases with 
n8 ~ 4 according to [•] leads to analogous results. 

tit is assumed here that the mass of all particles is that of 
1T mesons. 

*ctg =cot. 

tum leads nevertheless to a certain overestimate 
of the fraction of particles propagating forwards, 
because a mass JJ.1r is ascribed to the protons. 
However, for large multiplicities this is notes
sential (an analysis of showers with ns :::::: 10 for 
E :::::: 1011 eV showed that no such systematic error 
occurs in this case [SJ). The method given above 
can be fully recommended for the analysis of 
showers detected in a cloud chamber. 

B. Let us now consider the angular distribution 
of shower particles in the c.m.s. (Yc = 2.4) for 
all proton-nucleon interactions. This is shown in 
Fig. 5 as a function of the observed multiplicity. 
The histograms 1 and 2 were obtained assuming 
f3c I {3' = 1 and using a method in which the p 1 dis
tribution is assumed constant (the curve II of 
Fig. 3 was used ) . It follows from the graph that 
the angular distribution of shower particles be
comes more isotropic with increasing multiplicity. 

A tendency of the asymmetry of particles to 
change, on the average, with increasing multiplic-

s 
PL/flrrC 
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FIG. 4. Transverse momentum of shower particles as a 
function of the angle of emission in the l.s. at E = 1010 eV: 
x - protons ~86); o - mesons (99) from 3-prong stars. 



, 
4 E. G. BOOS, et al. 

t1N/N,% 
40 

-I 

-- f 
---2 
3-prong (330) 

0.5 I 

ity is also observed. The degree of asymmetry 
was estimated according to the formula A 
= (N+- N_)/(N+ + N_) (see table) where N+ 
and N_ are the numbers of particles propagating 
forwards and backwards in the c.m.s. of the col
liding nucleons, respectively. The values given 
in column 6 are closer to reality, as follows from 
Fig. 2. The observed asymmetry in the angular 
distribution of shower particles in S-prong stars 
may apparently be ascribed to rr mesons, for 
within the framework of the approximate method 
use(jl the protons propagate predominantly for
wards. 

3. KINEMATIC ESTIMATE OF THE LORENTZ 
FACTOR 

In various kinematic methods used to estimate 
the energy of primary particles [3, 7- 10] it is neces
sary to assume symmetry of the particle emission 
in the c.m.s. The methods differ mainly in the 
assumptions concerning the symmetry [the so
called detailed symmetry (I), or the equality of 
the total number of particles in both hemispheres 
in the c.m.s. (II)] and concerning the energy of 
the secondary particles. Within the framework 
of the method developed earlier, [3] it is possible 
to take the transverse-momentum distribution into 
account. If we use Eq. (1), then it is easy to obtain 
for the two types of symmetry of the angular dis
tribution of shower particles the following formu
las for the estimate of the Lorentz factor: [11] 

I) Yc = qJtf[qJ~- (jl~]'i•, 

II) Yc = F (8~'-, b)/[P (Op., b)- ctg2 Sp.]'i•, (3) 

where 
Ns Ns 

qJ1 = ~ F (8,, b), qJ2 = 2] ctge,. 
i=l i=1 

and 8 J1. is the median angle. 

FIG. 5. Angular distribution of secondary parti
cles in proton-nucleon interactions. 

It is interesting to compare the methods listed 
above for showers produced by protons with a 
given energy (E = 1010 eV ). The corresponding 
values of Yc are shown in Fig. 6 as a function of 
the observed multiplicity (the stars of one group 
were considered as one composite shower). It 
follows from the figure that in the mean multi
plicity range ( 3 < ns < S) the values of Yc esti
mated by various methods differ little and the 
best agreement with the expected value Yc = 2.4 
is obtained with the method that takes the trans
verse-momentum distribution into account 
[Eq. (3,II)]. * The methods that take the steep en
ergy spectrum dE/ € 2 of produced mesons into 
account [9•10• 12] also lead to good agreement. In 
contrast, the use of the condition f3c I {3' = 1 leads 
to a systematic overestimate of the energy by an 
average factor of two. 

A relatively rapid change of Yc is observed 
between 3- and 4- and also between 7- and S-prong 
stars. Moreover, independently of the method used, 
the estimated values in 3-prong stars were found 
to be greater and in S-prong stars lower than the 
expected value Yc = 2.4 (curve 1 in Fig. 6 ). An 
agreement with the observed character of the de
pendence of Yc on ns can be obtained (curve 2 ) 
by assuming that the 3- and S-prong stars are 
produced as a result of a single-meson exchange 
between the colliding nucleons. In the first case 
the incident proton captures a virtual rr meson of 
the target nucleons and becomes excited, and in 
the second case the picture is reversed. t A seri
ous objection to such an interpretation, however, 
is that the maximum energy released in such col
lisions is insufficient to produce S-prong stars. 

*The indicated arrows in Yc were calculated from the con
dition of loss of symmetry. 

tFrom the kinematical point of view, such a system is close 
to that which follows from the theory of perieheral collisions 
in the Weizsacker-Williams approximation. [uj 



AN ANALYSIS OF 9 BeV PROTON-NUCLEON INTERACTIONS 5 

1c 

4 ~ l:o 
I 
l 

0 

I 

l 
f,? 

I I I I ~2 
,? 4 s {j 7 8 n3 

FIG. 6. Lorentz factor of the c.m.s. as a function of mul
tiplicity. The points in the figure refer to different assump
tions: o, •- p 1 constant and assuming respectively I and 
II; [•] D - according to (3, I); • - from fonnula (3 II); 6., ... -
f3c!f3' = 1 and assuming respectively I['] and nt•J; x- en
ergy spectrum of secondary particles of the fonn de:je;2 ~ • 10• 12] 

and the assumption II. 

It should be noted that neglect of the difference 
in the nature of secondary particles leads to an 
overestimate of Yc• which clearly manifests it
self,more in low-multiplicity events. It is pos
sible that this explains the overestimated value 
of Yc for 3-prong stars, where the relative frac
tion of nucleons is most considerable. The ob
served decrease of Yc for S-prong stars can be 
explained if we do not accept the selection crite
rion for nucleon-nucleon events and assume that 
the contribution of collisions between the proton 
and several nucleons of the nucleus increases 
with increasing multiplicity. Such an explanation, 
however, is in itself based on a hypothesis that 
needs experimental confirmation (say by analysis 
of the data obtained in hydrogen bubble chambers), 
and even from this point of view it is impossible to 
explain the considerable difference between the 
values of Yc for 7- and S-prong stars. 

4. INELASTICITY IN NUCLEON-NUCLEON 
COLLISIONS 

The energy fraction K± carried away by charged 
mesons in the shower can be found from the formula 

± ± -K < tJ. (I-npjn,), 

where iip is the mean number of protons per star 
(for these stars we have assumed iip = 1.25, which 
follo)VS from the direct measurement in 3-prong 
stars [2] and agrees, within the limits of experi
mental error, with the values given by other au
thors for large multiplicities [4, 14]); a± is the 
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FIG. 7. Variation of the inelasticity coefficient K ± and 
K,± with multiplicity. In the l.s., K±: •-for p 1 = const)•J 
•- according to Eq. (3); in the c.m.s. (K,±): o-- for 
P 1 = const)•J D - according to fonnula ( 4), x - according to 
the data or[••]. 

energy fraction carried away by all charged par
ticles, assuming that they are 1r mesons. Assum
ing a constant transverse-momentum distribution 
(Sec. 2 ), it is easy to obtain for a±: 

Ns 

:xr = MN~:-i) [N,+y2n ~ f(8;, b)] in the l.s. (4) 
l=l 

- N, 

tJ.f = ;~ {ul [N, + V2n h f (6io b)] 
i=) 

N, 

- u2 ~: h ctg 8,} in the c.m.s. (5) 
1=1 

where Yo is the dimensionless energy of the pri
mary nucleon in the l.s., 

f (81, b) = exp (b2 sin2 81) [I - <D (V2 b sin 81) J!b sin 61, 

U1 =(Yo+ I)'l•j2 [(Yo+ I)'f,- V2J, 
U2 =(Yo- I )'l•j2 [(Yo+ I)'/,- V2J. 

4> is the Gaussian probability integral, and Ns 
= Nns. 

Using Eqs. (4) and (5), we have calculated the 
values K± averaged over all showers of each group 
(the notation Kf refers to the c.m.s. ). The re
sults are shown in Fig. 7 as functions of the ob
served multiplicity.* It follows from the figure 
that K± increases both in the l.s. and in the c.m.s. 
with increasing multiplicity. For comparison, the 

*A detailed derivation of fonnulae (2)-(5) is given in["], 
where the value of K ± is found to agree well with measure
ments for 3-prong stars. 
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values of Kf obtained in [14] are shown in Fig. 7. 
These values are in good agreement with ours. 
The energy fraction per produced meson (column 
7 of the table ) depends little on the observed mul
tiplicity and on the average amounts to 17%. There
fore, if the energy spectrum of the 1r0 and 7r± me
sons is the same, then for 7- and S-prong stars 
the ratio of the 1r0 mesons to the number of 1r± 

mesons is less than 0.5. 
According to Birger and Smorodin, [15] we can 

estimate the lower limit of the target mass from 
the inequality 

(6) 

The corresponding values of m 2 are also given in 
the table. Since m 2 is estimated from charged 
particles, the increase in this value with increas
ing multiplicity may be due both to the relative re
distribution of the number of charged and neutral 
7f mesons (to a decrease in the fraction of 1r0 me
sons) and to a possible increase in the contribu
tion of central collisions of the nucleons. From 
energy considerations one would think that the 
relative fraction of 1r0 mesons in S-prong stars 
is small since the target mass m 2 is estimated 
for them most reliably and is less than the nucleon 
mass. This indicates that in S-prong stars the con
tribution of the collisions between the primary pro
tons and the group of nucleons in the nucleus is 
small. 

CONCLUSIONS 

1. A new approximate method has been devel
oped for the estimate of the c.m.s. angular and en
ergy characteristics of nuclear disintegrations, 
based on the assumption of a constant transverse
momentum distribution. 

2. The application of this method to all proton
nucleon interactions enables us to obtain the fol
lowing results: 

a) The degree of anisotropy of the c.m.s. angu
lar distribution of shower particles ( y c = 2.4) 
decreases with increasing multiplicity, and a 
marked deviation from symmetry in the particle 
emission forwards and backwards is observed 
for 3- and S-prong stars. 

b) In the range of medium multiplicity ( 3 < ns 
< S ) the best fit to the expected value ( y c = 2.4) 
results from the kinematic method, in which a 
constant transverse-momentum distribution of 
shower particles is assumed. The assumption 
f3c /{3' = 1 leads to a systematic overestimate of 
the energy by a factor of two; regardless of the 

method of estimate, the value of Yc is iound to 
be overestimated for 3-prong stars and under
estimated for S-prong stars. Taking this fact 
into account, there is a general tendency for the 
Lorentz factor of the system to decrease with in
creasing multiplicity, assuming angular symme
try of the secondary particles. 

c) With increasing multiplicity, an increase in 
the energy fraction carried away by charged me
sons is observed both in the l.s. and in the c.m.s. 
The fraction of the energy per meson (17%) is 
almost constant. Hence, it follows that n(7r0)/n(7r±) 
< 0.5 for 7- or S-prong stars if the energy spec
tra of the 1r0 and 7f± mesons are identical. The 
estimated mass of the target increases with in
creasing multiplicity. The mass, however, is not 
greater than the nucleon mass, which is an indirect 
indication of the correctness of the selection cri
teria for nucleon-nucleon interactions. 

In conclusion, the authors express their grati
tude to the workers of the Joint Institute for Nu
clear Research for taking part in the discussion 
of the results of the present work. They would 
like to thank I. M. Gramenitskii and M. I. Podgo
retskii for supplying the data on the angular dis
tribution of particles in S-prong stars prior to 
publication. 
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