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The spectral distribution and the angle-energy distribution of plasma waves radiated by a
charge moving in a magnetoactive plasma are investigated with spatial dispersion taken into

account.

THE radiation of electromagnetic waves by a
charge moving in a magnetoactive plasma has been
considered by a number of authors (cf. [1,2] ). Asa
rule, however, these authors have not taken account
of spatial dispersion, that is to say, thermal motion
of the electrons has been neglected in these analy-~
ses. In many cases, however, spatial dispersion
can be extremely important. For instance, there

is the possibility of generating new kinds of charac-
teristic waves that do not exist in a cold plasma.
Shafranov[J has obtained an expression for the
energy loss of a charge moving in a magnetoactive
plasma. However, his expression applies for a
cold plasma only (vT =0, v is the mean thermal
velocity of the plasma electrons).

In the present paper, using a method different
from that used earlier,[z’sj we have obtained an
expression for the total energy loss of a charge
moving in a magnetoactive plasma with spatial dis-
persion taken into account. This general expres-
sion is used to compute the energy of the plasma
wave radiated by the charge. Inasmuch as this
energy can be appreciable, the formulas obtained
can in certain cases be important in the analysis
of radio emission from the radiation belts around
the earth,“j sporadic radio emission from the sun
and so on.

Starting with Maxwell’s equations for the medium
we obtain the following equation for the electric
field:

\ PE, 4 PE, 5
— AE —}—eam—kﬁeaaapw-— —Fa—[v (r-—

D= eaBaBEaB.

Here, indices that appear twice indicate summation,
ey is a unit vector along the coordinate axis
denoted by o and re is the radius vector to the
charge moving in a magnetic field H, parallel to
the z axis, i.e.,

ro{ro cos Qf;, rosin Qf; vel},

v {— v, sin Q¢; v, cos Qf; v},

vy = reQ, Q =oy V1 —8
B2 = c® (v + ?), o, =eH/mc. @
We expand (1) in a Fourier integral:
E(r, 1) = | Euwe/ &0 do dk + c.c. (3)

Substituting (3) in (1) and using (2) and the rela-
tions

1 ¢ .
8(r—r) = X ¢l =t k dk
. )

= G Z SJS (E) e [kr—t (sQ-+koy ccs 0] gk |
we obtain the following eq]uations for the Fourier
components Ek3 (cf. Ct ):

. ei - . 0 (w— kygcos § —sQ) |
TapEwkg = — ore 2 Ja 5 ; @)

je=—0ils(®),  jy =l (), : = s (§),
where @ is the angle between k and Hy, Jg (£) is
the Bessel function and ¢ = krysinf. The compo-

nents of TqB are:
Top = n® (%a%p — Oap + €ap,

(6)

n? = k%% w?, ne = kolk.

Using the symmetry of the problem we take
kKx =0, Ky = sinf, kz = cos 8, i.e., the vector k
is assumed to lie in the yz plane.

The solution of (4) is elementary:

% pdid (0 — kuy cos® — sQ);

Emkﬁ = m (6)
where Té& is the reciprocal of Tqg.

The effect of spatial dispersion on the dielectric
tensor of a magnetoactive plasma €y (w, k) has
been considered by a number of authors (cf. [3:5+67),

Hence we shall not stop here to give the values of
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€gB (w, k), which are taken from the cited papers,*
but immediately write an expression for the com-
ponents of T&‘B [cf. ) ]:

Ton = A7 {— n? (e, sin%0 + e, cos?0) + e,e5 — €2},

Ty = A7 {iey (— n? sin?0 4 eg) + &, (n® sin @ cos 6 — ie;)}
=Ty,

Ter = A7 {—ie, (n®sin 6 cos 0 + ie;) — e, (— n?cos? 6 + &,)

—1*
=1 ,x

Ty = A7 {(— n® + &) (— n?sin®0 + e;) —ej},
v =— AT {(— n® + &) (n®sin® cos® 4 ie;) — ieye,}
=Tx,

= = AT {(—n® 4 &) (—n?cos?O + &) — &3). (7

Here

Exx = &y, Eyy = €y, By = — i€, 8 = g,

€y, = &4, €y, = ig;

(ct. [356]) while A = | Tag | is the determinant
made up of the components of TgB. We note that
the dispersion relation is obtained from the condi-
tion A (w, k) = 0.

Now, using (2), (3), and (6) it is easy to compute
the energy loss of a charge moving in the plasma
(1 =2n/Q):

A= el vE(r=ryat

.

0
ey
D2
e &) 8)
In what follows we shall not be interested in the
total energy loss of the moving particle, but only
that part associated with the radiation of weakly
damped electromagnetic waves, particularly
plasma waves. Thus we can limit ourselves to the
case 3’21‘ « 1, i.e., the case where the velocities
of the plasma electrons are small. Then, if the
following conditions are satisfied["];

(vrk/o,,)?sin?0 L1, (Brncost) L1,

(1 — 03, /0?82, 1 — 402, /0> B2, (9)
the left-hand side of the dispersion relation can be
written in the formt (cf. ™)

A= |Tep| = T'I—{B%VRnG — [l —u—V 4+ uV cos?6] n*

—u
4+ 20 —=V)? 4 uVcos?® —u (2 —V)In?

+ (1 —=V) lu — 1=V} (10)
*Everywhere below it is assumed that the plasma electrons
have a Maxwellian distribution in momentum space in the
zeroth approximation. Then, for example, vi, = T/m when
By =vi/c <L
tEquation (10) is easily obtained by expanding in powers
of ¢, in (7) [>°] keeping terms of order B’ where necessary
(ct. also [*]).

> (% jaTa28 (@ — kop cos § — sQ) dk+-c.c.
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where
2 2

U= H s V . (DO . 4melN
(1)2 - (02 - —‘rmz )

3 sint 5— . .
R:%nél?—}—[l—ka_—z)z]smze cos?® + 3 (1 — u) cos*®
(N is the number density of the plasma electrons).
We need retain only terms with Bpr in the

numerators of the expressions in (7) so that
go=¢ =1 —V/(1l —u), e =—VVu(l—u),
egg=1—-V, e =¢g =0. (11)

The equation A (w, k) = 0 is cubic in n? indi-
cating the possibility that three characteristic
waves can be radiated. To calculate the radiated
energy associated with each wave, we substitute
the values of TB}B [cf. (7)] in (8), taking account
of (10) and (11) and carrying out the appropriate
integration. The difference between the present
case and the case of an electron moving in a cold
plasma appears at values of the variables w and
9 for which n%> 1.

A particularly simple result is obtained if the
following condition is satisfied[]:

F=1—u—V+4 uVcos®>B,. (12)

Taking account of (9) and (12) we can write (10)
in the form

A = RVB2 (n® — FIVRE2) (n* + Bn® + C)/(1 — u),

B=_—F'2(1 -V 4+ uVcos®® —u(l —V),
C=—F'(1—=V)lu—(1—-V)2.

The second bracket in (13) corresponds to the
radiation of ordinary and extraordinary waves in a
cold plasma. The first bracket, however, which is
important only when n? > 1, corresponds to the
radiation of a longitudinal wave. The electric field
of this wave forms a very small angle with the
vector k. )

~Using (7), (11) and (13) we write (8) in the form
(Tgh, = TpgA):
2

=—00

13)

8 (@ — kg cos §— 5Q) j, jp T ot (1 — u) dodk
RV (n2 — F/RVBY) (n*+ Bn? + C)

et
2 R2
20287

+c.c.=A4,,+A4s. (14)

Here, the term Aj is associated with the longitu-
dinal wave
n* = F/RVBZ = n2, (15)

while A, , correspond to ordinary and extraordinary
waves (n2 = nf,z). For example, the Cerenkov

*We note that the integration in (14) extends over values of
® and 0 that satisfy (9) and (12).
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losses due to radiation of the ordinary and extra-
ordinary waves by a charge moving along the mag-
netic field W; , can be obtained from (7), (11) and
(13):

Wie=—A,,
eztvgi - O(w—kvycos §) [n*cos? () —-n%ey (1 -+ cos® §) #E?—e%]d(odk
T S o (g1 5in2 § + &5 cos? ) (n2 — nf) (n? — nj)
-+c.c.,

where €4, €5, and €3 are determined by (11). Our
expression for Wy , agrees with the corresponding
expression given by Sitenko and Kolomenskiil!],

Nothing new is learned from studying the term
Wi, = A1 9 [cf. (14) ], which 1s essentlally the
radiation in a cold plasma (cf ) For this rea-
son, we discuss below only the plasma radiation
(A3). Because nf » 1 the expression for Az can
be simplified considerably Keeping only the
highest power of n in Tl ap we have

T =~ n* cos?0.
(16)
,3 can be neglected.

T;, ~ n*sin30, Tyz ~n*sin® cosH,

The other components of T,
Thus

G = jai;T{;zl =n§(vé—ssin6 + v COs e)z']%(g)

Since (14) contains a §-function of argument y
=w — kvycosf — s, we have G (y = 0)

= ¢2J3 (¢). Thus, the final expression is
(x = cos 0)

N a0 et N S5 (@) |0 o | dx
Ao = 522_00 AT =—7 2 s;ng Vs [ Rd [ (1 —Bonax)]/do |

[oc]

o em 2 gjg(g) | 02— 0% | 0do
Uo"’gB?T it n3 | Rd (nax)/dx |
In order to go over from (14) to (17) it is neces-
sary to carry out the integration over k, using the
pole of the integrand at n’= n§. The integration
over dw or dx is carried out with the §-function
6 (w — kvgcosf —sQ), i.e.,

o >0,

In view of the above the limits of integration in (17)
are determined from the requirement that the
function x (w) or w(x), given by (18), must be
real.
We now consider (17) for a number of particu-

lar cases. The Cerenkov radiation corresponds
to the s =0 term in (17):
| 02— o} | /2 (8) odo

ns | Rd (nsx)/dx |

7

o (I — Ponts cos 0) = sQ, Bo = wvo/c. (18)

A9 = — L, (19)

2 2
v 10)
0 BT 0 Bys>1

For Cerenkov radiation of the plasma wave, i.e.,
for v{ =0, (19) becomes
40 _ et S | 0? — 0} | 0do
3 - -
v,8% 03 b n3| Rd (nsx) /dx |

(20)
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The value of cos@ = x in the integrals (19) and
(20) is determined from the equation

1 — B3 (w, x)x = 0. The integration in (2) can
be carried out easily if the charge moves in an
isotropic medium )

(wg = 0, n§ = (w? — w§)/36?1~w§, R = 3).
some simple transformations we have

P
m

Using

A(“’:_fﬁ \ dee? :_0_21{1[
i Yo ) o?— e} v |2

. -
m — 0F]

0" = 02 (1 4 302 /02), (21)

where, in the usual way, the frequency wy, is de-
termined from the condition of apphcablhty of
macroscopic electrodynamics (cf. £s] ), km

= wmny (wm)/c. The lpwer limit of integration in
(21) corresponds to the Cerenkov radiation thresh-
old 3§n§ = 1. In the present case BZT « 1 and

wm — Wy < wy. Hence, the radiated energy asso-
ciated with Cerenkov excitation of the plasma wave
W{¥ = — A{® is characterized by the quantity

eTo] | kv,

®o

W~

’

which, as expected, coincides with the polarization
losses in a cold plasma.

When ¢ « 1, i.e., oscillatory motion, the sum-
mation in (17) must contain the s = + 1 terms in
addition to (20). As a result we have (B4 = v,/c)

2 2 2 in2 3
— pot w2 — 0%| nzsin? fwido
A:(;j:l) — 0 Sl HI '3 =er, (22)

50,02 [Rd (m)jdx] * P =%

where x = cos 6 is determined from the Doppler
relations (18) for s = + 1 respectively.

When the electron moves in a circle (vy = 0)
the radiated energy is given by the expression

[cf. A7) ]
A9 — et S]szm—wﬁ, | J2 (&) dx
Vg2 ns| R |
(0=sQ, s=1,2,3,...).
The applicability of (23) is determined by (9).
Strictly speaking it can only be used when the rela-
tivistic dependence of £ on velocity
(82 = wygV 1 —B2) is taken into account.
If the motion is of oscillatory nature, i.e.,
¢ = Byng sin § « 1, the basic contribution to the
radiation comes from the s = 1 term [cf. (23)]
and we have
AD — Pt | Q2 — o | S ngsin dx
4pZ3V [R]
We may note that the last expression is equal to
twice the energy of a plasma wave radiated by an
oscillator oscillating perpendicularly to the mag-
netic field Hy. If the oscillator oscillates ata
frequency 2, in an isotropic plasma, i.e.,

(23)

(24)

Po = €rp.
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(cf. Ls] ), we have from (24)
AP =

I —0yQi<1
— p2tQna/ P33, (25)

Proceeding as in the case of radiation in a cold
plasma[ﬂ, we can obtain from (17) a formula that
applies for high harmonic numbers:

|s|l=0 |1 —PBonscos|/Q>1

As a result, for example, when
Bngsind /| 1 — Byngsind | 3 1, we have

(26)

Al;l>1___ _ 2% e2y Sdo)dx(m @0 — o |

ncQVBa B2 ) V (wng sin ) ns[R |’

where @ (z) is the Airy function [10];
D (2) = Ve § cos ( 7+ zt)dt,

2= (mn_é(,;?—ﬁ?)/s [1 —Bons cos — Bynysin 0],

A characteristic feature of all the expressions
we have obtained describing energy radiated by
plasma waves is the fact that Ay is proportional
to a large quantity I/BzT. For this reason, in cer-
tain cases the energy radiated by the plasma wave
can be quite appreciable and can even be greater
than the energy associated with the transverse
waves. Thus, in the case of an oscillator in an
isotropic medium the energy ratio for the longi-
tudinal wave [cf. (25)] and the transverse wave
(A= — 2p0907n1/3c nf=1-1V) is
A§°/A i 1/6[33 > 1, (cf. [93). A similar rela-
tion will obv1ously hold for an oscillator in a mag-
netoactive plasma.

In conclusion we direct attention to the following
situation. As we have indicated above, the Ceren-
kov radiation in a plasma is characterized by the
quantity

AY =~ (—e*twy/v,) In (kmvo/w,).
Thus, when longitudinal waves are excited by an
oscillator (with peak velocity v,) the energy
radiated by the plasma wave is appreciably greater
than that due to Cerenkov radiation:

ALPIAY ~ B3ny/9BE > 1.

In the final analysis this situation comes about be-
cause the frequency spectrum of the excitation
current that excites the Cerenkov radiation

[j = v6 (r — vyt)] is continuous, in contrast with
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the oscillator, which is a monochromatic source.
The Fourier component of the longitudinal field in
an isotropic plasma (6) is given by Ell

~ 1/€) (w, k) [cf. 3], Eq. (6.38)] where €| (w, k)
is the dielectric constant for the longitudinal wave;
this is a small quantity if the spatial dispersion is
small:

e, =1 —wg/uﬂ

" — 3k*vk/w?,

0 — 0y 0.

The order of the singularity 1/€ (w, k) is re-
duced by integration over frequency. This means
that the radiated energy due to the excitation of
plasma oscillations by a monochromatic external
force w = w, is greater than that due to excitation
by a force with a continuous frequency spectrum.*
It will be evident that the above considerations also
apply to the excitation of a longitudinal wave in a
magnetoactive plasma.

TA. G. Sitenko and A. A. Kolomenskii, JETP 30,
511 (1956), Soviet Phys. JETP 3, 410 (1956).

2V. Ya. Eidman, JETP 34, 131 (1958) and 36,
1335 (1959), Soviet Phys. JETP 7, 91 (1958) and
9, 947 (1959).

3V. D. Shafranov, Electromagnitnye volny v
plazme, Institut atomnoi energii im. I. V.
Kurchatova (Electromagnetic Waves in Plasma,

I. V. Kurchatov Institute of Atomic Energy),
AN SSSR, 1960.

‘E. A. Benediktov and V. Ya. Eidman, Izv.
Vuzov, Radiophysics 4, 253 (1961).

5B. A. Trubnikov, Fizika plazmy i problema
upravlyaemykh termoyadernykh reaktsii (Plasma
Physics and the Problem of a Controlled Thermo-
nuclear Reaction) AN SSSR, 1958, Vol. 3, p. 104.

$1bid., Vol. 4, p. 416.

Tv. L. Ginzburg, Rasprostranenie elektromag-
nitnykh voln v plazme (Propagation of Electromag-
netic Waves in Plasma) Fizmatgiz, 1960.

8B. N. Gershman, JETP 24, 453; 659 (1953).

9A. A. Andronov and G. V. Gorodinskii, Izv.
Vuzov, Radiophysics (1962) (in press).

0y, A. Fock, Tablitsy funktsii Eiri (Tables of
Airy Functions) M., 1946.

Translated by H. Lashinsky
331

*The situation here is, to some extent, similar to that
which obtains when a harmonic oscillator is driven by an
external force,



