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A study is made of the shape of the potential for the nuclear optical model with surface ab-

sorption. For a polynomial potential, we choose a set of parameters which gives a good de-
scription of the experimental data on scattering of 14 Mev neutrons. A comparison is made

of various potentials.
1, INTRODUCTION

EXTENSIVE use is made at present of the optical
model with a potential whose real part has the
form proposed by Woods and Saxon.[‘:| However,
as we have shown previously,rz] from an investiga-
tion of a polynomial potential with volume absorp-
tion and not including spin-orbit interaction, the
polynomial potential leads to similar results, other
things being equal. Although the optical model with
volume absorption and omitting spin-orbit inter-
action gives the correct dependence of the integral
cross sections (total cross section oy, elastic
scattering og and absorption ¢p.) on mass number
A for medium and heavy nuclei and describes the
qualitative features of the differential elastic scat-
tering cross section for 6 < 90°, it nevertheless
has various deficiencies. In the region of light
nuclei, the cross section ratio og/or is too high
compared with experiment, the computed differen-
tial cross sections have deep minima which are
not seen experimentally and the backward scatter-
ing is too large. The work of Bjorklund and
Fernbach[3] (which we abbreviate as BF) shows
that this defect can be eliminated by using a poten-
tial which includes spin-orbit interaction and which
has a maximum of its imaginary part at the nuclear
boundary (surface absorption). In the present
work we have investigated the optical model with
surface absorption and including effects of spin-
orbit interaction, but in contrast to the work of BF,
in which the real part was the Woods-Saxon poten-
tial and the imaginary part was Gaussian, we de-
scribe the potential by means of polynomials.

2. THE POLYNOMIAL POTENTIAL

We have found the parameter values which give
agreement with the experimental data on scattering

of 14-Mev neutrons for a nuclear potential of the
following form* (cf. Fig. 1):
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where R = (roA’/3 + 6) and p is the T -meson
rest mass.

The determination of the phases and cross sec-
tions was done by standard methods, by a numeri-
cal solution of the Schrédinger equation with the
potential (1) in the region R—d =r = R + d,
where d = max {dy, dj}. The method was essen-
tially the same as that described previously.m
The pair of second-order differential equations
corresponding to the two directions of the neutron
spin was reduced to a system of first-order equa-
tions, which was solved by the Runge-Kutta method.
As initial conditions we chose the function and its
first derivative at the point r = R — d, where
their analytic expressions are known.

It is a very difficult problem to vary simulta-
neously all the parameters of the potential (VCR,
Ver Vsry dps dj, 9 and ). However the solution
is simplified by the fact that the range of parameter

*After this work was completed, there appeared the paper
of Green et al.[*] on a nonlocal optical model, in which the
real part of the potential is also described by a fifth-degree
polynomial,
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FIG. 1. Real parts of the potentials. Solid curve-po-
tential (1) with the parameters of (3); dashed curve —po-
tential (4); dot-dashed curve — for potential (1) giving
least squares fit to potential (4).

(r—R), fermi

values and the behavior of the cross section as a
function of certain of them has been studied fairly
well. In particular this enables us beforehand to
make a reasonable choice of the parameters VCR
and VSR. Fixing VcR subject to the condition
that the parameters r, and 6, which determine the
nuclear radius, remain free, is entirely permissi-
ble because of the well known ambiguity of the type
Vcr —R. Thus the value VCR = 44 Mev is defi-
nitely acceptable, since it surely lies in the right
range (it coincides with the value used in (3] ).
The value V[SF” = 7.7 Mev was taken from the work
of Levintov."®) Changing this parameter within
reasonable limits has an insignificant effect on the
cross sections (in particular on the integral cross
sections ). Itmightbe improvedby usingdata onthe
polarization of scattered neutrons, but unfortunately
thereareas yetno such data for 14 Mev neutrons.
In choosing the other parameters, we used com-
putations showing the variation of the cross section
when each of the parameters dy, di and Vg1 was
changed individually. Over a wide range of values,
the dependence of the cross sections ot and or on
the parameters dr and dj is close to linear,
which greatly simplifies the problem of choosing
these parameters. To good accuracy, the cross
sections ot and oy, as functions of dr with all
other parameters fixed, can be represented as

¢ =0© -+ ad,. 2)

The value of ¢'? is independent of dyp; the coeffi-
cient o is almost constant for medium and heavy
nuclei (a ~ 33 fermi for oy, @ ~ 40 fermi for o),
and is somewhat lower for the light nuclei

(a ~ 15 fermi for oy, @ ~ 30 fermi for ot). The
closeness of the values of o for ot and oy in the
first case indicates a weaker dependence of the
integral elastic scattering on the parameter dp.
But the shape of the angular distribution of the
elastically scattered neutrons is extremely sensi-
tive to changes of the parameter d,. With in-
creasing dy, the oscillations in the diffraction pat-
tern become less sharp, and the minima in the
cross sections at angles 6 > 90° are shifted some-
what toward smaller angles (the shift being dif-
ferent for different nuclei). The choice of the
parameters dr, dj, Vgr, o and 6 could be made
by the method described previously, in which one
considers a series of fixed values of one of the
parameters, for example Vgi. It turned out, how-
ever, that the value Vci = 11 Mev, used by BF,
enables us to find the range of values of the
parameters dr, dj, ry and 6 for which the cross
sections ot and oy are in good agreement with
experiment. We chose the following parameter
values:
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FIG. 2. Comparison of theoretical and
experimental dependence of ot (upper curves)
and oy (lower curves) on mass number A.

The solid lines are the theoretical cross
sections calculated for the potential (1)

< with the parameter values (3); the dashed
lines are theoretical cross sections from[?].
The experimental data, indicated by the
vertical dashes, are taken from [ne],

distributions shows that the defects cited in the
introduction are eliminated by using the potential
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The cross sections ot and op calculated with
these parameter values are shown together with
the experimental data in Fig. 2. For comparison
we also give the analogous curves from2]1. The
results demonstrate the considerable improvement
in the agreement with experiment, especially for
the light nuclei.

Although the choice of parameters was made on
the basis of the integral cross sections, the agree-
ment of the differential elastic cross section with
experiment is good on the whole (Fig. 3). This is
an additional confirmation of the correct choice of
the parameters. The absence of deep minima and
strong backward scattering in the computed angular

(1). The reduction of the cross section for elastic
scattering at angles ~ 7 is associated with the
spin-orbit interaction (Fig. 4).* The introduction
of surface absorption reduces considerably the
oscillations in the diffraction pattern and makes
possible a good description of the experimental
integral cross sections for nuclei over almost the
whole periodic table, with parameters which are
independent of mass number A.

The agreement of the computed angular distri-
butions with the experiments is not exact. But the
optical model in its present form cannot pretend to
give exact agreement, since it describes only the

*A qualitative explanation of this effect is given by I. S.
Shapiro.[“]
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FIG. 3. Comparison of theoretical and experimental angular distributions of elastically scattered neutrons. The solid curves
are the differential cross sections calculated with the potential (1) for the parameter values (3), for all nuclei except Mg, for
which the computations were made with the potential (4) and the parameter a = 0.74 fermi, instead of a = 0.65 fermi (the value
a = 0.74 fermi gives agreement with the experimental integral cross sections). The dashed curves are similar results from BF.
The experimental data for Mg, Ca, Cd (E, = 14.6 Mev) are taken from (], those for Sn, Sb, Bi (E, = 14 Mev) from[**), and those
for Cu (E, = 14 Mev) from BF. The computed values are for a neutron energy En = 14 Mev for all nuclei except Ca and Cd, for
which Ep, = 14.6 Mev (the difference in the results for Ej = 14.6 and 14 Mev being negligible), The ordinate scales for the var-

ious curves are shifted vertically.

averaged properties of nuclei. For example, it is
known[12] that the differential cross section can
change considerably from one isotope to another,
i.e., for a change of A by one unit. At the same
time, the optical model, in which the only depend-
ence on A is via the nuclear radius (R = 1.25 AY®
fermi), can give only a smooth dependence on A
and is incapable of explaining such variations.
Increasing VSR from the Levintov value of 7.7
Mev to 10.35 Mev practically does not change the
agreement with experiment (BF used the value
VSR = 8.3 Mev). This causes an essential reduc-
tion only in the backward elastic scattering, for
which there are unfortunately no data. This de-
pendence of the angular distributions on the spin-
orbit coupling strength is demonstrated in Fig. 5,
which shows the differential cross sections for
different values of Vgr. Thus our preliminary

choice of the parameter VgR is entirely reason-
able, and could be improved only by using polariza-
tion data. It is interesting to note that the computed
cross sections, including the differential cross
sections, are practically unchanged when we re-
verse the sign of this parameter.

The insensitivity to the sign of the spin-orbit
interaction is not difficult to understand. The
spin-orbit terms which appear in the equations
corresponding to the two values of the total angular
momentum of the neutron (j =1 + 1/2) differ only
in having the factors I and — (I + 1), respectively.
For large I, we can neglect 1 compared to I. Con-
sequently the amplitudes of scattered waves calcu-
lated from the solution of the equations with j = 1
+ % will be close to those calculated for the equa-
tions with j = I ¥ %, in which we have changed the
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FIG. 4. Influence of spin-orbit interaction on differential
elastic scattering cross section: solid curve for Vgr = 8,28
Mev, dashed curve for Vggr = 0.

sign of VSR. For large [, the cross sections are
symmetric under interchange of the amplitudes ob-
tained from the equations corresponding to the two
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different values of the total angular momentum of
the neutron. Therefore the corresponding partial
waves are insensitive to a change in sign of VgR.
For small I the change in sign of VgRr is unimpor-
tant because the spin-orbit potential is small com-
pared to the other terms in the equation. Thus the
insensitivity of the cross sections to the change in
sign of VSR is caused, on the one hand, by the
smallness of the spin-orbit coupling, which in
particular cases permits us to treat the spin-orbit
term as a perturbation, and on the other hand by
the smallness of the neutron spin compared to the
orbital angular momentum when 1 is sufficiently
large. For the same reasons, changing the polar-
ization of the elastically scattered neutrons practi-
cally reduces to just a change in sign.

The picture is different when we consider bound
states on the shell model, where the sign of the
spin-orbit coupling constant is extremely impor-
tant, since it determines the ordering of the levels
with different values of j. As shown by experiment,
the levels with j = 1 + ! always lie below those
for j =1 — %, i.e., the potential should be deeper
for the first case. This determines the sign of the
spin-orbit interaction in the shell model. The

FIG. 5. Dependence of angular distribution on
strength of spin-orbit coupling: solid curve for
Vsr = 10.35 Mev, dot-dash curve for Vsr = 8.3
Mev, dashed curve for Vsg = 7.7 Mev.
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computations in the present work were made with
the sign which gives the correct ordering of levels.

3. THE WOODS-SAXON POTENTIAL AND ITS
COMPARISON WITH THE POLYNOMIAL
POTENTIAL

Except for the parameters d, and VSR, all the
parameters of the potential (1), for which one can
get a good description of the experimental cross
sections, agree with those of BF. As was shown
above, the difference in the values of the parameter
Vsr (7.7 and 8.3 Mev) cannot be significant. But
our value of dr (3.36 fermi) gives a value of the
diffuseness A =~ 3.44 fermi which is considerably
different from the value A ~ 2.84 which follows
from BF. (A is the size of the region over which
the absolute value of the real part of the potential
drops from 0.9 to 0.1 of its maximum value.) In
order to find the reason for this disagreement,
calculations were made with a potential having the
same parameters as BF:

T

p)=[1+exp(S5R)]N () =exp|— (55
a=065f, b=098f, R=125A4"r¢,
Vcr = 44 Mev, Ver = 11 Mev, Vsg = 8.3Mev.
4)
Computations were done with the potential (4) for
Al and Cu. In both cases the computed integral
cross sections were lower than the experimental
values and, consequently also lower than the theo-
retical cross sections of BF. The difference in
the total cross sections reaches around ~ 6 — 8%.
The results are given together with the experi-
mental data in Table I. In the same table we give
the results of computations for Cu using a poten-
tial of the form (1), giving a least squares fit to
potential (4) (so that the diffuseness is almost the
same for both). The cross sections found for these
two potentials differ relatively little; in particular
the total cross sections differ by less than 2%.

There is a somewhat larger difference between
corresponding cross sections oyp, apparently re-
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sulting from the fact that the approximation of the
Gaussian by a fourth-degree polynomial is not
sufficiently accurate.

A comparison of the corresponding differential
cross sections is shown in Fig. 6. In the region of
large angles, the angular distribution for the poly-
nomial potential is shifted somewhat to the left
relative to the analogous curve for the potential
(4). A comparison of the results for potentials (1)
and @), giving a least-squares fit to one another,
shows that potentials with the same diffuseness
give almost equivalent results, irrespective of the
analytic form of the functions describing the
potential.

In the computations with the potential 4), we
again used the Runge-Kutta method for solving the
Schrédinger equation. However in this case the
solution at the initial point is not known analytically.
We therefore found it by two different methods:
either by representing the solution as a power
series and determining the coefficients in the ex-
pansion from the condition that the solution be
finite at the origin, or by choosing the starting
point r; at some distance from the center of the
nucleus, where the change in the potential can
still be neglected and where, consequently, we can
obtain a solution in analytic form. The computa-
tions of the starting data must be carried to the
required accuracy. In particular, when the solu-
tion near the origin is represented in terms of
spherical Bessel functions one should use the
exact tables,':”:| since the use of the usual recur-
sion relations leads to a great loss of accuracy.
The exactness of the solution of the equation also
is determined by the choice of step in the Runge-
Kutta method and by the joining radius, beyond
which the nuclear potential is set equal to zero.
Our values for these quantities are in good agree-
ment with those of Buck et al.Ll'#] Table I illus-
trates the dependence of the computational results
on the position of the initial and final points, x;
= kor; and xy = k¢ny, for the case of Cu with a

Table I
ot b Oy b
Al | Cu Al | Cu

Experiment /%) 1,7340.03 | 2.96+0.06 | 0.97+0.02 | 1,49+0,02
Theory, with potential and

parameters (3) 1.77 2,96 1.01 1.49
Theory with potential (4) 1.63 2,73 0.97 1.40
Theory with potential (1)

approximating potential (4) — 2,69 — 1.33
According to BF L. — — 1.02 1,50
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FIG. 6. Comparison of differential cross sections for Cu,
calculated using potential (4) (solid curve), and with a poten-
tial (1) giving a least-squares fit to potential (4) (dashed
curve).

particular choice of parameters (k) = Vv2MVGcR/h2).

The results of the computation, using the two dif-
ferent methods for determining the starting values,
agree to sufficient accuracy. We give them, in

barns: ot og o,
Expansion in power series: 2.732 1.329 1.403
Using solution for constant

potential: 2.733 1.329 1.404

The correctness of the calculations with poten-
tial (1) was checked by a hand computation. The
program for potential (4) was entirely analogous to
that for potential (1). The only difference between
the programs arose from the difference between
the right hand sides of the equations, and the cal-
culation of these was also checked by hand compu-
tation. Thus we may assume that our results are
reliable.

4. CONCLUSIONS

1. Using a potential with surface absorption and
including spin-orbit coupling, one can get a satis-
factory description of the experimental cross sec-
tions (total, absorption and elastic) for a wide
range of nuclei, with a set of parameters which is
independent of mass number A.

2. One can equally well use a potential de-
scribed by polynomials or a potential of the Woods-
Saxon type, since to sufficiently good approximation
they give equivalent results.

3. Our computations using the potential and
parameter values given by Bjorklund and Fern-
bachl?] give integral cross sections which are
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Table II

Xy X3 ot b |[0s, b O# b
0.871 11.871 |2,736 [1.332 | 1.404
0.871 13.871 |2.745 |1.,337 1.408
0.871 15.871 [2.746 (1,338 | 1.408
0.871 | 17.871 |2,746 |1,338 | 1.408
0.871 25,871 [2.746 |1,338 | 1.408
0,4355 | 20,4355 [2.746 [1.338 | 1.408
2.2451 | 20.2451 |2.747 |1.339 | 1.408
3.2451 | 20.2451 (2.751 [1.344 | 1.408
2.2451 | 11.2451 (2.731 (1,335 | 1,396

somewhat different from the results in their paper.
In particular, the total cross sections calculated by
us are less than the experimental values (with a
difference which reaches ~ 6 —8%).
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