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A general theory is presented of the shape and width of nuclear magnetic resonance lines in 
paramagnetic media. The interaction between nuclear and electron spins in the system is due 
to dipole-dipole and contact forces. Precession, relaxation and exchange motions in the elec­
tron spin system and thermal motion of the particles of the medium were taken into account. 
Formulas have been obtained for the half-width D..w112 and for the shift 6 of the nuclear reso­
nance line in the limiting cases of fast and slow thermal motion in the medium. 

1. INTRODUCTION Under these conditions the relation TTI1, TI.1 ~ Ns 
must break down . 

.,., The present paper contains a theory of the 
lHE influence of paramagnetic atoms of a sub- shape and of the width (of the relaxation time TI.1 ) 

stance on nuclear resonance manifests itself in the of the resonance line due to nuclei in paramagnetic 
decrease in the relaxation times Tu and T1 of the media, with account of the exchange interactions 
longitudinal and the transverse components (with between the paramagnetic atoms, which are in turn 
respect to the external field) of the nuclear mag- modulated by the thermal motion in the system. 
netization M, and also in the shift 6 of the nuclear The last circumstance is particularly important in 
resonance frequency w1. These effects are due to the discussion of this phenomenon in liquids. The 
the action of the magnetic field of the paramagnetie results of this paper show that changes in the line 
atoms on the nuclear moments, an action that varies width and in the shift 6 of the resonance frequency 
in time (as a result of free precession, electron- of nuclei in paramagnetic media can turn out to be 
spin relaxation processes, and exchange and a direct method for studying exchange interactions 
thermal motions). In a number of theoretical which are important in the physics of magnetic 
papers [l-a] these effects were studied in the case phenomena. The calculations are carried out 
of substances with a low concentration of paramag·- utilizing the method of Kubo and Tomita.[&] 
netic ions and without taking the interaction between We note here in addition to [l-5] some theoreti-
them into account; a consequence of this was the cal papers preceding the present paper and close 
derivation of the theory of additivity of effects of to it in content. Moriya has considered the effect 
paramagnetic atoms on the relaxation times T 11 of exchange on nuclear relaxation both of diamag-
and T1: Tjj1 , TI1 ~ Ns ( Ns is the concentration of netic[ 7J and of paramagnetic[s] atoms in antiferro-
the paramagnetic atoms). Experiments carried magnetic crystals. The relaxation studied by 
out at low concentrations of the paramagnetic sub- Moriya consists of the transfer of energy from 
stance have confirmed this conclusion.[4•5J nuclear spins to spin waves (at low temperatures) 

At a high concentration of paramagnetic atoms and to the exchange system (at high temperatures). 
exchange interactions between them can arise On the other hand, one of the present authors [ 9] 

which result in exchange of electron spin orienta- has made a study of the relaxation of nuclei of 
tions; this process will give rise to changes in the paramagnetic atoms in magnetically dilute crystals 
internal fields simultaneous with changes !iue to due to the hyperfine interaction between nuclear 
precession, electron spin relaxation and thermal and electron spins; in this case the dominant 
motion. As a result of this, the internal fields process is the lattice relaxation of electron spin. 
must average out to a greater degree than in the The object of these papers was to investigate the 
absence of exchange, and this must manifest itself possibility of observing nuclear resonance for 
in a decrease in the effectiveness of the influence nuclei of paramagnetic atoms. Some of the conclu-
on the relaxation times T 11 and T1 of additional sions reached in [7-9] and also in [l- 5] are contained 
paramagnetic atoms newly added to the substance. in the present paper as special cases. 
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In Sec. 2 we evaluate the autocorrelation func­
tion for the component Mx of the nuclear magneti­
zation; in Sees. 3 and 4 we have calculated the half­
Width and the shift of the reamtance line due to 
nuclei in a liquid and a solid paramagnetic medium 
respectively. 

2. THE AUTOCORRELATION FUNCTION FOR 
THE NUCLEAR MAGNETIZATION 

We consider a substance which contains per 
unit volume Nr identical magnetic nuclei whose 
resonance is being studied, and Ns paramagnetic 
atoms. The shape of the absorption line I ( w) is 
given by the Fourier transform of the autocorrela­
tion function G (t) of the component of the mag­
netic moment parallel to the direction (x) of the 
variable magnetic field[6]: 

00 

I (w) = 2~ ~ G (t) e-iw1dt, (1) 
-00 

G (/) = <{Mx (f) Mx (0)}). 
(2) 

The angle brackets in (2) denote averaging of the 
symmetrized product { Mx ( t) Mx ( 0)} utilizing 
the density matrix p; since the gaps between the 
magnetic sublevels are small ( liw « kT), we can 
assume 

p = I/(2/ + It1 (2S + It5 ; (2a) 

and finally obtain 

Mx (t) = exp (it ie;n) Mx exp (- it ie;n), (3) 

where ie is the Hamiltonian for the system without 
the variable field which includes in our case the 
Zeeman energies 

of the nuclear and the electronic moments in a con­
stant magnetic field H0 ( H0 II z, YI = gJf3N, 'YS = g/3), 
the energy of interaction of nuclear and electronic 
moments 

' "" 3 ' ' 2 ' ' "',.l ' ' :Jf1s = Y1Y5 ~ rki llk St- 3rki (lkrkt) (Strkt)l + 1i ~ AkthSt. 
k>l k>l 

the energy of the exchange interaction of electron 
spins among themselves 

it.= 1i ~ Jij (rij) s,sj. 
i>f 

the kinetic energy of the system JeK and the energy 
§e SK of interaction of the electron spin system with 
jeK· 

We separate the Hamiltonian :ie into three parts: 

(tiC' is the perturbation), which satisfy the commu­
tation relations 

(5) 

On substituting into (2) the solution of the Heisen­
berg equation 

inMx = fAt (t), ie1 + ie2 + ie'J. (6) 

we obtain the first terms of the series G ( t) 
= l:Gn (t) (Gt (t) = 0): 

Go (t) = fNiyj! (I+ I) [i"' 11 +c. c.J, (7) 

G2 (t) = - fNa7J (I + I) [e'"'I1 
I 

x ~ o~ ~d't (t- 't) e'"'-,' f., ('t) + c.c.J, 
y 0 

(8) 

where 

a~= n-2 <I rA1~>, ie~ (0)112> I <I M~> 12 >. (9) 

' (0) - 'X ' 

M± = YI ~ (/k -i-:il%), 
k 

' '(o) A> " '(o) f., ('t) = N <lM+, tiC., ('t)] !1L-, (0), M_]), (10) 

Je' ('t) = ~ e'"'-,~ ie~ ('t) 
y 

(11) 
y 

Here Jy is the contribution to the second moment 
of the resonance line (in frequency units) due to 
ie~ (the contributi,ons of the individual terms in 
the perturbation tiers to the second moment are 
additive); fy ( T}. is the correlation function for 
the quantities tfty ( T) which vary in time under 
the influence of ;Jf2 [modulation of the perturbation 
by amotion" (in the broad sense of this word)]; N 
is a formal operator defined by the relation 

NA (t) =A (t)!A (0). 

We note that G0 (t) describes the unperturbed 
motion of the nuclear magnetization-the free 
precession. 

In order to obtain fy ( T) of the form (10) we 
have to evaluate 

's , , , 
ie~('t) = exp [i'!i-1't(tltz -}-5tfts\+:JfK-}-1t'e)~ (12) 

X ie~exp [- i1i-1't(::J£z +1t'sK +Jt'K +1t'e)J. 

The presence of ie~ gives in (12) time factors of 
the form exp ( ifi wsT ) , {3 = 0, ±1. Je SK describes 
relaxation processes for the components of the 
electron spin, so that in them we can takeu for 
Ly ( T) 

1>A review of papers on the relaxation of electron spins 
in liquids is available in the book by S. A. Al'tshuler and 
B. M. Kozyrev[•o]; c.f., also[uJ. 
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iJ <S(l (t) s_(l (O)> = exp (- I • I JT(l), { T~> ~ =0 
Til= h ~=±~" 

(13) 
Further, we assume that the time variations of 

the exchange energy 

:if. (•) = exp (iTieK/Ii) :ie. exp (- iTieKJii) 

under the influence of thermal motion in the system 
JfK are characterized by the correlation time T e: 

iJ <.ie. (•) ie. (O)> = exp (-I • 1 /•.). (14) 

On taking into account the fact that usually 
<I iee 12 > «<I ieK 12 >, we expand (12) into a 
series in powers of iee; in this case it turns out 
that the effect of :Jie on the correlation function 
for the perturbation fy ( T) will manifes,t itself in 
the term in the expansion quadratic in .1t' e (the 
term linear in §e e gives zero on averaging). 

Taking into account what we have just said with 
respect to ie~ ( T ) and fy ( T ) , and after simple 
but fairly lengthy calculations we can obtain 

<liM~>, ie~ (O)JI2> f ... (•) 

= ~ ~ e11l"'s" <liM~>, ie~ff.a. (0)112> f·tr3,a. (•) 
(l Cl=1.2 

We shall be interested in the shape of the reso­
nance line out to distances from the center of the 
line of the order of its width. Information with re­
spect to this part of the line will be obtained if we 
carry out the integration in (8) up to t"" T1, where 
T1 is the transverse relaxation time of the nuclei 
in the absence of motion.[S] It can be easily shown 
that F ( T) = T 2 /2 for T_l « Te and F ( T ) 

= I T I T e for Ti » T e· Then, following [S] and 
denoting JeyJ3,a = Je (cf. the table), we can write 

1 - w;.,il, "F (•) = exp [- w~ F {•) J 

{ 
exp (- T2w;/2), 

= exp (-1 't' I -r.w;), 

(19.1) 

(19.2) 

The quantity JeyJ3 (18) has the meaning and the 
dimensions of the square of the exchange frequency. 

For the correlation function (16) for the coordi­
nate part of the perturbation .7t'~~ 1 which varies 
under the influence of the thermal classical motion 
of .it'K we can take as usual [1 J 

t ... ~.l (•) = exp (-IT l/•1). (20.1) 

With respect to the hyperfine interaction energy 
two cases must be distinguished. If we have in 

x (1 - w; ... !l,a. F (•)) exp (- I 't' 1/T!l); 

f ... !l.l ('t') = N ~ (exp (in-1l':ieK) <I>~~ 
k>l 

(15) mind the interaction of the electron and nuclear 
spins belonging to different particles moving inde­
pendently then we can set 

x.exp (- i1i-1TieK)<I>ki"'-f'') 

= iJ ~ <<I>k~ <•> <l>ki·'· -/3 {O)>. (Hi) 
k>l 

f ... P..2 (•) = N ~ (exp (iii -1, ieK) AkT (rkl) 
k, I 

X exp(-in-1TieK)Aki"~'• -/3 (rk1)) 

= N ~ <M1 (T)Akiy' -(l (0)); 
k,l 

F {•) = ~ (T- •') d't'' exp (- IT 1/•e), 
0 

W~y(l,a. =<I lie •• IM~>. ie~ff.all 12) I 1i2 <I IM~>. ie~i.aJ 12).(18) 

Here ie~~.a are the terms in the expansion of the 
energy of interaction between nuclear and electron 
spins in terms of the Zeeman frequencies of nu­
clear and electron spins ( cf. the table): 

= ~ [ ~ '(kl}.../3,1 <l>kf + ~ {kl} ... ll.2 Ak~} 
y,{l k>l k, I 

The subscript a distinguishes quantities which 
refer to the dipole (a = 1) and the hyperfine 
(a = 2 ) interactions. 

f ... M {t) = exp (- I 't' l/•2), (20.2) 

where T2 stands for the lifetime of the diamagnetic 
particle in the solvate shell of the paramagnetic 
ion. Obviously in a solid we shall have T21 = 0. 
But if we consider the isotropic interaction of the 
nuclear moment of the ion with its own electron 
moment (the anisotropic part is usually not very 
great and its effect is negligible), then we have 
T2 1 = 0, and 

f ... ll.2 = 1, (20.3) 
since this interaction is not modulated by thermal 
motion. 

Now on substituting (15) into (8) and taking into 
account (19) and (2 0) we obtain for G0 ( t) + ~ ( t) 
the expression (omitting a constant factor) 

t 

i"'11 { 1 - ~ ~ o~!l." ~ d-y; (t - •) i<"~'"'I+Il"'s> .. 
Cl=1, 2 y, /3 0· 

(21) 

X exp f-1 't' I t;1-l 't' I 1'~1 ~w;F {t)] } + c.c., 

which can be approximately represented in the 
form 1 

exp {iw1t- ~ ~ o~!l. a~ d't' (t- t)i<""'J+13"'s> .. 
Cl=1.2 .... ll 0 

x exp [-1 't' I t;1 -I 't' I Ti?- w;F {•)I} +c.c. (22) 
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1~ {ht)1~· 1 <I>Lr 11 n S'-tt 'h \ -11,~ 2 
\ l J 1~. 2 0T~. 1 o;~.2 

00 tks: 1- 3cos2'l}kt i~s: Aht 
I • 

3 S (S + 1) 'jis -!Js(S+1)(A2} 

01 ns1 - -i- sin ~hl cos ~ht exp (iCJlltt) 0 0 I 2 
t;S (S + 1) a15 0 

0-1 i~s~ - -i- sin aht cos 81u exp (- iq>ht) 0 () 1 2 
4S(S+1)a15 0 

10 J-;;-s: a . 
-2 sm ~Itt cos ~Itt exp (iqJ1a) 0 () I • 

T S (S + 1) a;5 () 

11 J-;;-sl - f sin2 ~Itt exp (2icpk1) 0 () I • 
2 S (S + 1) a;5 ll 

1-1 1 "-""+ 
-4/hSt 1-3 cos2 '1}1,1 

1 A-'+ 
2 'h st A Itt I • 

12S (S + 1) a;5 -!J-s (S + t) (N) 

-10 Its: - fsin ~ht cos ~111 exp (- i<ph1) 0 0 () 0 

-11 ...!..A+'-
-' /kSI 1-3 cos2 '1}1</ 1 '+'-

z-I hsl A,<l 0 () 

~1-1 '+A+ 
I k S I - T sin2 &ht exp (- 2iq>h1) 0 () 

Here 

1i2a2 = Ni1 ~ 1 Clloo 12 =~N-1 ~ 1 Cllo1l2 = ~ N-1 ~ 1 <Du 12 = l._ .,.212 ~ (r-·") 
IS h>l hi 3 I h>l hi 3 J h>l It/ 5 r/ S I Itt 

for an isotropic distribution (powders, glasses and liquids); 

(A2) =Nil~ I Al.~ 12; 
h, l 

with AJ.~ 1 = Ah, 1 ro:1 .. a= ro: = ~ (J2) S (S + 1) = f N,S1 ~ J211.S (S + 1) . 
.... , 3 i:f- i 

We now carry out calculations of the line shape 
for two limiting cases-fast motion (liquids) and 
slow motion (viscous liquids, solids) of the mole­
cules of the system. 

3, FAST THERMAL MOTION: Tj_ » Te 

In order to find the line shape I ( w) near its 
maximum one should in the case Tj_ » 'T e evaluate 
the Fourier transform (1) of the autocorrelation 
function (22) making use of (19.2); in this case we 
obtain a Lorentz line of half-width ll.wl/2 and with 
its center at the frequenci> wi + 6: 

2 >The shift 8 must be measured from the frequency wr + ~. 
where ~ is a line shift of the Knight type (cf. [s]) which is 
proportional to the magnetization of the system in the field 
H.,. In the approximation for the density matrix p utilized by 
us [Eq. (2a)] the constant magnetization of the system, and 
consequently also~. are both equal to zero (p = (21 + 1)-NI 
x (2S + 1)-N s presupposes all the magnetic energy sublevels 
to be equally populated). 

, 1 ro/- ros l 
1 I2 K!i + (ro1 -ros)2 J 

+..!.. S (S ..L 1) (A2) 001 - 005 

3 ' K1i+<roJ-ros)2 
(24) 

Kl~"' = 't'~1 + T21 + 't'eOO~. 
(25) 

We discuss formulas (23)- (25) briefly. First, 
it follows from the definition of K{i,~. Ki!a in (25) 
that the half-width and the shift of the resonance 
line due to nuclear spins are determined by the 
velocities of thermal motion, by the electron re­
laxation or by the electron exchange motion depend­
ing on which process proceeds at the greatest rate: 
T'C}, TJ31 or 'T ewZe. For paramagnetic ions of the 
type Cu2+, vd+ etc. Ti\ 121 ...., 108 sec-1; for other 
paramagnetic ions ( Ti3+, Fe2+, Co2+ from the 
iron group, the rare earth ions) the relaxation 
times are very short, and, apparently, one can 
take[lO] Ti1 > 1010 sec-1• 

In nonviscous liquids T11 ...., 1011 sec-1• One can 
suppose that the values of 'T-~ will be somewhat 
greater than the values of Ti1 in view of the 
greater sensitivity of the exchange energy to the 
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variations in the distances between the paramag­
netic atoms. For rough calculations one can as­
sume that Te1 ...... Ti1• The lifetime of a particle in 
the solvate shell of the ion T 2, as a rule, will be 
greater than the relaxation times T1 and T2; in 
these cases the effect of thermal motion on the 
hyperfine interaction will become unobservable. 
Moreover, in concentrated solutions, ais » <A2 >. 
since the internal field amounts to ...... 103 oe, while 
I A I ...... 10-102 oe. In concentrated solutions we 
can attain values of 1010 -1011 sec-1• 

These estimates show that very different situa­
tions can be realized in practice. The case appears 
to be of interest when the dominant terms in K"J,a 
are the terms w2eTe + T~. It is realized in solu­
tions of relatively high concentrations of paramag­
netic particles with not too short relaxation times 
Tt, T2. Then 

K~.a. =Ta./(1 + T~-r,w!) 
and for K#,a » WI, ws we obtain from (23) the 
following expression for the half-width 

LlWH, =~ S (S + 1) a7sT1/(1 + 'f!T,wi) 

(26) 

For large values of w~ we obtain on neglecting in 
the denominators of (26) unity in comparison with 
TaTew2e 

L\w.1, =S (S + 1) [iiah +~(A2)}/T,w;. (26.1) 

Since ois• w~, <A2 > ...... Ns (we are considering 
the hyperfine interaction with an electron spin 
belonging to a different ion), then it follows from 
(26.1) that in this range the dependence of t::..w112 on 
concentration will be due to the variations in T e 
which increases as the concentration is increased; 
therefore, t::..w112 will decrease. Further, in ac­
cordance with (23), the line width will gradually 
diminish as the external field increases. In weak 
fields (~ aw~ « 1) the observed width is given 
by (26). hi strong fields ~.aw2s » 1 (but 
~.awi « 1) we have 

(L\w.1,) = b S (S + 1) a~s K~. 1 + -} S (S + 1) (A2) K~. 2· 

In the absence of exchange (low concentration 
of paramagnetic ions), (23) together with (25) be­
come similar to the well known formulas from 
[3,12] 

Of some interest are the investigations of the 
line shift - o [formula (24) gives the shift in units 
of rad/sec ]. In order of magnitude the value of 
- o is close to the line width. As can be seen 
from (24), - o passes through a maximum (as the 
external field is varied) at WI = KQ} and ws + WI 

= IG1. At the same time the shift diminishes as 
the velocity of the motion Kf/,a increases. 

4. SLOW THERMAL MOTION: T1_ « Te 

The condition T1_ « Te, T1, T2 corresponds to a 
slow modulation of the exchange, hyperfine and 
dipole interactions with the thermal motion. The 
nature of the phenomenon is in this case deter­
mined by the exchange and the relaxation motions 
in the electron spin system. The nuclear absorp­
tion line near its maximum has a Lorentz shape, 
since the approximate autocorrelation function as­
sumes the following form for T1_ « Te [ cf. (19.1) ]: 

00 

exp {iw 1t- t ~ a~~~ exp (- T [Ti31- i (rw 1 + ~w5)l 
y, Jl 0 

_ T2w;/2) dT} + c.c., 

O~Jl = O\Jl. 1 + O~Jl. 2· (27) 

The factor multiplying it in the exponent of the 
exponential determines the position of maximum 
intensity WI+ 0 (cf. footnote 2>), while the factor 
multiplying -t determines the half width t::..wl,f.!: 

... ;-1 1 1 (28) 
L\w.,,= V % w, ~ ~a~~ ReL (ZyJl), 

Y=O/l=-1 

(29) 

(30) 

z 

L (z) = e-z•- i2W (z)/Jfn, W (z) = e-z' ~ ex'dx. (31) 
0 

We present a brief analysis of formulas (28) 
- (31). In a number of cases (Mn2+, Cr3+, vd+) 
the electron relaxation times T~ = T1, T2 are 
comparatively long, ...... 10-7 -10~ sec (cf., the 
discussion in Sec. 3), so that T~1 « ws ¢ 0; there­
fore in Zy(3 the imaginary part can be neglected if 
{3 ¢ 0. Moreover, let T(3We » 1. Then the formula 
for the half width of the line (28) assumes the fol­
lowing form: 

"'V "'V 2 [ (rro/+~ros)2 ]] + ~ ~ OyJl exp - 2 , 
Y=0,1 Jl=±l 200e 

(32) 

analogous to the well known formulas for the half­
width of the electron resonance line.[6] For the 
line shift o we obtain in the present case ( T'{1 
« I f3 ws I, f3 ;o! o > 

' -.r- "'V "'V 2 ( rro/+f3ros) - 6 = r 2w. ~ ~ OyJl W V . 
Y...0,1 Jl=±l 2 Clle 

(33) 
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On taking into account the fact that YWI + {j ws 
:::::: {j ws. we obtain from (33) the expression 

y 

- {J = V2w;1 S (S + 1) (6 crh- + (A 2 ) ]e"-u' ~ ex'dx, (34) 
0 

which reaches a maximum[13J at y = ws/f2we 
= 0.925. 

Thus, by measuring the width (32) and the shift 
of the resonance frequency (34) one can find the 
exchange frequency we. 

In the opposite case 1j31 » I YWI + {jws I ( weak 
fields ) one can set 'Ly{j equal to - i/f2 we Tf3. 
Then the shift o = 0, since in such an approxima­
tion L ( 'Ly{j) is real, while the half width of the 
line .6.w1/l does not depend on the ~onstant mag­
netic field, but will vary strongly as the concentra­
tion of the paramagnetic atoms is varied: 

~ --. / n_J_ S (S · 1) {('!_ 2 _t_ ..!_ A2)) u' 
W•,,- V 2 We + 12 OJS 1 3 ( e 

" 
X ( 1 2 \ -x'd ) 1 (13 2 .L 1 (A2)) v' - y1i J e x 1 12 o15 - 1 3 e 

t) 

v 

X [ I - ~ \ e-x'dx 1 f , 
fnJ Jl 

0 

In the case of very strong exchange Tt1, 121 

« we expression (35) reduces to 

(35) 

~w,., = v ~ ~. S (S + 1) [ {cr~s + f (A 2 ) J. (J) 

In the case of weak exchange, when the exchange 
motion in the electron spin system is slower than 
the relaxation motions ( '111, 121 » We), formula 
(35) is inapplicable and we must repeat the calcu­
lation, neglecting in (2 7) the quantity w~~ /2 in 
comparison with T/T/3; we do not reproduce here 
the formulas obtained in this case, since they 
coincide exactly with (23) and (24) with KiJ ,a 
= Ti. In the case We :::::: T"fl one should utilize 
formula (35) and tables of functions [ 13] for esti­
mating the line width. 

In conclusion we wish to make some remarks. 
As can be seen from a detailed discussion of the 
formulas obtained, systematic measurements of 
the width and the shift of nuclear magnetic reso­
nance lines in paramagnetic media can serve as 
an important means of studying exchange and re­
laxation motions in an electron spin system and 
thermal motion of the molecules of the medium. 
Preliminary measurements carried out in the 
laboratory of the Kazan' Pedagogic Institute have 
demonstrated agreement between the conclusions 
of the present theory and experiment. 

Note added in proof (October 15, 1961). In solids with a 
low concentration of paramagnetic particles (in the absence 
of exchange) the phenomenon of spin diffusion can exert an 
essential influence on the nonsecular part (~cuy,)ns of the 
line width (the terms in the formulas for ~cuy, containing the 
frequency cu1). In these cases ( ~cuy,)ns should be replaced by 
the expression (_1/2T,), where T, has been evaluated taking 
spin diffusion [••J into account. 
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