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An analysis of elastic scattering of photons with energies up to 300 Mev by protons is carried
out by making use of the dispersion relations method. Six dispersion relations are utilized to
estimate the real parts of the amplitudes at Q? = 0. Photoproduction of pions is taken into ac-
count in a larger energy region than was done previously. Five subtraction constants are de-
termined from the long wavelength limit and expressed in terms of the nucleon charge and
magnetic moment. Differential cross sections and polarizations of the recoil nucleons are
estimated. Photon-nucleon scattering at high energies is discussed.

].. Following the work of Gell-Mann, Goldberger,
and Thirring 1 dispersion relations for photon-
nucleon scattering, whose validity in the ez—ap—
proximation has been rigorously proved by Logu-
nov,-* have been applied to the analysis of experi-
mental data by a number of workers.[3™7 Cini and
Stroffolini’™ were the first to calculate forward
scattering cross sections for photons with energies
up to 210 Mev. Certain qualitative peculiarities in
the energy dependence of the forward scattering

cross section were indicated earlier inm, and also

inl8,

Cappsm has considered YN scattering through
an arbitrary angle by taking into account a minimal
number of states. In so doing he made use of some
unpublished results of Gell-Mann and J. Mathews.

Akiba and Sato™®] considered scattering through
nonzero angles. In order to evaluate the subtrac-
tion constants in some of the dispersion relations
they made use of perturbation theory.

The authors have previouslyn‘:I considered in
detail dispersion relations for all six invariant
functions, that characterize the yN-scattering
amplitude, and have carried out a dispersion anal-
ysis in the energy region up to 200 Mev in an ap-
proximation in which certain recoil effects were
ignored. It was shown that if photoproduction of
pions in S states is taken into account significant
modifications are introduced in the near threshold
region. These changes are such as to improve the
aggreement between the dispersion analysis and
experiment. Near threshold the energy dependence
of the amplitudes and cross sections becomes
nonmonotonic.

Aside from certain differences, connected with
what assumptions were made regarding the num-

ber of subtraction constants in the dispersion re-
lations and the maximum angular momentum of
the states taken into account, all the published
papers turned out to have in common the inability
to obtain good agreement with experimental data
in the energy region near 160—200 Mev.

In a number of paperst® "% an attempt was
made to eliminate this discrepancy by taking into
account the contribution from Low’s diagram. 1]
However a direct measurement of the lifetime of
the ™ mesontZ together with an analysis of the
question of the sign of the pole amplitudem:| have
led to the conclusion, that the inclusion of Low’s
amplitude cannot substantially affect the results
of the analysis. In connection with these discrep-
ancies between the analysis and the existing ex-
perimental data we carry out in this work an anal-
ysis of YN scattering based on dispersion relation,
in which we take into account in addition to photo-
production of pions in S states the contribution
from the high energy regions in a more careful
manner; we also analyze the question of the num-
ber of subtractions in the dispersion relations and,
taking nucleon recoil fully into account, estimate
thze previously introduced quantities Rj(v) at
Q“=0.

2. The connection between the invariant func-
tions Tj(v, Q) and the amplitudes R;(», Q) in
the barycentric system is given by Eq. (1) of-14]
(in the followingt¥) will be referred to as A). For
the definitions of Tj (v, Qz) and Rj (v, Q%) seel 13
(in the following™®] will be referred to as B). The
notation in the present paper is the same as the
notation in A and B. By Rj without additional
marks we will understand here the amplitudes in
the barycentric frame.
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Since according to the optical theorem

V.G 2_ M2 G
Im (R1 + R = ”,m’ e 4—;—

= (1)
(w is the total energy in the barycentric frame) it
follows that under the assumption

0t (w) — const as w — oc

we have asymptotically as w — o«

R]_ —|~R2 - ~w, (2)

Assuming further that as w— « all Rj ~ v, we
get from A, Eq. (1) that as w — o«

T, —T; - w? Ty + T3 - w? Ts — w?,

T,— T, »w, T, + T, — const, Te —w. (3)

Consequently, under the assumptions here made,
the dispersion relations for Ty, T3 and Ty should
contain one subtraction, whereas the dispersion
relations for the quantities T, T, and Ty may be
written with no subtractions.

In order to estimate the amplitudes R; + Ry, Rj,
Ry, and R; + Ry it is sufficient to write dispersion
relations for Ty, T3 and T at Q% = 0. At Q* =0
the invariant

v = Via— QM

becomes, as is well known, the photon energy in
the laboratory frame vi,}, (denoted in the following
by v).

3. As can be seen from A, Eq. (1), for forward
scattering the functions Ty and T, + T; reduce to
R, — Rs, so that at Q% = 0 the dispersion relations
for T; and Ty + T, are equivalent.

Let us consider the functions

Fy (o) = 5 [Ty — Ts — vy (T — Ty)l = w, Ry + Re)/M,
Fy (vg) = %Te = wo [Ry + Ry + 2R + 2Rel/M,

F3 (vo) = vo (Ty + T35)/2M = (wo/M)? (Rs — Ry),

Fy (vy) = %(Tl— Ts)

=wg(R3 =+ R4) IMvy— 2w, (Ry + R)/(M + wy). 4)

It is clear from the discussion above that the dis-
persion relations for the functions Fy, . .., Fy
should contain one subtraction. All quantities on
the right side of Eq. (4) are in the barycentric
frame. If one takes into account that (for Q%= 0)
the amplitudes in the laboratory system are con-
nected to the corresponding quantities in the bary-
centric system by

(R; 4+ Rx)" =w, (R, + Ry)/M,

(Ry — Ry)" = @o/M)? (Ry — Ry), (5)
[R; + R, + 2R; + 2R)" =w, [Rs + R4 + 2R; + 2Rs1/M,

1103
then one obtains from the dispersion relations for
Fi,...,Fy

22T oy AL,m)

DEF09) =D 0 = 2 [ 525 =24

vt

’

3 (o]
DI (v) — wyDiy (0) = 28 { Zea®

n 2 (2 A2
o vE (v Vo)

(6)
where

DI =Re (Ri+R2)"™® Di*=Re [R; + R, + 2R; + 2R I'®
Di®=Re (R — R)'® D{™=Re F, (v);
D, (0) =— /M, Dy (0)= — 22,

D; (0) = — 2 [p2 — (e/2M)2], D, (0) = — (e2/2M)MA (2 + A),

and where Aj(y,) stands for the imaginary part of
the corresponding amplitude; p =e (1 +A)/2M
stands for the magnetic moment and puy for the
anomalous magnetic moment of the nucleon.

If the elements of the amplitude for the photo-
production of pions in states with J <3/, in the
barycentric frame are denoted by E;, Ey, E4
(electric transitions into Y-, %+ and %,- respec-
tively), M;, M,;, M3 (magnetic transitions into
Yo+, %~ and %+ respectively), then the unitarity
relations lead to the equalities

Im Ry = ve{|Es[* + 2|Eq | + | E, * cos 9—%|M2|2},
ImR; = VC{‘EIP + 5| E |2 cos 8
— |Es* + 5| M5 [* +Re (E;Mz)},

Im Ry = — ve{+| Es [ + Re (E:My)}, (7

which represent the generalization of the corre-
sponding equalities in'®). The expressions for

Im R, differ from those for Im R; by the exchange
Ej == Mj. Analogously, the expression for Im Ry
may be obtained from that for Im R, and for

Im R; from Im R;.

In Eq. (7) we mean by the modulus of the ampli-
tude on the right side the sum of the contributions
from photoproduction of 7* and 7 mesons. We
note that if the mass differences between mesons
and between nucleons are ignored then a cancellation
in the interference terms, for example in | E5o0|?
+ |Ep+ lz, occurs as a consequence of isotopic
symmetry in the pion photoproduction process. At
that

Al (V)=V0'1/4n ='V{|E1 |2+|M1 |2
+2|Es P+ 2| Mo P+ G| Ms P+ 5| Es P},
Az(V)=V{|E1|z+|M1|2+%[M2[2+%|E2|2

—|M3+—;-Ez|2—|E3—|—%M2I2},
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As () = —v (/M) {|E, P — | M, ]
+ | My— B2 P —|Ey — 5 My},
A, (V) + (@ — M) oi/4n
= W{|Ey P+ | My P + 3| M P + S| Eaf?

—|Es— 5 My P —|My— S E, 2} (8)

4. As was shown by Goldberger,[ﬂ the sum rule
that follows from the nonsubtracted dispersion
relations:

Re(Ry + Ra) = + g7 01 (¥) v >0
vt

(9)

is in contradiction with the long wavelength limit

Ry + Ry— —er/M < 0. (10)

Consequently, nonsubtracted dispersion relations
for the amplitude R; + R, violate the requirements
of relativistic and gauge invariance on which the
long wavelength limit is based.

Let us remark that possible sum rules involving
the square of the magnetic moment are not in
direct contradiction with the long wavelength limit
when nonsubtracted dispersion relations are as-
sumed for F,(v). As can be seen from Eqs. (6)
and (8), of particular importance here is the con-
tribution of the resonant state, proportional to
[ M; |%. The result is unchanged if one takes into
account the (numerically important) contribution
from photoproduction in S states, which decreases
the effective contribution of |M; 2,

The sum rule for the square of the magnetic
moment is very sensitive to the ratio of the photo-
production amplitudes E, and M;. For certain
ratios (for example for E, = M3[5 ) one can arrive
at a contradiction. At the present time, however,
the analysis of photoproduction is not sufficiently
precise to permit the assertion that the experi-
mental data are in contradiction with the sum rule.
An increase in the accuracy of the photoproduction
analysis, aimed at obtaining information about the
amplitudes E,, M, and E;, would be most wel-
come.

The fact that unsubtracted dispersion relations
give rise to definite sum rules may be of particu-
lar interest in certain processes. Thus, in the
case of mm scattering analogous considerations
(applied to dispersion relations at Q? = 0) lead to
the conclusion that the S-state scattering lengths
ay and a, are positive at low energies. The same
holds for 7K and KK scattering.

5. If in addition to the functions introduced
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previously one studies properties of the functions*

Fs(v)) = (T:—Ty), (11)
Fg(vo) = (T + Ty, (12)
Fa(v) =T, (13)

one concludes that Fj ¢ (v) are odd functions of v
and contain no poles, whereas F;(v) is an even
function of v with a second order pole. As v —

—1/,
F5.8,7__)v 2

so that the dispersion relations for these functions
need no subtractions.

These dispersion relations may turn out to be
useful since when photoproduction in states with
J= 3/2 is taken into account the angular dependence
of the amplitudes R; (v, 25 in the barycentric
frame takes the form (cf.'®})

R, =& —&; + 2&, cos 8 +—;—mz L C (8ym,),
R4 =nm — “I‘ 2m2 Ccos i} —|' %$2+C(m3$2),

R5 - — 82 —_ C (m3(%72), RB = —m2 — C (gsmg), (14)

and is characterized by eight functions of energy
&1,2,3, m,2,3, C (&:m,;) C (my&,), which can be ex-
pressed in terms of Rj(v, 0) and Rj (v, 0).

It follows from Eq. (14) that if we restrict our-
selves to contributions from states with J = %,

Ry =R; =28, (3 cos 0/0 Q¥)gr—g = — 482/ MV,

R, =R, = — 4mu?/M™], R; =R, =0,
so that
R+ Ry =R3; +Ry) =1[R; + Ry + 2 (R; + Ry)I'.(15)
In the long wavelength limitl14]

Ry + Ry’ = — 2 M2v -+ 0 (1),
(Rs + Ry)" =—¢€* [3+ 2 (1 + N)?%)/2M3 + O (v),
(R3 + Rs + 2Rs + 2Rs)’
— (@M — 2\ — 1)/2M® + O (v). (16)

The fact that Eq. (15) is in contradiction with the
long wavelength limit (16) means that the restric-
tion to states with J = % is not a good approxima-
tion even in the low energy region. The crossing
symmetry conditions introduce kinematic correc-
tions of the order of v/M, which corresponds to
inclusion of states with higher values of J. The
carrying out of the analysis with this high a pre-
cision requires the introduction of additional func-
tions of energy and discussion of a larger number

*The prime denotes differentiation with respect to Q* and
subsequent passage to Q* = 0.
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of dispersion relations. Introduction of the Low
diagram does not resolve the indicated contradic-
tion. All estimates of the amplitudes given here
were obtained with the neglect of Rj(v, 0).

6. The results of the calculations of the ampli-
tudes R;(v)) at Q® = 0 are shown in the figures.
The energy of the photons v, is given in units of
the threshold energy vy = 150 Mev, and the values
of the amplitudes in units of e¥Mc?.

For the calculation of the forward differential
scattering cross section

6(0°) =| Ry + Ry |2+ | Rs + Ry + 2R; + 2R,

the amplitudes R; + Ry and R3 + Ry + 2R; + 2Rg are
sufficient.

To estimate D;(v;) use was made of the data
on the total cross section for the interaction of
photons with protons, including the second maxi-
mum and the cross section for pion pair produc-
tion. The dependence of A, (v,) is shown in Fig. 1.
Previously we have neglected contributions from
the energy region above 500 Mev. The result of
estimating the amplitude R; + R, is shown in Fig.
2. The main difference between this and previous
results appeared in the region 1 <y, <2, where
as a consequence of a cancellation between the
long wavelength limit and dispersion terms the
value of Dy (v,) is significantly decreased. Let us
note that this is precisely the energy region that
is sensitive to a change in A (v,). The second
maximum in A;(v;) corresponds to the second
maximum in photoproduction.

Im (R,*R,)
3 eYMe
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Vn/Vl
1
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For estimating real parts of the amplitudes,
other than Ry + Ry, which require much more de-
tailed experimental data on photoproduction, we
limit ourselves to the energy region up to 300 Mev.
For the amplitude R; + R, it turns out to be pos-
sible to go much further, although with increasing
energy the indeterminacy in the contribution from
photoproduction of pairs (and larger numbers) of
pions becomes appreciable.

In a number of papersm’“‘:I the yp scattering
at 300—800 Mev has been looked upon as a diffrac-
tion process with Re Rj < Im Rj. The experi-
mental study of yp scattering in the region of the
second resonance is of interest as a sensitive
method of investigation of the maximum itself.

If, ignoring all Re Rj, we restrict ourselves to
the imaginary parts of the amplitudes alone and
consider only the contribution proportional to
| E5|% then we find immediately from Eq. (7) that

R2=R4=R5=Rs=0,

Ry =1ImR, = — 2Im Ry = 2v;| E |?,

(6]

whereas the differential cross section*” is equal

to

6 (0) = 5 Ri(7 4 3cos®) = ;- R3(7 + 3cos?8), (17

in agreement with the results of Minami.[®] The
same result for the form of the angular distribu-
tion remains valid if in Eq. (7) only M3(R; — R,,
R; — R,) is different from zero. If simultaneously
E; and M3 (with Re Rj = 0) are different from
zero then we have

6 (0) = -+ (R3 + R3) (7 + 3cos?6) + 10 RyR, cos6. (18)

However, as our estimates indicate, the quantities
Re(Ry + Ry) are large in the region of the second
resonance and cannot be ignored. From this point
of view the second resonance differs drastically

from the 3/2, s/2 resonance, in whose energy region

Re (R, + Ry) << Im (R, + Ry).

The results of the calculations for R; + Ry,
R3 + Ry + 2R; + 2R and R; + Rg are shown in
Figs. 2—4. In the evaluation of dispersion inte-

Yo
p!
10}
-Re (Ry*R,) Im(R,+R,)
st Mt/ \emet
l /\w

a5 40 15\

FIG. 3
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grals |E;|% | M;|? and | E; |* were assumed to be
different from zero, and the energy dependence of
|E;|? and | M;|? was taken from'®), whereas | E;|?
was assumed to be different from zero in the en-
ergy region 3.1 <y, <5.8. Let us remark that
even in the absence of an imaginary part for Rg

+ Ry the real part of this quantity differs from its
long wavelength limit, since the dispersion rela-
tions are satisfied by the invariant functions

Ti (v, Q).

The values of ¢(0°) are shown in Fig. 5, where
we give for comparison the results of Cini and
Stroffolinit® for oc-g (0°) in the barycentric
frame. A significant difference can be seen in the
near-threshold region.

7. For an estimate of R; — Ry and Ry — Rg the

g 13
P

6/1°)
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dispersion relations (6) are not sufficient. Let us
consider the function

F (v) = w7q (v) = (M*?*/20?) [(T1 + Ts)’ — v (T2 + Ty)'l.

(19)
As can be seen from B, Eq. (4), we have
FO) =4 {Ri—Re— gy Rs— R} (20)

A study of the dispersion relation for F (v)
makes it possible to estimate R; — Ry if R; — Ry
is known. In the energy region under consideration
the coefficient of (R3 — R4) in Eq. (20) is of the
order of v/M, however since the value of R3 — Ry
is large (in comparison with R; — R,), the second
term in Eq. (20) cannot be ignored. The function
@ (v) introduced in Eq. (19) is an analytic function
of v with a cut along vt < v < =, satisfying the
crossing symmetry condition:

Q) =9 (—v). (21)

Thus, for v < y¢ the function ¢(v) is a real func-
tion and

¢ (v) = a + b2, (22)

2
F () =W“%M_vg/%(l _M")-l— vt 4. .. (23)

We see that the linear term in F(v) is fully de-
termined by the first term in Eq. (22). It therefore
follows from Eq. (20) that for small v

Ry — R, = — (#/M) (1 — 3v/M) + O (+3)

and the linear term in Ry — Ry and in F (v) are
fully determined by the requirement of crossing
symmetry, as is discussed in detail in B.

The function F (v) introduced in Eq. (19) is an
analytic function of v with cuts along vt < v <
and —o < v < —pt and a (kinematic) pole at

w? = M2 4+ 2Mv = 0.
The requirements of crossing symmetry lead to
the relation
F(—v) =1t 20Y pr ),
and for small v
F (v) = — (¢&¥/M) (1 — 2v/M) + O (v?).

Applying the Cauchy formula to F(y,), for p — o,
along the contour shown in Fig. 6 and writing a
dispersion relation with a subtraction we obtain

_ e? 2v, Vi ¢ F v)dv e 2v,

F o) = — g1 —ﬁ‘)+m§———vz(v_vo) ——all—%
% { 1m [t M2 2Mv 1 ]Q
+ T S [v—vo+M2—2Mvv+vo v2

vt

Vi ¢ F (v + ie) v2 F (v —ig)
+ 2ni S vE(V—p) dv + EECS V2 (V—",) dv
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FIG. 6
and
2v, 4vgRe F (M/2)
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_V3°° 1 M4 2My 1 v

T S Im F(v)[v—-vg_{_ M2—2Mvv—i—vo]vT . (25)

vt

Since

K (M/2) = 0,

Re F(M/2) cannot be determined from Eq. (24),
and this quantity enters as a free parameter, which
must be determined starting from the experimental
data. Under the restriction to photoproduction in
the states with J =< 3/, only we get

Im F () = v {5 (6, P — | M )

+2(E P —|MsP) (14 5
+ 2P — 1 (1 -+ 22

In Fig. 7 are shown the results of estimating
Re (R; — Ry ) with the help of Eq. (24) when the
contribution proportional to Re F(M/2) is ig-
nored.

w— M
a)

(25")

Re (R,-R,)
e’/'lm's

Im(R,-R;)
e%/Mc?

FIG. 7

For an estimate of R; — Ry at Q* = 0, as can
be seen from B, Eq. (4), it is sufficient to consider
the function

¥ 00) = 175+ 3 (T Tl = ()

X {2 R; — Ry) + 72 Ry — Ry — Ry — Ry)l},
(26)

for which the dispersion relation has the form
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Rep (vo) —p (0) — 2 T% (27)
where, according to B, Eq. t(2),
Y (0) =—e€ (2 + N)/2m, (28)
Imy (v) = @/M)* {w [ (|E2 > — M2 )
+ Re (EsMs — M3Eq)|
+ My (M 4 wo)™ [3 (|Es[2 — | M3 |?)
7 (E2f — | M2’) + Re(EsMy— M:E)l}.  (29)
The results of estimating Re (R; — Rg) at Q?

=0 for Re F(M/2) = 0 are shown in Fig. 4. Es-
timates of the quantities R3 + Ry and Ry — R,
which play a dominant role in the differential cross
section for v, 2 1, do not differ appreciably from
those obtained previously.m

The results here obtained are of interest from
the point of view of the study of the energy depend-
ence of amplitudes near the threshold of a new re-
action.') In that case all estimates can be carried
out to the end. Let us call attention to the depend-
ence of the amplitude Re (R; + Ry), whose value
continues to fall off also above threshold. This re-
sult indicates that a sharp energy dependence of the
imaginary parts of the amplitudes above threshold
may also for other processes lead to a displace-
ment of the near-threshold minimum (or maximum)
of the cross section relative to the reaction
threshold.

In Figs. 5 and 8—11 are shown the results of
the calculations, with the help of Rj (v, 0), of ang-
ular distributions

3
6(8) = 2 Bjcos'
=0
for the angles 6 = 90, 135, 139 and 180° and also
of the total elastic scattering cross section

5/4n = By + By/2

and of the polarization of recoil nucleons for
6 = 90°. The experimental data are summarized
in[10] 5ngliad,

The coefficient
Bs (V0)=2 [ i R5 + Rs Iz—‘l R5 — Rs |2]

is near to zero in the entire energy region vy, < 2.
The experimental data, apparently, indicate

that the quantity Re (R; — Rg) is positive. We

were not able to achieve this by introducing

Re F(M/2) = 0. The requirement that Re (Rs —Rg)

be positive leads to large (negative) values for

Re F(M/2), which at the same time significantly
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increases the contribution of |R; — R, |? to the
cross section and does not lead to an improvement
in the agreement with the experimental data.

It is necessary to remark that outside the re-
gion 1 <y, < 1.3 a satisfactory agreement between

LAPIDUS and CHOU KUANG-CHAO

the dispersional analysis and experimental data is
obtained. In the region 1 < vy < 1.3, which is par-
ticularly sensitive to dispersion effects, it is ap-
parently necessary to take into account contribu-
tions from higher states, for which it is necessary
to have information on pion photoproduction in a
larger energy region.
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