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We treat monatomic and diatomic cubic crystals, including both noncentral and central near-
est neighbor interactions. An expression is derived for the Mdssbauer effect at T = 0 and

at arbitrary temperatures. We analyze the case of a diatomic lattice in which one of the
atoms is the radiator. We show, in particular, that for a light radiator in a diatomic lattice
the effect may be larger than for a monatomic lattice with the same Debye temperature. We
find that in general for a diatomic lattice the Debye temperature does not even approximately
characterize the probability of the Mossbauer effect.

INTRODUCTION

THE probability of recoilless resonant emission
or absorption of y quanta in a solid (the Mdss-
bauer effect) depends on a quantity which is an
integral characteristic of the phonon spectrum
(cf. 2]y, So far, in calculating the effect, the
isotropic model and a Debye spectrum for the
vibration frequencies have been used. The prob-
ability then depends on the ratio R/k®, where R
is the recoil energy and ® the Debye tempera-
ture.

We know that the spectrum of vibrations of a
real crystal is markedly different from the Debye
spectrum. This immediately raises the question
of the sensitivity of the Mossbauer effect to the
shape of the spectrum, and whether one can use
the single parameter ® for analyzing the inten-
sity. Of special interest in this connection are
crystals with different atoms in the unit cell,
where the nucleus of one of the atoms is the
active nucleus.

The central point here is the analysis of the
role of the optical branches, especially when there

is a sizeable difference in the masses of the atoms.

In particular, such an analysis should help solve
the problem of whether one can obtain a sizeable
effect for nuclei with a large recoil energy (i.e.,
relatively light nuclei) if they are incorporated
into a multiatomic unit cell. We note that this
problem is extremely complicated even for the
case of diatomic lattices. The reason for this is
principally that one must find the amplitudes of
the normal modes for each atom separately, and
also must include the different types of vibration
branches.

In the present paper we carry out the analysis
for monatomic and diatomic lattices with cubic
symmetry. We use a model of the simple cubic
crystal with nearest neighbor interactions (of
both noncentral and central type). This model
has been used in recent years for the analysis
of the vibration spectra of crystals (cf. the re-
view article [3]). An important point is that the
frequency spectra obtained for the case of a mon-
atomic lattice have all the singularities which are
predicted by the general theory. (4] In the case of
a diatomic lattice, the frequency distribution has
an incorrect root singularity at the top of the
acoustic branch and at the bottom edge of the
optical branch, which is a consequence of omitting
the interaction with next nearest neighbors. But
a weak singularity of this type gives practically
no contribution to integrals over the spectrum
for the characteristic quantities, which are the
only quantities of interest in the present work.
Aside from this, the spectrum for the diatomic
lattice has all the singularities of the general type.

1. MONATOMIC LATTICE. T =0.

The probability for the absorption (or emis-
sion) of y quanta in a monatomic crystal, not
accompanied by any change in the phonon spec-
trum, is given by the expression

W =e2, 1.1)

Vo (O
2= Rt S\t L2 e+, @)

where £, wy(f) are the wave vector and frequency
of a phonon corresponding to the a-th branch; V,,
is the polarization vector; ny is the equilibrium
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density of phonons; q is a unit vector along the
direction of incidence of the y quantum, v, is
the volume of the unit cell. For a cubic lattice
at T =0 we have

Z= R Z‘S ¢ = Rz (@ do,  (1.9)
where ¥ (w) is the frequency distribution in the
phonon spectrum, normalized to unity.

Let us consider a cubic crystal and include
only the interaction with nearest neighbors. In
this case the equations of motion for displace-
ments along the three cubic axes are independent.
We have the same secular equation for all of them:

3
mo? = 22 7,(1 —cosg), (1.4)

i=1
where vy; is the central force constant, y, = y3 is
the noncentral force constant; ¢j = fja (-7 =< ¢j
=7).

Let us determine the frequency distribution
function for such a lattice. The form of Eqgs. (1.4)
and the fact that all values of fj in the space of
the reciprocal lattice, and consequently all the
@i, have the same statistical weight permits us
to use the solution of the familiar random walk
problem. A direct application of the general
scheme gives the following expression for the
distribution functlon (cf. the corresponding ex-
pression in [3]);

g(0) =gz | exp{—ivtp +i2(n +2v) o}

—00

2
xJo (220)J3(22 p)d, (1.5)
where J, is the Bessel function of zero order.
The function g (w?) is normalized by the con-
dition

Sg (0?) d (0?) = 1. (1.6)

From this,

P (0) = 20g (v?). (1.7)

We substitute (1.7) and (1.5) in (1.3) and, using the
fact that J; is an even function, go over to an inte-
gral over positive values of p. We interchange the
order of integration and carry out the w integra-
tion explicitly. The result is

2 = g om0+ ) ) A

(1.8)
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The expression for Z contains two independent
parameters vy; and y,. In place of these we intro-
duce two new parameters,

13 ="{1/'fz (1.9)

and the Debye temperature ®. We determine the
latter by a comparison with the classical Debye
formula for the low temperature specific heat of
the lattice, using the dispersion law in the form
(1.4). We have

= (h/k) (36my2y /mB)". (1.10)

With (1.9) and (1.10), we transform (1.8) to the
form

z =’k%"<22£ g) S V_sm[(2 +8y +-—]J0 (Ey) 75 (v) dy.
(1.11)
Assuming R/@ fixed, we consider Z as a func-
tion of £. It is easy to show that Z — 0 both for
¢ — 0 and for ¢ — «. But at both limits Z tends
to zero slowly (~ £V8 for £ — 0 and ~£~1/3 for
¢ — =), and over a wide range of variation of ¢
it changes slightly. This is shown clearly in Fig. 1,

2 k6/R
2z
7
0345 ¢ ¢
FIG. 1
where we plot the curve
ZkO/R = [ (E).

If we relate y; and vy, to the elastic constants,
it can be shown that ¢ = cyy /cyy. From the tabu-
lated data for c¢y; and cyy it follows that as a rule
¢ lies in the interval 0.2 —5. Consequently in
most cases the value of Z at T = 0 will be deter-
mined mainly by the constant ® alone.

But the actual value of Zk®/R is different
from 3%, its value for a Debye spectrum.

2, DIATOMIC LATTICE. T=0.

In the case of a lattice with several atoms in
the unit cell, where one of them is the radiator
(we give it the subscript 1), the probability for
the MOssbauer effect has the form (1.1) with Z
defined by the expression[?]

[aVia (O *

5 2.1)

= Ru 1525 2\ T iy 20 (0 + -
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Here V}a( f) is the complex amplitude which ap-
pears in the expansion of the displacement of the
j-th atom in normal coordinates (cf. 2]y, These
amplitudes are normalized by the condition

;mmmm=h

To find the explicit form of V}a, we must bring in
the equations of motion.

Let us consider a simple diatomic cubic lattice
and include nearest neighbor interactions. The
equations of motion for displacements along the
three cubic axes are again independent, and the
secular system of sixth order reduces to three
identical pairs of equations (cf. (2]),

2.2)

uf [mye® — 2 (1, 4 2y,)] +u’2‘227l. cos@, =0,

uf-227i cos ¢; + uf [meo? —2 (1, +27)1 = 0. (2.3)
The ui‘ are the amplitudes in the expansion in
plane waves of the displacement of the i-th atom
along the x axis. The rest of the notation is the
same as in Sec. 1. From (2.3) we easily find the
dispersion law:

= (m* +m') (v, + 27,)

+V (mr —m )2 (v, + 27, + 4X*mm,, (2.4)

X= Z'rl.cos Q- (2.5)

The plus sign refers to the optical branch, the
minus sign to the acoustic branch.
If we go over to normal vibrations, we can es-

tablish a relation between the amplitudes ui( and
X
Vi:

wW=VIVh@n + 1)/ moN.

Then using one of EQs. (2.3) and the relation (2.2),
we find

0 —2 (1, + 27,)
2'"2(02 —2 (71 + 2T2) (m2/m1 +1)

The subscript o takes on two values, correspond-
ing to the acoustical and optical branches. (In this
model for the crystal, the polarization vector for
each branch is directed exactly along one of the
cubic axes).

Since (2.6) contains dependence only on wz,

|Via

‘2_

(2.6)

we

can go over in (2.1) to an integration over frequency.

We introduce the frequency distribution function
g (w?) with the normalization (1.6). We then have
for T=0,
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[oe]
_ _4_&& maw® — 2 (11 4 219)

2
2 p 2mae? — 2 (11 + 272) (me/my + 1) g (v?) do.

(2.7)

The function g(w?) is easily related to the dis-
tribution function G (X) for the quantity X of (2.5),
if we use the monotonic character of the function
wi(X) (cf. Eq. (2.4)). The same arguments as in
the monatomic case lead to the expression

[ee)

G (X) =5 | &0 (b12) I3 (ov2) d.

—00

Changing to an integration over X in (2.7), we find

(2.8)

Y1427,
Z= 2‘5_1{ g
4
0

Y11-2¥e

+

my o —2 (Tl -+ 272)
o_ [2m2m2_ —2 (Tl + 272) (mz/ml + 1)’]

G (X) dX

mg mi —2 (Tl + 272)
o, [2m2 “)i —2 (Tl + 272) (mz/ml + 1)1

G (X) dx}.
2.9)

Here the wzi are defined in accordance with (2.4).

Let us consider the limiting cases. Suppose
first that € =m,/m; < 1. We expand (2.4) in
powers of €. Then, keeping the first two terms
of the series,

=0, VI =2 (1 — ep/2),

where we have used the notation

2
w; = ;{1‘27[’ t =ET,‘ cos q)t/EYl' (2.11)
i i ‘

0, = 0,87 (1 4 er2/2),
(2.10)

The form of the expressions for w, enables us
to carry out the X integration in (2.9). Omitting
the computations, we give the final result for the
contributions to Z from the acoustical and optical
branches:

2= (Mo 4 gp)” {§ 706 @+8) 7o Eo) o) dy

0

—e{ [10 4@ +8) — g 4 @ + )]

0

X T, (8) J5() dy} (2.12)
s o 2 2
z.=2R (B g2 1 op)e f& Bt
0
2 sin (y (24-§)) 2 .
+<l_y2(2+§)2 y(2+§) ]JO(Ey)JO(y) dy’
Z=72_4+12Z,. (2.13)

In these expressions, ¢ is defined by (1.9), and
the Debye temperature for the lattice is
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=" ( 288 13y, )‘“
R\ (m+m)®/ ~

From the form of the expressions (2.12) and
(2.13) it follows that the main contribution to Z
comes from the acoustical branch. The contribu-
tion from the optical branches is ~ 8/ 2, which is
related to the fact that w, ~ €12, while the square
of the amplitude |V, |? for these branches is ~ ¢,
i.e., within the framework of this model for the
crystal, for € < 1 a heavy atom is hardly dis-
placed in the optical branches.

In Fig. 2 we give the results obtained by nu-
merical integration for the coefficients of the
zeroth and first powers of € in (2.12) as a func-
tion of ¢ (Zk®/Ry = A—Be). In the interval of
variation of ¢ which is of practical interest, the
coefficients A and B change very little.

—

ZV'S'\
2

/

s ‘

(2.14)

1 1 1 1

4 2 4 [] & €
FIG. 2. Curve 1 — A(§), 2 — B(§), 3 — C(§), 4 — D(¥).

Now we consider the opposite limiting case
(e » 1), where the radiator is a light atom. From
(2.4) we have approximately

o = oeVe (1 — £2/2), o, = o (1 +£/2). (2.15)

Substituting these values in (2.9) and carrying out
the X integration, we get the expressions

[ee]

z.=2(Fre+y) e [hue+2)

0

e+ a))] Jo(&y) Jo(y) dy,

2.16
y(2+§) ( )

sin (y (2 + §))

o e A CIRA L

z. =2 (B2 +ep)” {s—%io
0

0

. C[2cos(y(248)
© S[ 72+ EP

42 \sin@@E+E) .
(3 Ges @) e ds). @1

From (2.16) and (2.17) we get the important re-
sult that for € > 1 the expansion of Z in powers
of 1/€ begins with €12 Asa consequence there
is marked reduction in the increase of Z (decrease
of the MUssbauer effect) with decreasing mass of
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the radiating nucleus; instead of the 1/m; depend-
ence we get a 1/Vm, dependence. Thus the MOss-
bauer effect for a light atom may be much more
likely in a diatomic lattice than in a monatomic
lattice with the same Debye temperature. Physic-
ally this gain is related to the fact that for € » 1
the light atom vibrates mainly in the optical
branches. But the band of optical frequencies cor-
responds to a region whose characteristic frequen-
cies are Ve times greater than the frequencies of
the acoustic band.

The coefficients of the different powers of €
have the same order of magnitude and the same
type of variation with £ as in the preceding sec-
tion. This is apparent from Fig. 2, where we give
the coefficients of €12 and ¢! in the expansions
(2.17) and (2.16):

ZE® | Ry = Ce—"+ -+ De™.

Figure 3 shows the dependence of Zk®/R; on
€ for a particular value of the parameter ¢ (£=1),
obtained by numerical double integration of (2.9).

Z k8/Ry

2+

FIG. 3

This curve enables us to follow the manner in
which the probability for the M&ssbauer effect
changes for a fixed Debye temperature, over the
whole range of values for the ratio of the masses
of atoms in the unit cell.

The results of this section indicate that, in the
case of a diatomic lattice with an arbitrary ratio
of masses, the Debye temperature does not even
approximately characterize the magnitude of the
Mossbauer effect. For example it is easy to find
a case where a larger Debye temperature corre-
sponds to a smaller effect.

3. MONATOMIC LATTICE. T = 0.

Now let us consider the temperature dependence
of the M&ssbauer effect for a monatomic lattice of
the same type as in Sec. 1. Transforming the gen-
eral expression (1.2), we have

v 1
Z = Ry \@f 55 cth

10}
2kT

(3.1)*

We use the transformation

*cth = coth.
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1 ¢ —x%t
cthx =Se 9 (t) dt, (3.2)
(1}
0(t) = D e, (3.3)

n=—c0

(When we replace t by —it’/w, the function 6 (t)
goes over into the function 6,(t’), which coincides
with the Jacobi theta function of the third kind.)
Then

Z= z/:; (‘)n)a Sd3f S e—Ftg (t) dt (3.4)
where B =Hh/2kT.
We substitute the expression (1.4) for w? into
(3.4) and integrate over the phase volume
R [ee]
Z =5 \ exp[——i(“(l—'—ZTo)t]G(Z)
0
2 9 27
x Io ([32—;—1 t)]a (Bz%t) dt. (3.5)

Here I, is the Bessel function of pure imaginary
argument.

Now we make the change of variables 822yt/m
=x in (3.5). Using the definitions (1.9) and (1.10)
we finally get

/s R T

ZZQ“(%I’ ) EAC)

S e ("+'>x6<4n< g)"T )10 (Ex) I2(x) dx.  (3.6)
0

From (3.6). it follows that Zk®/R is a function
only of T/® and the parameter ¢(. In Fig. 4 we
show this dependence for two values of £. The
curve for ¢ = 10 practically coincides with the
one for £ =0.1. For comparison we show the
dotted curve, corresponding to a Debye spectrum.
We see that the percentage variation of Z with
T/® does not change much in the interval of val-
ues of ¢ which is of most interest, and is com-
paratively close to the Debye case.

4, DIATOMIC LATTICE. T = 0.

Using the results of Sec. 2, we find the follow-
ing general expression for Z at an arbitrary tem-
perature:

1
R 9t e ’/c \ F(’)lvla(t)l2

2= 4 (TEC+ 9 i) D d— 15—
0

a

i B ) g,

(4.1)
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o

F (1) =%g cos ot (2 ++8) Jo (Ep) J5(p) do,

0

Yo (f) = [1 + &% (1 — €2 L4e2)™]2.  (4.2)
| Vig(t)|? is determined by (2.6) with the value of
t given by (2.11).
From the form of (4.1) it follows that Zk®/R,
depends on T/® and the parameters ¢ and e.
The general analysis of this expression shows
that the dependence on € leads in the general
case to a qualitative change in the way Z increases

with temperature, as compared to the case of a

162 k6/R

FIG. 4. Curve 1 — £=1; curve 2 — £=0.1.

Zk6/R,
14+

FIG. 5. Curvel — € =0,1; curve 2 — € =0.5; curve 3 — €
=1; curve 4 — €=2; curve 5 — €= 5; curve 6 — €= 10,
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monatomic lattice. Thus, when the radiator is the
light atom and € > 1, one observes a slow varia-
tion of Z with T/®. As ¢ decreases the rate of
increase becomes more marked, and for € < 1
it has a character close to that for the monatomic
lattice. Such a change in the temperature depend-
ence of the effect is related to the change in the
relative importance of the optical and acoustical
branches in the vibrations of the radiating atom,
when there is a markedly different type of thermal
excitation for the two types of phonons. (The exci-
tation of optical phonons starts at much higher
temperatures. )

Figure 5 shows curves of Zk®/R, for several
values of €, and £ =1. We note that from our re-
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sults it is clear that for an arbitrary diatomic lat-
tice one can draw no conclusions concerning the
value of the Debye temperature from the relative
rate of decrease of the MOssbauer effect with tem-
perature.
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