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The electron thermal conductivity produced in very pure superconductors by scattering of
electron excitations on phonons is calculated on the basis of the microscopic theory of
superconductivity. The absorption of sound in superconductors is also discussed.

WE consider in this paper the electron thermal
conductivity of superconductors, due to the scat-
tering of electrons on phonons. This interaction
plays a major role in the investigation of the ther-
mal conductivity of very pure semiconductors. In
addition, it makes a certain contribution also when
the impurity concentration is not too high. (1] The
final formula for the corresponding coefficient of
thermal conductivity was given earlier. 2] we
present here more detailed calculations and a
comparison with experiment. We consider also
the absorption of ultrasound in superconductors.

1. THERMAL CONDUCTIVITY OF PURE SUPER-
CONDUCTORS

The electron distribution function satisfies the
kinetic equation

df oOe of 63_(6[‘

—————— o )t (1.1)

where f is the electron distribution function, which
we seek, as usual, in the form

F=h+20@E %L

In the electron-phonon interaction Hamiltonian

H = 2 Viaeadsarsbg + c.c.
k, k', s

we change over to new Fermi amplitudes that de-
scribe the electron excitations of the superconduc-
tor by making a canonical transformation, follow-
ing Bogolyubov (a1,

Apo = UrQg, 1, — vkaik, —1/p

Tpg = Ut —y, + VAL,

Up =5 (1 + o), ®=—(1—Fte

(¢ —energy of ordinary electron reckoned from
the Fermi surface, € —energy of electron exci-

tation, € = Vv £2 + A%2(T), A(T) —size of gap in
the energy spectrum).

We now rewrite the kinetic equation in terms
of the new amplitudes (the left half is transformed
in accordance with [41):
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We recognize further that the phonon wave vec-
tor q is small compared with |p|. We therefore
expand ¢ (2’) in powers of Q' =p—p* (p* isa
vector directed in the p direction of length |p’| ).
This method of investigating the kinetic equation
was first developed by Landau and Pomeranchuk. (5]
Integrating then over the angle ¢ (the polar axis is
chosen in the direction of the vector p), we obtain*
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*The temperature is in energy units throughout.
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We make the approximate substitution
§§ - A ~
(1 £ 55T~

as was done in the calculation of the phonon thermal
conductivity, (8] and integrate both parts of (1.2')
with respect to £. In the right half we make at the
same time the expansion'®] py /p = (px/p )p = Po

+ axé. We then seek a solution in the form ¢ (€, Q)
=@1(Q) + @y(€, Q), with ¢4 >» ¢,. Using d¢

= € de/¢ to change over to integration with respect
to € we obpain
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We use the notation €/T =z; hw/T =x; A/T =b;
[V |2=]V?|/q.

The first integrals, which contain ¢,(¢, 2),
make a zero contribution (to verify this we make
the substitutions z — z + x in the second integrand
and z — x—2z in the third). We then find
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2b

where a () depends on the angles that determine
the direction of motion of the electron.

We calculate next the heat flux from the formula
Q= f e€vxfdp. Taking (1.3) into account, we obtain

{S feezV 22— b2dz]2ar .

Calculation of the integrals in (1.4) leads ultimately
to

const

Q —CD(T) Tza( (1.4)

[Tl S ne. 0o

where K,(bs) is a Bessel function of imaginary
argument, and

(1) =968 () In (1 + &) + 3] 5% (804
s=1

+ 160 63s® + 240 b%s® - 240 bs + 120)

—In (et + 1) 2 §7%—2bs (64 b3s® -+ 96 b%s® 4 96 bs -+ 48).
(1.6)
In the temperature region close to T, where
the contribution of the electron-phonon interaction

to the heat flux is most significant, we obtain

8=1

36 (7o) § —1
*=%nTm (D(T)[ > ¢ s’)’ et
s= 1
— R : 1
b N
+2bIn(l -+ e~b)— G 1)] )

where kp —thermal conductivity of the normal
metal. The results obtained agree quite well with
the experimental data.["»8]

Expression (1.5) for « differs from that ob-
tained by Bardeen, Rickayzen, and Tewordt. col
These authors used a direct variational method
and trial functions for f that differed appreciably
from the true function (1.3).

2. ABSORPTION OF ULTRASOUND IN SUPER-
CONDUCTORS

Let us examine the absorption of sound in super-
conductors when the frequency satisfies the condi-
tion w > 1/7 (w —frequency of sound, 7 — relax-
ation time for electron excitations; see below).



818

08

1 0.6

)
08 1T,

FIG. 1. Experimental points correspond to x — tin, (7]
[ indium,[°] solid curve — theoretical.

Since the period of the sound wave is in this case
less than the relaxation time, we can disregard
the relaxation processes completely and consider
only the absorption of sound quanta (the number
of which is N >» 1) by the electron excitations.

Writing for the probability of absorption of a
sound quantum

Wi = NV (urier — vsow)2 NF (1 — ) 8 (&' — & — Fiw)
k

+ (Weve +upve® N (1 —F) (1 —F) 8 (" + & —ho)l
(f —number of electron excitations with energy e,
N —number of phonons of frequency w) and for
the probability of the reverse process

Wi~ 2|V [2 (et — veoe)® (N 4 1)
k
X(1— ) ['8 (¢' — & — Fo)
+ (evr 4 upv)* V 4+ 1) ff8 (&' + & — ho)]

and substituting the expressions for ug and vy,
we obtain for the absorption coefficient, which is
proportional to the difference Wi— Wy, the ex-
pression

AR (B = [,
+(1-E=2 0 — F=1)8( + e — ho)}

pdpsin & dd dp
4n2hd

10 (¢ — e —Fho)

(2.1)

From the momentum conservation law we obtain
for the angle ¢ between p and q, in the case of the
scattering of electrons by phonons (p’ =p +q)

cos & = (2mE’ — 2mE + ¢%)/2pq.

In the creation of excitation pairs (p +p’ =q) we
have

cos O = (— 2m&’ + 2mE + ¢)/2pq.

Taking these relations into account, we obtain
upon integration over the angles (the polar axis is
chosen in the direction of the vector q) and after
changing to integration with respect to €
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The function D (hw/T) has been introduced be-
cause creation of excitation pairs is possible only
when hw = 2A.

We put approximately

I + (B8 — A?)/ee’ =~ 2; 2.3)

and consider here frequencies that satisfy the con-
dition Hw < T. We then obtain

) x—b
t=const-T[{ (—F)dz +D (9 | (1 —f—p) ez];

b b
F=(+1)7 b=AT,
Simple integration results in a general formula

for the ratio of the ultrasound absorption coeffi-
cients in the normal and superconducting states RY

Tltn = {x — In [(&+* + 1) (¢4 1)1 4+-D (x) (26 — x
+21n [(e*—? 4+ 1) (¢ — 1)1}/ In [(ex +1)/2].  (2.4)

When x < 1 we have vg /vy = 2/(eP + 1), which
agrees with the result obtained by Bardeen, Cooper,
and Schrieffer [17and experimentally confirmed by
Morse and Bohm. [11]

z2=¢/T, x =holT.

3. ABSORPTION OF LONG-WAVE SOUND

We now investigate the absorption of sound in
superconductors for the case when w <« 1/7; for
electron excitations we have according to [11]
7~ 10""—10"% sec. We consider first the ab-
sorption of sound by electron excitations, which
makes the main contribution to this absorption.
We consider the sound field as a factor that de-
forms the lattice. The irreversibility of the de-
formation process indeed leads to the absorption
of sound energy. The problem thus reduces to a
solution of the corresponding kinetic equation and
subsequent calculation of the dissipation function,
which determines the absorption of the sound wave.

We write the kinetic equation

_<3_;)s - ;IVP (urtr — veve {[F (1 — ) (N 4 1)

—fA—F)N1B (' —e—Fw) + [ (1 —HN
—fA—=F)WN +1DI8 (e — e — ko)

FIVE (ueow 4+ weodt IN (1 — ) (1 — )

— W+ D18 (" +e—ho) (3.1)
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where N is the number of phonons of frequency w.

When the sound field is turned on, the electron
is in a lattice with a somewhat modified constant,
so that its momentum becomes dependent on the
deformation tensor. 2] Therefore

of of &
(737)s = 55 = &ir (k) uie

(ujx —deformation tensor; €jx(k) —tensor de-
pendent on the direction of k). We assume that
1> A (I —mean free path, A —wavelength of
sound). We can then neglect the electric defor-
mation fields. [13]

We seek the distribution function, as usual, in
the form f=f, + g (€, 2), where f,= (e€ T, 1)t
and g (€, ) depends on the energy of the electron
excitation and on the angles that determine its di-
rection of motion. We expand g (€, 2) in Legendre
polynomials and confine ourselves as usual to the
first term of the expansion, i.e., we assume g (€, Q)
=g(€)px/p (p —electron momentum, px — its
projection on the direction of the sound), g(€)
being sought in the form

ge) =T ol F

Then (3.1) is rewritten as

ﬁ,e"r% Eirllir = S Nol Vlz (1 —I— E;E—’%Az)
x [ ()% — 0 () 2] o™ (& — & — i) dg
+\Wa Ve (14 B o () 2%

— ¢ (0) 2] fofoe™8 (e — &' — ) do

P (- E5) e ) 5

— g (e ”—;] Fofoe™T8 (e &'—ho) dq. 3.2)

For the momentum projection averaged over the
azimuth ¢ we have qx = 27 (px/p)q cos ¢ (8 —
angle between p and ¢; the polar axis is chosen in
the direction of the vector p), with cos 4 ~ —q/2p.
We integrate further over the angle ¢ and put ap-
proximately

' — A? ee’
(1555 e =2

We seek ¢ (€) in the form ¢(€) = @4 + ¢4(€),
with ¢¢ > ¢4 (¢, = const). Introducing further
the variables z = ¢/T, b = A/T, x =hw/T and in-
tegrating with respect to z and with respect to the
angles in the momentum space of the electrons, we
obtain

819
¢ 2 : s s O 26dx 42 dQq,
§<e‘+1)=e"k””‘d2dg_|v X §e‘—1§ @+ @11
pwpplrel o cen
b

W=V

We see therefore that the sought function ¢ has
the form

const 1
T @ +nom

Q= 3.3)
For &(T) see (1.6).

The impurities do not play any role in this proc-
ess. They cause elastic scattering of the electrons,
and their effect can be accounted for by adding a
term (f—fy)/7 to (3.1). This term, however,
drops out in the integration over the angles in the
momentum space of the electrons, a natural fact,
for in this case elastic scattering cannot lead to
establishment of equilibrium.

We now find the dissipation function, which de-
termines the absorption of the sound energy. The
entropy of a gas of electron excitations is

S=2{(fe — 1) In (1 — f&) — f In fu},
K

which leads to the followiﬁg expression for the dis-
sipation function:

=TS = — f__ 8
W =TS Tgfk =T (3.4)
Substituting fy from (3.1) and then integrating with
respect to € and the angles in the phonon momen-
tum space, we obtain, with account of approxima-

tion (2.3),
W=\ xddo@lp@+x2)—0oE)
0 b . o
ez+x 2
x2dx dzo (2
D@D ET +§ bSLx ve

eZ

(=1 +1 (41

X lpz—x Q) —o¢(z Q]

o

_’_S
2

2b

—q (2, Q)]

x—b

x2dx S 92 lp(x—2z Q)
b
e dz

(@+1) (1) (€ —1)

We therefore find

const 1

V="r oiyom

(3.5)

This formula was first derived in |:2]; it is seen
from (3.5) that W is a universal temperature func-
tion. Consequently, the coefficient of absorption

of long-wave sound by electron excitations, which
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is proportional to W, is given by
4D (T )

T T e @)

(3.6)

where ype = const/T® is the coefficient of absorp-
tion of sound in the normal metal [13]; ; ®(T) is
given by (1.6) (see Fig. 2).

We determine similarly the absorption of sound
energy by phonons. The sound field changes the
phonon frequency to w’ = w (1 + @jyujy); here ajy,
is a tensor dependent on the direction of the phonon
wave vector and uj;, the deformation tensor. The
kinetic equation for the distribution function of pho-
nons interacting with electrons in a superconductor
in a sound field has the form

— N2he/T '—i—w— Oty = S [V P{2 (uattsr — VrOR)?

X[FA—HW +1) —Nf(1—f)18(e —e—hw)

+ (upve + upve)?lN 4+ 1) ff

—N(A—=H(U—=F) 8 +e—ho)} ptdp dcosd do.
(3.7)

The perturbation of the phonon distribution
function R = N— N, can be determined from this
equation by a method similar to that used in cel,
and has the form

R = — N&*r (x)/T;

_ const {io
)@ +1) (e2+‘+1)
x—b

dz
D JR e
+ (x) § (ez + 1) (ex—z + 1)}

o= Sa)

For the dissipation function of the phonon gas we
have

W= — T 2)RN/No (No + 1).
q

Evaluation of this function yields (see Fig. 3)
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Tsp/'l'np = F (T)/F (T¢);
F(T)=—8(* 4 (et — 1) —65(3) (¢ + 1)
—3 @€ 4+ i s~3¢—2bs (46%s% + 4bs + 2)

s=1

+65 (4) (¢ — 1) — (& — 1) % §™te—2bs (86353 + 126%s?

s=1
+ 12bs + 6) -+ 3263 (e2b — 1)!

—at 2 {se=%s Ei [—s (20 —a)l} + 6 }_" §-3g—2bs;
s=1

a=~2b—0.16;

E(s) =D ns;
n=1

Here ygp and ypp are the coefficients of absorption

of sound by phonons in the superconducting and nor-

mal states. g, is also a universal function of the

temperature. The total absorption coefficient is

¥Ys = Yse * Ysp-

The absorption of sound by phonons increases
with decreasing temperature because the phonon
mean free path is increased by the deduction in
the number of electron excitations. This absorp-
tion mechanism is significant at temperatures not
too close to T¢.

s=1

T (3) = 1.202; ¢ (4)=1.082. (3.8)
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