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Nuclei with doubly filled shells with one added nucleon or with one nucleon missing are inves-
tigated. Single-particle nucleon energies due only to the central part of the self-consistent
potential are singled out by taking into account the interaction with the nuclear surface vibra-
tions. Surface interaction parameters are derived, which explain the experimentally estab-
lished quadrupole moments and the E2 transition probabilities. The applicability of the per-

turbation method to light nuclei is discussed.

THE shell potential in which nucleons move in the
nucleus is usually determined by investigating
nuclei having doubl[y—filled shells with one nucleon
removed or added.!!»% Thus, for example, Sliv and
Volchok have determined the parameters of the
potential in the Woods-Saxon form. They noted
that the nucleon is acted on not only by the central
part of the potential but by an additional part con-
nected with the deformation of the potential sur-
face. However, a hypothesis has been advanced
that account of this interaction results in a small
level shift (on the order of 100 kev), which does
not influence the choice of the parameters and
whose influence on the E2 transitions can be de-
termined by perturbation theory.

A check of these assumptions for O!7, Pp¥7,
Pb®, and Bi%¥, reported in the present paper,
has shown that the interaction due to the deforma-
tion of the potential surface is not small in the
case of heavy nuclei, and is particularly large for
light nuclei. A more accurate calculation shows
that perturbation theory cannot be used to account
for the quadrupole moments and for the transition
probabilities with the determined parameters of
the interaction with the surface, not only in the
region of light nuclei, but also for certain heavy
nuclei (Pb®7)., We have obtained the true single-
particle nucleon excitation energies, due only to
the central potential of the self-consistent nuclear
field.

THE NUCLEUS O!7

The nucleus O!7 was chosen for research in the
region of light nuclei, since it has been relatively
thoroughly investigated; the quadrupole moment

and probability of E2 transition (% — %,) have
been measured for this nucleus.

The motion of the external neutron and of the
surface of the nucleus are described by a Hamil-
tonian

H = Hc(r) + Vs (o, 1) + Hs(a). (1)

Here Hg(r) is the central part of the self-consis-
tent potential [J:

He= 5+ VO =4 (g 7 (2)
where V(r) is the Woods-Saxon potential
V(r)=Vo/(l 4 extr=rv); (3)

Vg(a, r) is the quadrupole terms of the expansion
of the self-consistent potential in Legendre poly-
nomials.

Vg can be regarded as an interaction between
the nucleon and the oscillations of the potential

surface:

Vs (O(, l') =—k (f) 2 &mxy?p. (ev (P)’ (4)
iy

where @y, are the parameters of the nuclear
deformation “;

oy = V0] 2C (bs + (— 1) 51,), (5)

b;’; and by are the creation and annihilation oper-
ators for vibrational phonons with spin 2. Then
the Hamiltonian Hg, describing the collective os-
cillations of the surface, is

Hs =ho 2\ (Vs + byby). (6)

™

For small deformations of the potential surface
we have
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k(r)y=rodV/or. (7

Calculation shows that independently of the
states of the particles, the matrix elements
(nl | k(r) | n’l’) are approximately constant and
have a value

¢ v ,
(nd |k () |n'0) = Rut(r) Rue (1)1 T dr == (— 1)k, (8)

0

where Ry (r) are the radial functions in the po-
tential (2). For heavy nuclei in the lead region
k ~ 36—40 Mev, while for O!7 we have
k = 30—35 Mev. If we assume k = 40 Mev, as is
customarily done, the constant C in (5) assumes
the meaning of the effective surface tension.

The eigenfunctions and the eigenvalues of the
operators Hg(a) and Hc (r) are known. An
eigenfunction of the Hamiltonian (1) is a superpo-
sition of the product of the eigenfunctions of Ham-
iltonians (2) and (4), with different particle angu-
lar momentum j and angular momentum of the
surface R; only the total momentum of the level
I is conserved, with

V1 = 2 clwrlis NR; ). (9)
JNR

The term Vg of (4) is determined by the
diagonalization of the energy matrices in the three-
phonon approximation. The nuclear energy levels
and the coefficients cI-NR will be functions of two
parameters, namely C and the phonon energy hw.
The matrix element of the operator Vg is

(7 NR: J| — kDo, You | i3 N'R'5 1)
p.

= — (— ). 40V ho [ 2C 8y nrgy (— 1)FR—
X (JIY?i) (NR|V* [ N'R) W (jRj'R; 12). (10)
The matrix elements (NR Il b? Il N’R’) given here

are taken from the paper by Raz (4] and
W (jRj’R’; 12) are Racah coefficients.

Table I. Mixture coefficients c-INR

Tables I and II list the coefficients CINR for
C =100 Mev with iw ranging from 1 to 10 Mev.
When hw is 1 and 2 Mev, the first excited level
with I = 1/2 is the level with a single phonon; but
when Hw has values from 3 to 10 Mev, the admix-
ture of levels with phonons is sufficiently large.
Since the coefficients of mixture cI-NR depend
relatively weakly on the choice of the single-par-
ticle level energy Ejg,/5, We can calculate the
quadrupole moment and the reduced probability of
the E2 transition %, — %, without specifically
fixing this energy. The quadrupole moment of the
external neutron is determined by the collective
part of the operator Qm:

Qs = 3 (55) "ZR} Catggdarmy. (1)

The matrix element of the opefator Q5 has the
form

(s NR; I |otgq | s N'R; 1) = Clingdyr (— 1) ™%~V hw [ 2C
| (NR % N'R) V2T + 1 W (RIR' I j2). (12)

Let us calculate now the transition probability.
By reduced transition probability we mean

B(E2) = T (E2)/ (AEY, (13)

where T (E2) is the total probability of ¥ transi-
tion per second; AE is measured in Mev. Then

Bexp (E2) = 0.79-10198€C1. Me v,

Since diagonalization causes the wave function
of state (9) to be a mixture of states with different
j and different number of phonons, By (I— I')
has the form

4 3ZeR: )% 5, ,
B(EQ):75nr(chc)5 { /mo} Tw(w +1)
<{ X dvrcivr (— 1) (VRIFIN'R)
JNR,i"N'R’

X W(RIRT; 2) (14)

for C =100 Mev

at various values of hw for the level I = 5/2

hw, Mev
1 2 N 3 ’ 5 l 7 ] 10
dsy; 00; 5/2 0.762 0.830 0.866 0.906 0.926 0,945
d%‘ 125 5/5 —0,524 —0,443 | —0.392 | —0.327 | —0,287 | —0.248
dyy s 205 5/2 0.168 0,116 0.090 0,062 0.048 0,035
ds;; 22; 5/3 0.029 0.033 0,031 0,025 0.021 0,016
d;,/z; 24; 3g 0.186 0,140 0.113 0,082 0.064 0,048
d5/:; 30; 52 —0.025 —0,017 | —0.012 | —0.007 | —0,005 | —0,003
/3 32; %/ —0.044 —0,023 | —0,015 | —0,008 | —0,006 | —0.003
ds;,; 34; 3y —0.,012 —0.009 | —0.007 | —0.004 | —0,003 | —0,002
sy 123 s —0.243 | —0.253 | —0.255 | —0.240 | —0.222 | —0.201
Sy, 22 5/a 0.124 0,100 0.081 0,059 0,046 0.035
S5 323 %fa —0.046 —0.031 | —0,022 | —0.013 | —0,009 | —0.006
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Table II. Mixture coefficients C'INR for C =100 Mev
at various values of fiw for the level I = 1/2

hw, MeV
I j
1 | 2 ’ 3 ‘ 5 l 7 l 10
dy; 125 Y, 0.762 0.719 | —0.661 | —0.564 | —0.495 | —0.423
dy; 22; s —0.385 | —0.276 | 0.211 | 0.140 | 0,103 | 0.074
ds/; 32; Vs 0.158 0.097 | —0.065 | —0,036 | —0.023 | —0,014
s, 005 Yy —0,442 | —0.603 | 0,701 | 0,805 | 0.859 | 0.901
sy 205 Ys —0.210 | —0.176 | 0.143 | 0,101 | 0,077 | 0.056
s, 305 s 0,076 0,050 | —0,035 | —0,019 | —0.013 | —0,008
where Calculations yield
Ro—= 1,2 A%.1073 cm. Q(ho =3; C=120)= —0.3.10"% cm?,

As can be seen from Figs. 1 and 2, the quadru-
pole moment Q and particularly the reduced
transition probability B(E2) are very sensitive
to changes in C and depend little on iw. We can
state immediately that the values 50 and 300 Mev
are not suitable for C, and that C ranges from
100 to 200 Mev. The value of fiw is determined
quite stringently by the probability of transition
from the second excited level. But this probability
has not been measured experimentally, and we
can therefore use for the choice of hw the calcu-
lations of the energy levels and transition proba-
bilities for the neighboring nucleus O}, for which
hw = 2—5 Mev. It is seen from Figs. 1—4 that
when fiw < 7 Mev perturbation theory, accordin;
to which Q and B(E2) are independent of Hw, ]
is inapplicable. Choosing hw ~ 4 Mev with
C =~ 130 Mev, we find that Q and B(E2) are
close to the experimental values:

Qexp = — 0.26-10725 cm?,
B (Ez)exp =0,79. 1010 sec" Mev's.

cm
c=r100

-04

FIG. 1. Quadrupole moment
of 0" for various C as a func-
tion of hw.

-af

B (E2) (o = 3; C = 120) == 0.65-10'° gec™!. Mev™5:
Q (ho = 4; C = 130) = — 0.29.1072 c¢m?,
B (E2) (ho = 4; C = 130) = 0.70-10" gec™!. Mev™®.

Having determined hw and C, we must take
account of the level shifts due to the interaction
with the surface. Whereas in perturbation theory
these shifts are independent of the state in the
second approximation, a more accurate calculation
shows that the interaction is much stronger for
I= 1/2 than for I = 5/2. Thus, for C =100 Mev, the
level I =1/, drops by almost 2.5 Mev, while the
level I =%, drops by 1 Mev (see Fig. 3). There-
fore, when the interaction with the surface is taken
into account, these levels are closer together than
in the single-particle case. Thus, the experimen-
tally measured position of the level I =Y, is much
lower than its single-particle value. With hw
=4 Mev and C = 130 Mev, the distance between
levels agrees with the experimental value
(0.87 Mev) at a single-particle energy Eg1/,
=1.8 Mev.

210"

- B,sec™!«Mev—*

FIG. 2. Reduced probabil-
ity of E2 transition (% » %)
in O for various C as a
function of fw.

arme”
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Table III. Comparison of calculated and experimental data*
for Hiw =3 Mev and C = 1000 Mev

Q, 10~ * cm? T (E2), 10 sec™*
Nucleus E, Mev Eexps Mev
theory ' expt. theory | expt.
|
Pb207 0.48 (I =5/y, 0.57 ; — t — 0.9 l 0.9
Pb20® 0.76 (I=1/;) 0.75 ‘ —0.26, — — \ —
Bi209 0.93 (1 =7/s) 0.91 | —0.46] —0.4 0.6 | —_

*E — calculated single-particle energy, Eexp — experimental location of excited levels.

E, Mev
1G -
114, £=500
//, -
1 7
/ 1= Y4, c=200
// pras -
-~
//
7
/
o —+ -
7 7 I3 )
1=54,0=500
e T S T 0100
-7 /=55, 0200
./
=%, 0=100

FIG. 3. Change in energy levels of 07 due to interaction
with the surface, as a function of fiw. The single-particle en-
ergies are shown by the heavy lines (levels with I =% are
shown solid, levels with I =Y dotted).

THE NUCLEI Pb¥", Pb?®, AND Bi%?

The nuclei Pb2°7, Pb2°9, and Bi®® were inves-
tigated analogously. The parameters of the sur-
face interaction were assumed to be approximately
the same for these nuclei, inasmuch as the nuclei
are close.

From the experimentally known quadrupole
moment of Bi?®® and of the probability of the E2
transition in Pb®7? (%, — Y,) we can determine
hw and C.

Table III lists the calculated data, from which
it is seen that when iw = 3 Mev and C = 1000 Mev,

E, Mev
2
¢=500
200
140 FIG. 4. Location of
1 //’M— level I =% in O'" as a
V4 Eexp function of fiw with Epg1
/_ﬂ_ = 1.8 Mev.
Z 4 6 4 W

the calculated values of Q and T (E2) are close
to the experimental ones. If we take C = 2000 Mev,
then the quadrupole moment of Bi%"® is also close
to the experimental value Q = 0.35 X 1010 gec 1.
It is obvious that for Pb¥? and Bi%® the value of
C lies between 1000 and 2000 Mev. The transition
probability in Pb®? with C = 200 Mev is found to
be too low, T(E2) = 0.25 x 10! sec™!; it is con-
sequently better to take C = 1000 Mev for Ph27,

Choosing the interaction parameters in this
fashion, we can calculate the level shifts in these
nuclei. The interaction is most appreciable for
Pb?7 (see Fig. 5). For Bi?® and Pb?®, the dis-
tance between levels remains practically unchanged.
In the region of heavy nuclei, calculation by per-
turbation theory does not introduce appreciable
errors in the quadrupole moment and in the transi-
tion probability from the first level. For example,
assuming C = 1000 Mev, we obtain in the second
perturbation-theory approximation T (E2) = 0.93
x 1010 sec~! for Pb®" and Q = —0.50 x 10~ cm?
for Bi?. When C = 2000 Mev, Q = —0.35
x 10"% cm? for Bi?®.

However, if the probability of transition from
the next levels is taken into account, the results

£,
Mev 7/
1, 2 |-
v/
/A
5
w22 093
7 2.9/
21 \oz
748 075
057
7 il aiin
L/
% Y%
pr”7 pb205 Bizﬂ!
-05

FIG. 5. Account of the interaction with the surface for
heavy nuclei. Left column — single particle energies, right
column — level shift due to interaction for fiw = 3 Mev,

C = 1000 Mev; the dashed lines show the levels shifts for
Hiw = 3 Mev and C = 2000 Mev.
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of perturbation theory are no longer correct,m for
they can differ by several orders of magnitude from
those calculated by the diagonalization method. For
levels with small j (as for example in Pb®7) the
determination of the correct level shifts calls also
for a more accurate account of the interaction with
the surface.

The author considers it his pleasant duty to
express deep gratitude to L. A. Sliv, under whose
guidance this work was carried out, and also to
G. A. Sogomonova, who participated in the calcula-
tions.
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