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Expressions are found for the coordinate fractional parentage coefficients of an arbitrary
multishell configuration in the form of a product of single-shell parentage coefficients and
matrix elements of the transformation matrices of the permutation group and the rotation
group. Formulas are presented for the matrix elements of the operators F and G in the

case when they do not contain the spin variables.

THE problem of computing the energy and other
characteristics of a system of n identical particles
meets with difficulties in constructing the wave
function and in the complexity of the computations.
The introduction of fractional parentage coefficients
in the papers of RacahlU definitely simplified and
systematized such computations. Later a whole
series of papers appeared on the calculation of
fractional parentage coefficients for identical par-
ticles (for a single shell).[2- Parentage coeffi-
cients for a configuration of several shells were
obtained by Levinson, ) and an expression for the
fractional parentage coefficients of a two-shell
configuration was used earlier by Elliott and
Flowers.[¥) Balashov, Tumanov, and Shirokov "
obtained formulas for the matrix elements of con-
figurations consisting of several shells by applying
the methods of second quantization.

If the operators do not contain the spin vari-
ables, then to compute their matrix elements we
need only know the parentage coefficients of the
coordinate wave function. In the present paper we
derive formulas for the coordinate fractional
parentage coefficients of an arbitrary multishell
configuration. We show that these coefficients are
expressible as products of coordinate fractional
parentage coefficients for a single shell and
matrix elements of the transformation matrices
of the permutation group and the rotation group.
In addition we give formulas for the matrix ele-
ments of single-particle and two-particle opera-
tors which depend only on the spatial coordinates.

1. TWO-SHELL CONFIGURATION

The primary interest in quantum mechanical
calculations is the computation of matrix elements
of operators of the type ERY

F= 2 fi! G= Zgiﬁ"
i=1 i<j

It is therefore convenient to represent the wave
function of a system of n particles as an expan-
sion in which one or two particles are separated
out; the coefficients in such an expansion are
called fractional parentage coefficients. We write
the formal expansion of the coordinate wave func-
tion for a configuration consisting of two shells.*

a) Removal of a single particle, parentage co-
efficients of the type <n -1, 1|} n>:

O ((I* Ml oLy, 17 [Ae] aoLs) [A] (r) LM)

=2 D (U (Ml arLy, 1 [ha] oLa)[A] () L', 1y; LM)
1'2 a'lL'lL'

X B Y anly, 157 [Ae] otalo) [ LY, LG LY I [M]
X oy L]»l?[}“z] 0‘2L2§ [A) L>

2 2 QU Ml oLy, B [l L) (M) (F') L Ly LM

Ay a'zL;L'
XU M aaLy, 7 [Aa] oo Lo) [V L Ly L) 1 [Ay]

X oLy, ?Mz]o‘sz;[}"]L% (1)

The function ¢ is formed as follows: we vector
couple the wave function of n’th particle to the
wave function with permutation symmetry
[A’](r’) for the configuration of n — 1 particles.
There is no summation over [A’] (r’) since the
assignment of the Yamanouchi symbol (r)

*Throughout the paper we use the notation of our previous
work, ['2] references to which are indicated by a Roman nu-
meral I. The quantum numbers of the configuration left after
removal of a particle are indicated by a prime, those of the
removed particle by a double prime.
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COORDINATE FRACTIONAL PARENTAGE COEFFICIENTS

uniquely determines the symmetry of the (n — 1)
particles (cf.[273]),

b) Removal of two particles, parentage coeffi-
cients of the type <n - 2, 2|}n>:

(] ((lf' [Aq] °‘1L1: *[Ag] cioLo) [M1 (r'1") LM)
=2 2 (T Ml oLy, B ] dals) (W]

7\1 alLlLlL

x (r'YL', B[A"] Ly; LM)

X (I (MT gLy, B [Ag) aaLs) ML,

— BINTLGLY B (Ml oLy, 157 [Ao] otoLy; [A]LD

12 2 e el [Ae] g L) [M] () L',
) o L L L'

2 27272

X 2N Ly; LM) (15 M1 gLy, 8772 (Aol o Ly) [M) L,

— BIA) Ly, L |y 17 M) oLy, 13 (Mgl oLs; [A]LD

+2 2

>‘1)‘2 alLl a2L2L L”

@ (0 (Ml oLy, 157 [Ag] o Lo) [A]

X (r') L Lly ML LMY (] o Ly, 1577 (A ap Ly)

X ML, — Ll IN] L L)} I [M] oLy, I3

X [Aelagly; [AM]L). (2)

The choice of the representation [A’], when re-
duced to the subgroup Sp-3 X Sy, corresponds to
assigning the symmetry of [A’](r’) and [A”], so
there is no summation over these symbols.

To find the fractional parentage coefficients
defined in (1) and (2) we shall start from formula
I (20). Our problem is to transform it to the form
(1) and (2).

Let us go through the derivation for the case of
removal of two particles. For (r)A in I (20) we
choose (1’ r”). Just as in'®, we divide the sum
over Q into four sums, according to the effect of
the permutations on the coordinates of the
(n — 1)-st and n-th particles: we denote by Q
those permutations which bring n — 1 and n to
the positions ny — 1 and ny, by Q; those which
bring n — 1 to the position ny, by Q3 those which
bring n to ny, and by Q; those permutations which
leave n — 1 and n in their places. It is obvious
that

n(Q,) = (ni—’ff)z_')ii—z' ) n(Qy) = n(Qy) = (nl_(q)T(izL n’
4
Q)= =D, Q) =2 n(Q) = - 3)

=1
Every permutation Qj can be represented in the
form of a product QjPj, where Pj brings n — 1
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and n to the appropriate places, while Q{ does
not act on them, i.e. Q{€Spy-y. It is not difficult to
show that we can choose the following permuta-
tions for Pi*

P o [Pn, n—2...ny—1, n—1, n—3... ny n2 Odd,
| =

| Puons..nPny n—s..n— ny even, (4)
P2=Pn—1,n—2...n,, P3:Pn,n—1P27 P4:1'

Let us consider the sum over Q;. When trans-

formed appropriately, this sum should give ex-
plicit expressions for the fract10na1 parentage co-
efficients of the type <11 2,1 |}111122> Af-
ter applying Py to ¢, we have

2y = o2 DKM () Qu M (rira)

ryry Q'l
X Q@' (11 (M) (ry) auLy, 137 [Ag] (r2) L
—IM1,2,...,ny—2,n—1,n,n,— 1, n Ln—2)
A e ]
€= [TAJM n! ] ®)

The arrangement of the particle numbers in the
argument of the function ¢’ corresponds to the
distribution of the particles over the shells. Since
we sum over the Yamanouchi symbols, the expres-
sion (5) can be replaced by the equivalent expres-
sion
2y=c 20 QM) Q| M (rar)hara)>
MM &
X Qu (5 ] (rary) ouLy, 15 [ho] (r2) oLy
—IM|1,2,..., n—2, n—1, n—2).
(6)

nn—1l,n, ...,

We strip off the particles n — 1 and n from
the first shell using the fractional parentage co-
efficients for that shell, and then change the order
of coupling of the orbital angular momenta so that
the group I117? is coupled to I’}2. When we do this,
we get a transformation matrix for the rotation
group, in other words, a matrix which transforms
between different schemes for coupling the orbital
angular momenta: %]

¢ = 2 @ (2 M) (r) oLy, 152 [A] (ra) aals) L,

alLlLlL

XM Ly LM) (2 MY only, M Ly Ly

% [M1oa Ly >((LLs) L'Ly) L ((LiLy) LyLg) LY. (7

We write the matrix element as Q; = Q{P; ac-
cording to the formula for multiplication of the
matrices chosen for the intermediate state with
permutation symmetry of the function ¢” and a

*We choose for Q the permutations which preserve the
increasing order of numbering of particles within each shell.
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definite permutation symmetry [A’] for the first
n — 2 numbers:

LM (F'r") | QuPy | [A] ((ryry) Ayra))
= DM (') Q1] M ((rare) A 7o)
> <[7‘]((r1f2) 7"1;1) | Pl} [M((f;ri) Airs)).

Since Qj€Sp-3 the sum over A7 is replaced by
63/’ and in addition we also get 6, »”. It is not
difficult to show that P; is a matrix of type I (18),
i.e. it is diagonal in [Aj] (rj) and is independent
of the Yamanouchi symbols. Consequently the
summation in (8) drops out.

We substitute (7) and (8) in (6). Since

2 2 AV () | QT (rr)> Q@ ([M1 (), [hal (), (7))
172¢

=D (([M] [A0) IMT(7), [A"]),
e

= (n1—2)!n2!f ”

N

the summation ) ); finally takes the following
form*

A=’ 2 D ST MLy, 1 [halonly) (M1 (F) L,

7‘1 alLlLlL

(8)

(9)

MRV Ly LMY [MJon Ly, BIA'] Ly Ly} 13" (M)

X oy Lyy <AN(MAAAY) || Py [ [M((MA)Ashe))

2 (LaLs) L'Ly) L (LiLy) L Lo) L. (10)
Comparing this expression with the first term in
(2), we get the following formula for the fractional
parentage coefficients:

P IM) oLy 13 (As] auls) (V] L, 12 [x"lL;’;le} [ Ml

Mom (nl-—ﬂ)}/2

\(11[‘1,»>l;‘2[}w]dnL) [7\:]L :{ n(n—1)

ST ] oaly, BIATLy Ly I8 (M) aulyd
X CIM ((Ahe) MATY Py [ [A] ((MA7) Miho))

X ((LyLe) L'Ly) L| ((LyLy) LiLo) L.

Proceeding similarly with the fourth sum,
which contains a summation over Q4, and com-
paring it with the second term in (2), we get

I (A oLy, 1572 [Ag] ooLa) [MIL, I (A" LosL [}

(11)

XU [M] oLy, — 15 [Ag] atsLg; [AM] L)

e e | o "
~ | s ) i, B L)

X152 Ao lots Ly Y< (AT ((Aa )V A" | [AI (A
X C(LyLy) L'Ly)L | (Ly (LaLy) Le) L. (12)

*To simplify the writing, in indicating the method of re-
duction we write all the intermediate [A;] without the square
brackets.

3(AA) a)>
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To find the parenta%e coefficients
<l:11—1ln2 ! Ll |} li 132> we must combine the
second and third sums. First we transform the
third sum:

D, =2 DM (") | P, nmy Qe 1M (rar)> Qs

rire Q2

= ¢ 2) 2 XIMT| P, acy [N (') Q2 1M (rar2)> Q-
"2 q, (13)

Combining it with the second, we obtain

22 + 23 = Cz 2(1 + <[7\'”] ‘Pn n—1| ”"”]>Pn, n—1)
ryrs Q’

XA (r'r") | Q] [M] (rir2)) QzﬁP (I3 [M] (1) aaLy,

— 152 [Ao ] (ra) aoly; LML, 2., .0y —1, n—1; ny,
m+1... n—2, n. (14)

Next, separating off the particles n-1 and n from
the first and second shells by using the single-
shell parentage coefficients and carrying out some
transformations, we get the required expression:

QY M) aaly, 7 [Aol anl) ML, Uyl [M]L7; LI}
XIP [Aq] oLy — 132 [Ao] otLy; [ALD

Zﬂll’lz
fa b, nn—1)

X KT ) uLy, s Lol B [l oa Ly

Xl “‘rz] °‘2L2» Ly; Loly 15* [Ao] ctoLs)

X CIM ((Maha) M) [ P [l AT (A1) Ay (Ral) A))

X C(LALe) L'L") L | ((Lyky) Ly (Lids) L) L.

To obtain the fractional parentage coefficients
<n -1, 1|} n>, we divide the sum over Q in
I (20) into two sums. In the first sum we include
the permutations which bring particle n to posi-
tion ny. From 1t we obtain the form of the coeffi-
cients <I{17'132, 1, |} 1M17?>. The second sum
includes those permutatxons WhIIICh leave the - th
particle fixed, and gives us <Iji32 ', Ip|} 1{115%>.
As a result we have

B (Al oaLy, 157 [Ae] ctaLy) [A]

By f o }1,2

(15)

L, l; Li} l;l' [M] oLy,
— 15 [Ag] ooLo; (ML) — {i _} AP MY auly, L
fyby, n
Ly [} ] ouLyd <IM ((Aiho) M) || Pry ns. o, |f [
X (bt D)MAe)> <((LiLo)L'by) L((Laly)LyLs)LY; (16)
T oLy, 171 (Mol oly) ML, gy LIYE* [A] oLy,

hi, b
— 15" [Ag] 0oLy [ML>—{ ; r;} T [Nl asLols;

Lo |} 137 (Mol ooLsd <[] ((Aaho) A1) | [A] (Mg (Aal) Ao))

X ((LyLa) L'ls) L] (Ly (Lale) La) L. 1
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All our formulas for the parentage coefficients
are diagonal in the shells from which no particles
were split off, and the transformation matrices
repeat the coupling scheme in the two parts of the
parentage coefficient. It is not hard to see that for
the special case of the antisymmetric representa-
tion [A] =[11 ... 1] the formulas for the paren-
tage coefficients go over into the corresponding
formulas in the paper of Levinson, (e since, for
the one-dimensional representations the transfor-
mation matrices of the permutation group, which
appear in the formulas, are equal to unity except
for a phase factor.

2. ARBITRARY MULTISHELL CONFIGURATION

When there are k shells present, to character-
ize a state with a given permutation symmetry and
total orbital angular momentum we must also give
k-2 intermediate symmetry patterns and k-2 in-
termediate orbital angular momenta. We shall de-
fine the fractional parentage coefficients for such
a configuration by generalizing the expansion of
the coordinate wave function for two shells given
in (1) and (2):

O (I[A] gLy - . . Le¥ [Ak] awLe)® b (M (r) bLLM)

k P
=22 2 O (P MLy .. L

=1, e ’
Al.b;‘, a[LibL'l‘

[Ai] oLy ...

— 1p* [Me] oeLe)® ba IMN1(r') b L, 1 LM)

n;—

XU MY ouLy « o T AT oLy . IRE [l

X oCkLk)B'b;( [A'] by L',

=l LY (P M) oLy .. B ba [A] bLLY. (18)
B and B’ are the coupling schemes for the shell
symmetry patterns and orbital angular momenta
(cf. I); by and by, are respectively the sets of in-
termediate symmetry patterns and intermediate
orbital angular momenta. The summation extends
only over those symmetry patterns and orbital
angular momenta in bys and by, which appear
when we strip off a particle. Furthermore,

D (17 [Ag] oLy -« - (" [Ae] owLe)® ba [M (7'r") bLLM)

k
=23 S (P (Mloly . L

1 L L
O oL

—2

[A:]

’

X oLy 1y (M) owl)® = bo [M] (7') b, L, 13 []
X Li; LMYK(E IMTogLy -« 7 (A oLy o 1" (]
X axLg)® bar [N1bLL', — (A Ly ; L}

X (5[] oaLy - . )P ba [M]bLLY
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+2 2 2

i< 2" vy S
;‘[)‘jbk’ aiL[aijbL,L L

1

O (M ouly - 1M

X oLy, . = GV L L (] akLe)® by [A]

n;—1

X (r') oLy Ll ML LMY Al oLy . . 15 (A

X ogli. TV MY Ly L (] owle)®

— by [MN1bL L L IVTLY LI (U (M) oLy . 2) Boa

To obtain the fractional parentage coefficients de-
fined in (18) and (19) we shall start from the ex-
pression I (21) for the wave function. The compu-
tations are similar to those for the case of two
shells, but are more complicated. We shall give
only the results.
In the case of <n -1, 1|} n>,
A A oty Ly o T M oLy Le® (Al oteLe) Bbar [M ] 0L,
— Uiy LG Ml oLy .. )P by [A] 6L
flf)\'. ]'v'z
- b, J
UM (e Ao AT O D PP ((A - . (A1)

X g A)EOYCLy - Lie o L) by L)
X LI(Ly...(Lil) L;...Lg)° b L>. (20)
In the case of <n — 2, 2|} n>, for the strip-
ping off of two particles from the same shell,
P MY Ly o 1 (A oLy e (Aa) L) b [V]
X oL, > [N L L (5 (M) oLy .. )P ba [A]bLLY
flf;.[’. n; (n,—1)"2
- {7)\4)\[_ n(n-—1)

TV IMY oLy, L Loy DAoL

:15

TP oLy, BV LY LG

XN oLy M (M- - Ao M) B MAT) || PR [A]

X ((hy oo WA Mg A)B B, . . L

X b L' L)L (Ly... (LiL))L; ...Ly)" b LY.

For stripping off from different shells,

G T T PR SRR TY Y S KA TV 9
o L I aLe)® bo [N bLL, s L ALY LYY (6 (M)
f)\f 'f 4 « 1

B . [ NoA 2 L

X O(lLl .. ) b)‘ [}\/] bLL> = ‘—“f;\»f;‘lf)‘/ m]

) LT N e, L LY 1 Tl ailyy <7 M) oL, 1

| n: ! , , ,

X LG IMY oG Ly (IM((Mge Mo A M) B MAYY || P

% I (Ageee (A1) Ao (A1) Mg M) B B3)>

! C(Lyew- Ly Ly L) b L'LY L\ (Ly.... (Liky) Ly.... (LiL))

X'Lj...Le)® b, L. (22)

.Ly)¥
(21)

All the permutations in formulas (20)—(22) pre-
serve the increasing order of numbering of par-
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ticles within the shells. P{!) moves n to the posi-
tion of the last particle in the i-th shell, whose

i
number we denote by m; = )7 ny; PP shifts n
and n-1 into the i-th shell; P(iz.) takes particle
n-1 into the i-th shell and particle n into the j-th
shell, mj <mj

Pz(l):Pn n—1...m;

pe n—2...m;—1, n—1, A=3... m; (n-mj) odd,
U )y (n-mj) even,

P _ [P N—2...M—1,m—2... My, n—1,n—3...m; (n—mj) odd,
T Paynetem Pt ns. mp-1,m—2..m;  (n-mj) even.

(23)

3. COMPUTATION OF FRACTIONAL
PARENTAGE COEFFICIENTS

The expressions found for the fractional paren-
tage coefficients consist of four factors: 1) a
normalization factor, 2) parentage coefficients
for a single shell, 3) matrix elements of transfor-
mation matrices of the permutation group, and
4) matrix elements of transformation matrices of
the rotation group. [A] = [AUAD, | AM)] of the
permutation group S, is given by the formula
fo=n] (e =) bt b, Be=AO m—i. (24)

i<j

Single-shell parentage coefficients for stripping
off of one particle for the d and p shells are given
int2 and®Y; those for stripping off two particles
for the p shell are in™. Coefficients for stripping
of two particles can be found from those for strip-
ping off one particle by using the formulas of (5],
The transformation matrices for the rotation group
are studied in detail in the monograph of Yutsis,
Levinson, and Vanagas,m:| who also give a com-
plete bibliography of available tables of these
matrices.

The transformation matrices of the permuta-
tion group can be calculated in terms of the
matrices of the standard Young-Yamanouchi 3,151
representation by using the method developed in
I* Let us consider some examples:

CIM (W) MAY || Py ] [V (A7) Ayhg) =t SKIM ((rire) M'7")

x| [A] V'» UM ()| Pyl AL (7)) <M (7) [ TA ((rer”) Mara) - (25)

*Calculations are being made at present of tables of trans-
formation matrices of the permutation group which appear in
the formulas for fractional parentage coefficients of two-shell
configurations with N = 3—6. Tables are also being prepared
of coordinate parentage coefficients for vector-uncoupled
states with numbers of particles from three to six.

KAPLAN

The Yamanouchi symbols in the matrices for
transition from the standard basis to the non-
standard one can be chosen in any convenient
manner, since the final expression does not de-
pend on them. The two transformation matrices
are found from formulas I (13) and I (8). Condi-
tions like I (10):

M VAL A(AA)) AV (A,

are imposed on the symmetry patterns in (25). We
find the matrix appearing in (12) by choosing as the
intermediate state the one with the standard pat-
tern in the reduction:

CIM (M) MA) [TA] (A (A A7) Aa)>

= D<M (ara) M) LA (1) KM () TR (7 (7r”) Do)
(r) (27)
Similarly we find the matrices with more compli-
cated reduction types.

(MMM} (26)

4. COMPUTATION OF MATRIX ELEMENTS

In those cases where the operators do not de-
pend on the spin coordinates, a knowledge of the
coordinate wave functions is sufficient for com-
puting the matrix elements. We start from the
expression for the antisymmetric total wave func-
tion in the form of a sum of products of coordinate
and spin functions,* symmetrized according to

associated representations:[3]
: 1 A 5
B DL L AL (28)
V N (rZ) ") @

Using the orthonormality of the spin functions and
the expansions (18) and (19), we can express the
matrix elements of the operators F and G for an
arbitrary multishell configuration in terms of the
fractional parentage coefficients and matrix ele-
ments for one or two particles. Here, because of
the identity of the particles or, what amounts to
the same thing, because of the antisymmetry of
the total wave function, the operator F can be re-
placed by nfy, and G by Yn(n-1)gpn_y,n. The
operator f, acts only on the coordinates of the
last (n-th) particle, and gp_y,5 on the coordinates
of the last two particles; we shall assume it to be
a scalar, and denote it simply by g.

For the matrix elements of the operator F we
get

*For nucleons we have a spin-charge function in place of
the spin function, so in the following formulas we must write
the isotopic spin T in addition to the spin S in the matrix
elements.
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k
= 0(@SMs, BSMn Y N I capiLia v

i=1 a'A'L’

XL, Ly Ly <o/ ML, 1y, LM |falo [M]L, L; LM

X (o ML, L Ly [A]LD. (29)

To shorten the writing we have omitted the desig-
nation of the configurations; the sets of orbital
quantum numbers which distinguish terms of the
same type are denoted by «, and the set of spin
quantum numbers by B. The matrix elements of
the operator f, can be determined by using the
algebra of tensor operators developed by Racah.[1€]
For the scalar operator G we have

h

k
a[MLBS|Gl& LSy =203 3

i aninerr I
X Ca[M L{jo [M]L', Ll ML LY
X<l (ML | g | Ly (W] L7

<o [ML, L (ML LIy & [A] LY. (30)

A detailed description of the computation of orbital
matrix elements of the operator g can be found,
for example, in the paper of Elliott and Lane

(cf. [”]). In the matrix element formulas (29) and
(30) it is assumed that the same configuration ap-
pears on the right and left hand sides. In a similar
way one can obtain formulas for the nonvanishing
matrix elements with configurations which differ
by having one or two particles permuted between
the shells.

In conclusion, I thank I. B. Levinson for much
valuable advice during the course of the work, and
A. S. Kompaneets and V. G. Neudachin for discus-
sion of the results.
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