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Scattering of high-energy photons by photons is investigated by the dispersion-relation tech-
nique. The cross sections for zero and small angle scattering and the total scattering cross

section are determined.

THE dispersion relation technique 0-31 jg being
used more widely for the study of various proc-
esses involving the scattering of particles. In the
present article, this technique is applied to the in-
vestigation of photon-photon scattering in the high
energy region.* The dispersion relation technique
considerably simplifies the calculation of the
scattering amplitude and cross section and enables
one to obtain the integral cross section, which has
not been calculated until now.

First, from the unitary condition we shall find
an expression for the imaginary part of the scat-
tering amplitude. Then, after investigating the
symmetry properties and analytic properties of
the total amplitude, we shall find the real part
with the aid of the dispersion relations. The dif-
ferential cross section for photon-photon scatter-
ing is calculated for scattering angles 6 > m/w
(m is the electron mass, w is the c.m.s. photon
frequency) and for zero angle. In addition to the
main terms containing the fourth degree of the
logarithm, we shall calculate terms containing the
third degree of the logarithm.

1. The dispersion relations can be used to in-
vestigate the analytic properties of the photon-
photon invariant scattering amplitude A which is
related to the matrix element M in the following
way:

M =1 2)* (0,0,0500) " A8 (ky +ky — ks — ky),

where wj and ki are the frequencies and the wave
vectors of the photons.

The amplitude A can be represented in the
form

A ZAs +Ac +Aa +As,e +Ac.e +Aa,e7

*Photon-photon scattering was first investigated by
Euler[! in the low-energy region and by Akhiezer[¥ in the
high-energy region. Karplus and Neuman investigated photon-
photon scattering with the aid of invariant quantum electro-
dynamics. [°]

where the partial amplitudes Ag, Acg, and Ay
correspond to the scattering processes

() (Ry, €1) + (ka, €3) — (s, €3) + (s, &),

© (k1 1) + (— ky, &) — (k3, €3) + (—ks, €9),

(@ (g, 1) 4 (— ks, €3) — (— ke, €3) + (4, €4).

The partial amplitudes Ag o, Ac,e. and Ay e
correspond to exchange scattering processes with
the photons in the final states (kj, e3), (k. ;) and
are obtained from Ag, Ac, and Ay by means of
the interchange

(ks3, 5) <> (kq, €4). (1)

The amplitudes A; and A, can be obtained from
Ag by means of the interchange

As— A: for (ke, €2) < (— ky, &),

As = Aa for (s, €2) < (— ks, €3), (2)

and it is therefore sufficient to consider only the
amplitude Ag.

In order to determine the imaginary part of
this amplitude, we shall start from the unitary
condition for the scattering matrix S:

S*S =SSt = 1.
Setting S =1 +iT, we obtain
T —T+ = iT'T. (3)

The amplitude Ag is related to the matrix element
of the operator T in the following way:

i Ckaes, kaes | T | kiey, koeo)
= —i—(Qn)“ (000030,)"2AD (By + ke — ks — ky).
1t follows from (3) that

Im <k.e;, kies | T | kieq, Roes)

= LDV Chaes, kees | T [ np<n | T | ki, ko). (4)

If from all the intermediate states in (4) we re-
tain only the states of a free electron-positron
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pair, we obtain the following expression for the
imaginary part of the amplitude Ag in the first
nonvanishing approximation of perturbation theory
(in the order e%):

2 4 2
Im 4, = (ZL) > T A (kses, kiea, PrS1, — PaSa).

P15y 172
(p,+_}7':£781+k2)

X A (p1S1,—P2S2, k181, koto) . (5)

In the first-order approximation of perturbation
theory (in the order e?), the expressions occurring
in (5) for the amplitudes of the creation and anni-
hilation of a pair in which two free photons take
part are well known:

(i(m—k)—m)e

— 2piky

A (D181, — P28, kaey, koes) = 532;(P1) [61

e (i(pr— k) —m) ey
h _2p1k2 v(——p2)y

A* (kses, kaey, p151, — p2s2)

i e (i (p1— ks) —m) e

— — iefo (— py [ BB
G &

+ ez (i P1_2pl4]z4 m) &,jl 4 (pl)

(Invariant normalization factors were chosen here,
for the spinors u and v.)

It is seen directly from (5) and from similar
expressions for Im Ag and Im Ay that the follow-
ing equalities hold:

As,e = As; Ac,e = Am

Introducing the notation
As=5(A1 +A1L),  Ac= 1A+ 4y,
Ag =2 (Ay e + Ay,
we write the total amplitude A in the form
A=A +A +A4; +A,. + A4, +As..

In the first nonvanishing approximation of per-
turbation theory, it follows from (5) that the imag-
inary part of the amplitude A, is depicted by the
two Feynman diagrams shown in Fig. 1 (the elec-
tron lines with the horizontal stroke denote free
particles).

The amplitudes A; are functions of the scalar
products kijej and of two independent scalar in-

337

variants associated with the total energy and
momentum transfer. We introduce the following
notation for these invariants:

§=—(ky +k)® = — (ks + %)%

t = (ky — k)® = (ks — k4)?,

u = (ky — kg)® = (ky — ky)*.

By the law of conservation, s, t and u satisfy the

equality —s +t +u = 0. Using the properties of
crossing symmetry (1) and (2), we have

A1 — Az for (k2’ e) > (—ky,e), S——u, t—1
A1 — As  for (ky, €) &> (— ks e3), s——1t, u—y
Ar— A, . for (ks, e5) < (ky, €4), s—s, t—u;
A=Ay . for (R ) — (—ky, e)),

(k3, €3) — (Ry, €1), (k2, €3) — (— ks, €3);

s—>—1t t-—u UuU-—>—Ss;

A1 — Az for (ks €:) — (— k4, i),

(Ra, €1) —> (k3, €3), (s, €5) = (— ks, €.).

S——u, u-—>t [-—>—s. (6)

The kinematics of all scattering process with
four external free-photon lines is shown in Fig. 2.
The energetically allowed region for the processes
described by the amplitudes A; and A; o is the
half-plane s = 0, and the processes described by
the amplitudes A,, A3 e and A;, Ay ¢ are ener-
getically possible in the half-planes s — t = 0 and
t = 0, respectively. The imaginary parts of the
amplitudes A; and Aj o, as will be seen below,
are nonzero in the regions

ImA:, Im Ay, == 0 for s > 4m?,

ImA:, ImA;, =0 for - —4m?,

ImAs, ImA,, =0 for ¢ —4m?2.
The physical regions (regions in which the scatter-
ing angles are real) are shown crosshatched in
Fig. 2.
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2. We introduce the notation
P1 — P2 = U, ky —ky =k + k=g,
ky —ky=p (—

kl — kg =P,
¢=p =pt=s qp=gqp =0),
and represent Im A; in the form

et 4 . S+ S
5 Sd vd (qu) & (V* — s + 4m?) Ty T

(M

Si=5p(5 @+ 9) —m)n( 7 (6—p—m),

1,234

X(T’ (@—o + m) Te (17 (0—p)— m)“roepeveuep,
St = Sp( (4—9) —m)1 (5 (6 —H) +m)7.

} (@ 4D +m) 1 (0= ) + m)releleles
(9 = 7000)-

The calculation of the spurs (8) leads to the
following general expression for Im A;:

(8)

1: 2 3 4
Im T8 1vpoy€v€alo,

ImA: =

8n2
where the components of the tensor
the form

T s = (80,8004 + 860,08 + 8,00,,C)
+ (8034695 A + 8404405 B + 8,50.9.CY 7+ 8,04,9.D7
+ 8uoGuGo E” + 800qu g F9” + . . ) + (quqopeps AY7P)
+ qpqppvpcB(pr) + qpqapvppc(qqpp) + qvqpppp‘(jqqpp)
+ 4u4oDuPE 1?4 qoqopup F9P 4 1L L)
+ (PuPPP AP - DD BPPP" 4 Dupopop L)

+ PuPepopeDPPPP) L) + (46490947 4 .. ) (9)

(To obtain the omitted terms from the written
ones, we replace the pairs qq by pp, p'p’> pp’,
P'P, 4P, pd, gp’, p'q; the tetrads qgpp by qap’p’,
qqpp’, 94p’p, 9p’pps ©'qpp, qpp’P’, PAP'P’, PPP'P’,
the tetrads pppp’ by p'p’p’'p, qppp, qp'P’p’, PAqd,
p'aqq, and the tetrads qqaq by pppp, P'P'P'P.)
The scalar coefficients A, ..., Alqa), ...,
Alaapp), , Alpppp), , Alqaqq), .

are functions of the variables s and t.

The conditions of gauge invariance and invari-
ance with respect to the CPT and CP transfor-
mations lead to a number of relations between the
scalar coefficients in the expression for the ten-
sor Tf},)po. These transformations have the form

T;(zlr)zpa have

gauge invariance:

(q—{_p)lﬂ' Vpo—O

g—>q, peop, peo, voop,
q—~q, p—>—p,
p'——p" pev, peoo.

We have obtained the following relations

(n=t/s)

CPT transformation:

CP transformation:
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A=—s [A(qp’) 4 A(p'p’) + (1 —27) A(pp')]’
AWD — FUD _ 19 + AP + (1 —2n) AP
B=—s [B(qp) + B(pp) 4 (1 o 271) B(p’p)]’
BY? — EYD — sT1B + B(qp) + (1 — 21) B(qp)‘
C=—s [C(qp) + foid + (1 —27) C(p'p)],
C(‘M) D(W) = s71C — C(qp ) (1 . 2.']) C(qp),
AP FP) — —(1— 21]) (4(qp> + A(pp'))’
B(pp) EPP) B(p P E(p P _ 27])_1 (B(qp') 4 B(pp’)),
CPP) — per)y — oP'P) _ po'e) (1 — 2q)! (C(qp') + C(pp’))’
APP _ g A(pp) Fe _ — AlP + BlP __ C(qp)_B(qp’)
—gAPD L sBP'PP) +s(1—2n) claer’p ",
B(pp) E(np) B(qn) C(qp) | A(llﬂp p)__ s A P99
+s(l — 2n) cl” pp)
C(nn ) D(pp ) [B(qp ) C(qp ) A(tmp ) __ s A'Paaq)
s (l . 27]) B(qp’pp)]
BP'P E(p’p) cr'r — ptr’ L. (L FoD — 49
F(qp’)
B(qﬂ) E(n 9 _ __flm _ B(p’q), cYn — cP
— plry — D(p’q)
A(qp) FP — AP0 — F(qp) BP) _ Epa)
— E(qﬂ) _ B(Pq)’
C(qp) cP — __pler) D(pq),
A(qanﬂ) — g1 (Bwp) + C(qp) 4+ A(qp’) 4+ A(pp)) . A(qppp)
— (1 —2n) Alar'rpy R
BlPP) _ o1 (A“"” 4 B(qp’) £ clr) + B(pp)) _A<ap'p'p’)
—(1— 27]) B(qpp'n’)
clape) _ s1 (A(qp) e B(qn) C(qp) C(pp)) 4 A(qp'p'p’)
+ (l - 27]) C(qpp 4 )’.

AP _ o1 (A(qp) + B(qp)_c(qp))_ APa99)

B(qqpp’) — g1 (A(qp') + B(qp’)__c(qp’)) . A(pqqq)
C(aqpp’) - g1 (A(qp’) e B(qp’) —~C(‘"”)) 4 A(pwq),
AYPP) 1 AP plapp’p) (1—2n) Alr'e'e)
’
B(qqp’p) — g1 (B(p’n) + C(qp)) . C(qnp'p') . (1 - 2,“) A(qp’pp) ,
Cqu’p) — 5! (C(p'p) . B(qp)) 4 B(qpp’p’) 4 (1 - 21]) A(qp'pp)’
APPP'P) -1 400°P) _,_.A(qpp’p’) —(1— 2n) A(p’p’p'm’
B(ppp p’) E(ppp Py s—lB(ﬂD) + B(qpp'p')
(1 —271) A(pppm,
C(ppp P’ D(ppp ) _ s—1C(pp) + C(qpp’p')

_(1 _QH)A(DPPP)

F(ppp’p') I (1 _ 2"])_1 ['5-1 (B(p’p) 4 C(p'p))
o A(qn’pm + A(p’p’n’p)],

Al9999 — s‘l(A("") + B(qq) 4 C(qq)) + A(pqqq)
+(1—27) A(p'qqq)’
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A(pppp):_s-l (A(pp)+ B(pp)_LC(pp))+A(qppp)

_ (] _ 27]) A(P’P'P'P),

P~ L s
_1 0 __(1 —27]) l[s 1(A(pp) + B(pp) + C(pp))
4 Alpper’) __ A(qp'p'p')]
A(pppp') _ D(p’p'p’p) B(pppp ) C(” p'p p)
A(p p’p’p) B(n p'p’'p) C(pppp ) D(pppp )
AtP999) _ D(p 999) __ B(qu) - C(p qtm)’
AP0 _ plragd) _ _ pp'aas) _ _ o(paqq) (10)

(The relations between coefficients with the tetrads
qqpp, 99p’P’s qqpp’, qqp’p and qp’pp, P’qpp
app’p’, pap’p’ are the same as between the coeffi-
cients with the pairs pp, p’p’, pp’> p'p and gp,
Pa, qp’, p’'q, and the relations between the coeffi-
cients with qppp and qp’p’p’ are the same as
those between the coefficients with pgqqq and

and p’qqq.) Hereafter, we shall take as the inde-
pendent coefficients the functions

A(qp)’ B(‘W’, C(qp)’ A(‘""), B(qp’), C(qp'), A(p’p')’ B(p’p),
C(p’p)’ sA(rumq)’ SA(p’tmq)’ SAWPPP), SA(OP’P’P’), SA(trp’pp)’
sB(llp’pp)’ sc(llp'ﬂp)’ sA(”p”""), sB(tmp’p’)’

sC(‘"’”’p'), SA(pppp')‘ SA(p’p’p’p)‘

We give explicit expressions for the imaginary
parts of the independent functions A(ap), B(ap),
. . obtained in the calculation of the spurs (8) (in
the approximation s, t > 4m?):

Im A“" = Im BY") = Im C""" = s (a2/2 — as)
= st (tFz + F1)/2 (s — D2 + Fol4 (s — ),
Im A% = Im BY"? = Im C'%"" = s (a2/2 — as)
+ (ap — ap)/2 = st (tF2 + F1)/2 (s — #)?
+ (1/4 (s — ) — 1/2s) Fo,
Im AY?) = 25 (bs — as) + s (b2 — @) + (ba — ay)
= 52 (5s — 9f) (tF2 + F1) / 6 (s — £)® + (— 1/4¢
+ 1/4 (s—18) —t/3 (s— )2+ 1/25) Fo,
Im B¥P = 2sca — (s — 1) c2 + sa1 + s (a2 — ao) /2 =
= — s (s* — 8st + 3t%) (tF2 + F1) /6 (s — 1)
— (1/4t + 1/3 (s — 8) + /3 (s — 1)?) Fo,
Im C¥?" = 2sca — tca — sa1 + s (a0 — a2)/2
= — 5 (2s* + 5st — 312) (tF2 + F1) / 6 (s — 1)
— (7112 (s — 1) + t/3 (s — D)?) Fo,
Im sA®%9 — Im s4®%'99) = g (az — a)
=5 (s — 2f) (tF2 + F1)/2 (s — 1) — Fo/4 (s — 1),
Im sAYPPP) — Im sAYPP'P) — s (bs — bo)
= S (tF2 + F1) /12 (s — 8)® + (— 1/8t +3/8 (s — 1)
- t/4 (s — 8)?) Fo,

-ENERGY PHOTONS BY PHOTONS
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= Im sAY"""") = 5 (cs — cz)
(— 1/8¢ + 1/8 (s — 1)

Im sA(‘"’ pp) __
= s (tF2 + F1) /1 2 (s — ) +
+ t/4 (s — )?)) Fo,

Im sB('"’ pp) __ = Im SC('"' pp) __ = Im sB(qpp ) _ = Im Sc(qpp 18]
=53+ S(a1—be—ce) /2 =8 (tFe 4 F1) /2 (s — 1)®
+ (1/8t + 1/8 (s — £) + /4 (s — 1)2) Fo,

Im sAPPP7) = 25 (es — c3) — s (bs — b2)
s3 (s —3t)

— s GFr 4 F) (/248 — 5/24 (s — 1)
+ 12 (s — )% - t2/2 (s — 1)3) Fo.
Im sA®77? = s @es — cs) =50 (¢Fe + F

4+ (1/24t +13/24 (s —t) +t/ (s — B)?
+ /2 (s — 1)%) Fo,
. ., Fj are given by formulas

(11)

where aj, bi, .

(A.1) and (A.2).
3. Singularities of the total scattering amplitude

are represented in Fig. 2 as functions of two in-

dependent complex variables. In the real plane

(s, t), the total amplitude breaks off at

2 Im (Aq + Ay g) in the half-plane s = 4m?, at

2 Im (A; + Ag,e) in the half-plane u =< —4m? and

at 2 Im (A3 + A, ¢) in the half-plane t < —4m?

The cuts in the complex plane s (for a given t)

run from 4m? to « and from —4m?+t to —.
The analytic properties of the total scattering

amplitude with respect to s are expressed by the

dispersion relation (without subtraction)

S 3 —4m?24-t ;
: > Im AY (s, t) 1 Im A9 (s', 1)
AD (s, ) = \ SO gy — S —2 T s
n s —s s’ —s
am? —00
b 0 (g —amert @) (s
n 1 S Im Alt_,_, (s, 1) ds b X Im A’S_(g (s",t1) ds',
n s —s n s’ —s
am? —0 (12)

where t; =8’ — u, or by the relation

e oo (ig)

. 2 Im A (s, B Im A,'¢’ (s, u)

W _ 1 \ Baits S U T Wt S

AT = o) s’ —s ds’ - n S s'—s ds’
am? am?
) D
+ - °§ tm 4, A(llc)(“"—t)du’j'— 1 C§ ik AY“ “. 9 du’.
T M T T a2

In Fig. 2 the contour of integration lies in the
upper half-plane (t = 0) and, for t > 4m?, par-
tially enters the nonphysical region. Hence, no
contribution comes from the contour of integration
of the quantities Im A3 and Im A, . In (12) we
understand by Im Af the imaginary part of any
of the independent scalar functions A(dp) and
B(@P) and we understand by Im Ag ), Im A(1>
Im Aé‘) the imaginary parts of the same mdepend—
ent functions in the expansion (9) for A,, A e,
Az e. In (12) all the functions under the integral
sign are expressed in terms of independert coeffi-
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cients of the expansion (9) for A; [which is possi-
ble owing to (6)].

4. Inserting in (12’) the expressions for the
imaginary parts of the functions Alap), plap),

. (11), we find the expressions for the real
parts of these functions. We note that for those
terms in (11) which do not decrease (they remain
constant) as s — «, the subtraction should be
carried out at the point s =t.

Using (A.3), we obtain, for s, t > 4m?, the fol-
lowing expression for the real parts:

1 t

(ap) __ ¢
Re A —t)i 11’12 + m ll’l T,

@p")y _ t 2_’___ s—2¢ t
Re A T o4(s— )2 In s 25(s—1) In s’

s 5s—9t | o 1

@ _
Re AV =5 o I
- s3 — 1552 + 22512 — 613 1 ¢ 2
Bst (s — 1)2 N —3c=n"
(p’p)_____1_5"——E§st—|—3t2 o
Re B = — g — =~ In° -

3s2 — 10st - 32 2
——Ge— M5 Tig—pn

£y

ReC?P — 112 %321 QTt
Ts—3t , ¢ 2

THe— s 3G6—h
ResAP177 = s(: )';)a In? ;— — _(1ht) In % ,
ResAWPPP) — 4(33_2_03 1n2%~— —1;—(585—t'i_)—2f—1 < Tig—n .2(s
ResAW#?P) — 4(:[_03 In? _i— Zt((ss— ‘)’tt))‘1 ST Iis—g 2 (S )’
Re B — —i—t)—s “‘SIT_(:[—T;Tt s_+2(s_—t)’
ResA®Pr) _ ?Z (i—?)i In? i

e
ResAPPPP) _ Z_Z(Sif‘# 1n2L

+ -q(-s—%(lsis_t—f)aﬁ In —+ zgs—tt)2 : (13)

We now write the general expression for the

scattering amplitude in the center-of-mass system:

A = 402 {(er-2) (eseq) a + (eres) (e2e3) b + (eres) (ezes) ¢

- 571 [(ere2) (pes) (pes) + (esea) (p'er) (p'e2)l d

+ 571 [(eres) (p'e2) (pes) - (ezes) (p'er) (pea)] e

+ 57 [(eres) (p'es) (pes) + (e2eq) (p'er) (pes)} f

+ 572 (p'er) (p'e2) (pes) (pes) g3, (14)
where « is the fine-structure constant and
a=A+A4,+ B +B;,, b=B +C, +A4; +C,
c=C+ B, + C; + Aq,
d=s [A(pp) 4 A(epp) -+ %(ngq) + Qngp) - ngp') + ng’p)

+ ngq) + 2Cf,pp) 4 Cg:p’) + Cf,”"’) + Qng) + Zngp’))],

e — S[B(p'ﬁ)__cgp’p) _l__}_(quq) 4 Agpp) + A(cp’p’) + 2A§pp')
+ Af,‘”) + Af,”p)-[—Aff'p’)—}—ZAf,p”'))],

f= S[C(p’p) . ng'p) 4 %(ngq) + 2C£p”) + C(cpp’) -+ C(cp’p)
+ 2C(c‘”’) + 2C£‘"”) 4 B(qq) 4 qB<pp) 4 B(pp’>+ B(p’p))]’

g = sle(npp'p') -+ ngpp’p') __,I_il_(zB(qqpp)_i_ 2C(qqpp) A(cppp’ﬁ')
+ 2B£ppp’p')_2cgppp’p')_ Fﬁpppp ) + ZAﬁ‘”’””’— qup'p'p’)
+2A£ﬂaqq)_2A£p'qqq)+ quqqq)_i_ Aﬁppnp) + A(p’p’p’m
4 4ngqpp)__Agppp’p')_2ngpp’p')+ 2Cgppp'p’)

_ Ffzppp’p’) _ 2quppp) _ 2qup’p’p’> — QAP __ 2Ag)’qqq)

4 Ag'qqq)_!_ Agpppp)_l_ Agp’p’p’p'))]. (15)

It follows from (6) that the functions with the
indices e, ¢, and a can be obtained from the
corresponding functions without the indices by
means of the substitutions s — s, t— u;
s— —-u, t— t; and s— —u, t— —s.

5. The differential cross section for photon-
photon scattering is related to the scattering am-
plitude A by the expression

do = (16m) %2072 | A | %do.

Inserting expression (14) in place of A and aver-
aging over the polarizations of the initial photons
and summing over the polarizations of the final
photons, we obtain
do= (a*/2%) 0™2do [4 |a |2+ |b |2+ |c]|?®

+ 2Re (ab” 4 ac* +bc") 4 2 cos?0 (| b2+ |c|?

4+ Re (@b + ac® + bc")) + 4sin®0 Re (2ad® — be® — 2¢f*)

—4sin®0cos O Re (e +/)a" +cost0 (|62 +|c|?

+2sin*0 3|d|2+2]|e|2+2](f|2

+ Re(a +b6 4 ¢) g") + 4 sin%0 cos? 0 Re (bd” — be"

4 cd”) — 4 sin%0 cos® 6 (bf* -+ ce’)

— 8sin* B cos O Re (e + f) d

+ 4sin*6Re(d—e—f g

+ 2sin*0 cos? 0 (|e|® +|f|?

+ 4 Reef?) 4+sin® 0] g2l (16)
If in the initial state the polarizations of the pho-
tons are orthogonal to each other and if the polari-

zations reverse as a result of the scattering, then
the cross section has the form

do(1,,2y,3y, 4)) = (a¥/2°1®) w~2do [ | b | cos? 6
-1 2 Re (be*) sin® 6 cos 6 - | ¢ |2 sin® 0]. @

For small scattering angles (m/w < 6 < 1),
the greatest contribution to the scattering ampli-
tude (14) comes from terms containing the func-
tions a, b, and ¢, which, in this case, are equal
to (we neglect the contribution from the imaginary
parts)
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the cross section is then expressed by the formula
do =~ (a*/n?) @ %do [(eies)? (ezes)? In* O
+ 3 (e1e3) (ezes) ((2— 3 In 2) (eres) (eze4)
— (ese5) (ese4) — (ejeq) (eqe3)) In36). (18)
If we restrict ourselves to the first term in (18),
we obtain the formula first found by Akhiezer. [e1
In this case, the cross section averaged over the
polarizations has the form

do =~ (4a4/s%) w2do [In* 6 — 4 (In 2 — Ys) In® 0].

o 4 t 1.2 t
a=b=~ '3*11'1?, C~Iﬂ—s—+

(19)

6. We shall also find an expression for zero-
angle scattering cross section. In the center-of-
mass system, the zero-angle scattering amplitude
has the form

A = 40® [(erez) (eses) a + (ereq) (e2e3) b - (eres) (e2es) c].

Using (A.1) and (A.2) for t =0 [we now retain in
(8) terms containing the electron mass] and de-
termining the real parts of the scalar functions
from the dispersion relations (12’), we obtain for
a, b, and c the expressions

N S

4 20 s
_ b~ ~Inz 2 — S
a=bxzln—, c=In*_5—5 In—=

(we neglect the contribution from the imaginary
parts).

In this case, the differential cross section is
expressed by the formula
(do/do)e—e = (a*/72) ©™2 [(e1e3)? (e2eq)? In* (w/m)

——-% (e1es) (e2es) ((0—3 In 2) (ees) (ezes) — (ere2) (eseq)
(20)
The cross section averaged over the polarizations
has the form

(do/doo—o =~ (4a%/n?) o2 [In* (w/m)— 4 (Ys— In 2) In® (w/m)]
(21)

— (e1eq) (e2e3)) In3 (w/my].

(the first term was obtained by Karplus and
Neuman [6]).

7. Finally, we give expressions for the total
cross section in the case of definite polarizations
of the colliding and scattered photons (17). In (17)
the real and imaginary parts of the functions b
and e have the form
Reb = 2 S=Bt Bt

9% 3x2 L 53 4
+2 2x 3gx2—,—u,\ +Aln2(l——x)

+% (3—5x — x®) In x In (1 —x)

4 — hx — x? 2 x4 x2
—ma—m - X

442002 — 368 4 270 — 825 |
Ree= W — % In? x

In(l —x),
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8 + 2x — 6x2 — 5x3 -} 5x°

-+ oiP In? (1 — x)
3 —3x 4 8x°
—— — Inxln(l —x)
_ 628 13— 100 4 88 |
12x (1 — 22 nx
6 — x% -+ 4x? 14 6x — 3x2
— iy =)+
_x 6—9x43x2 448
Imb—T-——H'__—XP———]nx
12 — 3x — 5x2 — 8 3—3x -+ x?
=)+ g
1 + 4x 4 20x2 — 3623 4- 2724 — 8x5
Ime = B0 — o7 Inx
8 + 2x — 6x2 - 5x3 — 5x3 _
-+ PTE In(l —x)
8 — 13x -k 1252 — 433 |- 5x8 — 4yb
+ 6x2 (1 — x)? ’

where x = sin? 1/, 6.

Integrating (17) over x from 0 to 1 (we note
that all divergences occurring here drop out), we
obtain
o(l;,2,,3,,4,) = Co¥/u?,

C = {2°/n) {2 [80(2) — 11T (3) + 17T (4) — 7T (D)

+EB) =31+ [7—L(2) —4L(3)]} =27, (22)

where ¢ (s) is the Riemann zeta function and £(s)
is the series of Riemann functions (A.4).

In conclusion I express my deep gratitude to
Professor A. I. Akhiezer for valuable advice and
discussion.

APPENDIX
1. In (7) the following integrals are encountered:
Fo(s) = Sd%ﬁ (qu) & (02 — s + 4m?) = 210 (s — 4m?) 1,

o S (V2 —s + 4m? 411 1
Fl(S)ZS (qv) (:Jp_:—{— nl)d4U:_—s‘e(S_4m2)lﬂ1t:iy
_ ( 6(qu)d (v®*—s+4m?)
Fals. ) = & —s@ —5 Y
_ A2 r—+rz
_5”29(5 4m)ln—|rl___r2|
(n=VIi—ym, rn=VIty{l—nu),
n=1/s, T = 4m?/t);
v.6 (qv) 6 (v2 — s - 4m?)
R B T d%
, v,0,0 (qv) 8 (v? — s - 4m?)
= p.ay, R - op—>s d*v

= (9,9, +98,) a, +p,pb.,
X vp(’ﬁ (qu) & (v* — s -+ 4m?)
(up —s) (vp” — )
. vpvvé (qu) O (v® — s + 4m?)
\ @p—s) p —3)

4 pup) b2 + (DD + pupy) €,

dv = (p + peas,

d*v = (9,9, + $8,.) a» + (p.p.

¢
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&v v,0,0 (qv) O (v — s + 4m?)

uOv-p

. (op—s) (vp’ — ) d'v = [(guqs + 88) (p +-P")e

+...0as + (pupope + Pupupe) bs

+ (pupvpe +- - - PupuPe +- . ) Ca,
0,0,0,0,8 (q) 8 (v? — 5 + 4m?)
S (vp—s) (vp’ — )

dio == [% (Busdos -+ . )

+ 5 Busllede +- ) + 49,904, a4
+ [(pupy + p;LP;) (ge9s + 800) +. . . 164

+ U(Pupy + PuP) (9eds + 580) +- - 1€
+ (PuPvPePa ~+ PubvPoPe) dy
+ (PpPvPoPs - - - PuPuPePs +- - -) €4
+ (Pupwpeps +- - ) a
(the omitted terms are obtained from the written
ones by all possible permutations of the indices
p, v, p, o), where the quantities aj, aj, ... are
expressed in terms of the integrals F,, F;y, and
Fz:

a;,r— Fy, ﬂ’1= Fy + Fofs, alzz — Fo/2s — 2m?F /s,

b; = F, + 3Fy/2s 4 2m?F,/s,
a, = (sFy, + Fy)/2 (s —{),
az = — (tFe + F1) [ (s — ?) — 4m?F2/s,
b2 = s*F2/2 (s — )2 + (25 — {) F1/2 (s — 1)?

— (s— 2t) Fo/Ast (s — ) + m*sFz/t (s — 1),
€ = S (tF2 + F1)/2 (s — )2 + Fo/4t (s — 1)

— m? (s — 2t) F2/t (s — 1),
as = —s(tF2 + F1)/2 (s —1)* — Fo/4s (s — )

—2m?Fs/(s —t) —m?F1/s (s —1),
bs = s*F2/2 (s — 1)® + (Bs (s — &) +1?) F1/2 (s —1)®

— (3s — 2t) (s — 3t) Fo/8st (s — t)?

+ 3m2stFs/2t (s — 1)? + m® (3s — 2f) F1/2s (s — 1)?,
c3 = St (tF2 4+ F1)/2 (s — 1) + (s +£) Fo/8f (s — {)?

— m?®s (s — 4f) F2/2t (s — £)* + m?*F1/2 (s — )2,

aOZFZv

bs = — s (tF2 + F1)/3 (s — )>* — (3s — £) Fo/12s (s — 1)?

— 5m?sF2[3 (s — )2 — 4m*F2/3t (s — {)

— m? (2s — &) Fi/s (s — £)! + m? (s — 2t) Fo/3ts* (s — 1),

o= —5(s +1) (tFe + F1)/6 (s — #)> — Fo/6 (s — t)?

— m? (s + 4f) F2/3 (s — £)? + 4m* (s — 2f) Fe/3st(s — {)

— m*F1/(s — )2 — m%Fo/3st (s — 1),
e, = S° (tF2 + F1)/2 (s — t)*

4 (s® 4-2st — #2) Fo/8t (s — 1)

— m2s* (s — bt) Fy/2t (s — ¢)®

— mhs (s — 21) Fe/t? (s — §)2+ m® (3s — f) F1/2 (s — ©)®
+ m? (s* — 2st + 2£2) Fo/Ast® (s — ). (A.2)

(A.1)

(We have given here the expressions for the coeffi-
cients used in the calculations.)

2. We now give the asymptotic integrals, for
s, t > 4m?, occurring in the first term of (12'):

Lio D 1CH tH—Fﬂs')lds’z—-—sk—_i—-mZi

n e (s’ — 1) (s —s) 2(s—0" s’
Lm*—ﬁL— , ) —t——n-l(__—i)h s—t\k
n 45,,.(5’_1)"(3’—5)613 N(S—t)"[m s kél ¢ ( t ) ]

(A.3)
3. We finally give the expressions for the in-
tegrals occurring in integration of (17):

1
a4 odx

Sln 1 =ntnt,

0

1
X[nn%]nlixlixx:nlg(n+l)’
0

g(s) = 3 S ntD (A.4)

n=1

and ¢ (s, n) is the Riemann function of two argu-
ments:

(o]

L(s,n) = )
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