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It is shown that the theory of a neutral vector field with nonzero rest mass admits of a
gauge invariant formulation without the introduction of auxiliary fields. In this theory the
gauge invariance has a trivial physical meaning: the quanta of zero spin, described by the
four-vector Ay do not interact with anything. Only the quanta with spin 1 take part in

interactions.

1. INTRODUCTION

THERE is a widespread belief!~191 that the the-
ory of the neutral vector field Au(x) with nonzero
rest mass, unlike electrodynamic theory, cannot
be formulated in a gauge invariant way without the
introduction of auxiliary fields. This is regarded
as a serious obstacle to attempts which have been
made rather frequently in recent times to carry
through an analogy between the baryon charge and
the electric charge or between the hyperon charge
by the introduction of corresponding vector fields
(Lee and Yang, Sakurai, and others [5-17,9,100)

In the usual formulation of the neutral vector
field theory one uses the equation (cf., e.g., [11:12])

0O A, — 024,/0x,0%, — m* A, = — j,, (1)
which is equivalent to the equation
(Q—m*) Ay = —u

with the supplementary condition

()

@)

Neither Eq. (1), nor Eq. (2) with supplementary con-
dition (3), is gauge invariant.

The need for the supplementary condition (3) is
motivated by the wish to exclude the spin 0 and as-
sure that the energy is positive definite.

We note that at the price of introducing, in addi-
tion to the four-vector A ,(x), an auxiliary scalar
field B (x) Stueckelbergﬁ] succeeded in construct-
ing a gauge invariant formalism for the vector field
with the supplementary condition. (L4811 1 guch
a theory, however, the meaning of the gauge invari-
ance is to a large extent obscured.

It will be shown below that the theory of a neu-
tral vector field with nonzero rest mass admits of
a gauge invariant formulation without the introduc-

0A,/0x, = 0.

tion of any auxiliary fields. For this we must en-
tirely renounce the supplementary condition. In the
theory to be considered A, (x) obeys only the
gauge-invariant equation (2) (Sec. 2). It turns out
that only the part of Aj,(x) with the spin 0 is sub-
ject to the gauge transformation. Here the phys-
ical meaning of the gauge invariance is that the
vector-field quanta with spin 0 have no interaction
with other fields or with each other (Sec. 3). There-
fore the use of a supplementary condition to exclude
the spin 0 is superfluous. It is also not needed to
assure positive definiteness of the energy (Sec. 3).
This theory is completely equivalent to the usual
theory of the neutral vector field with nonzero
mass based on Eq. (1) or on Eqgs. (2) and (3) (Sec. 4).
It can be said that in the present case the gauge
invariance plays the part that is usually played by
supplementary conditions in the theory of higher
spins. Unlike the usual supplementary conditions
it does not exclude the quanta of the undesired
spin, but only ‘‘renders them harmless.”’

2. BASIC EQUATIONS

As is common practice (cf., e.g., 121y we take
the Lagrangian density which describes the neutral
vector field A, in interaction with a spinor field*
¥ in the form

L(x)=—
(4)

The Lagrangian and the equations of motion that
follow from it,

Jo = igETp‘p'

*In analogous ways one can write the interaction for cases
involving several fields, and also for couplings of the type of
an anomalous magnetic moment.
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(D - m2) Ap. = —jﬁlv
(4,010, + M) = igy, pA,,

(5)
(6)

and also the equal-time (x;=y,) commutation re-
lations, which are analogous to those for electrody-
namics, *

W@, v =0, P, Py = vd x —y),

A A@1=0,  [Aw), 520 ] =8.06—y)
p X))y AvY)r =Y, W vay4y_p-v y)
_ [ () 24 _
W, AW =0, (v ] =0 @
are invariantT under the gauge transformations
P (x) = exp [igh (9] (%), (8)
A; (x) = A, (x) +0A (x)/0x, 9)
with arbitrary A(x) satisfying the equation
j—(D—m2) A =0. (10)

OA}L

Gauge invariance thus exists for m = 0 in just the
same way as in the case in which one sets m = 0

in Egs. (4), (5), and (10) (quantum electrodynamics).

We note that unlike the treatment in B~7%1 where
the function A(x) was assumed completely arbi-
trary, in the transformations (8) and (9) considered
here A(x) is restricted by the condition (10). This
same restriction also holds in quantum electrody-
namics, unlike the classical theory.

From the gauge invariance of the Lagrangian
or of the equations there follows the conservation
law:i

04, A
— o ox,

v — i

[N

A
v 0xuaxv> = 0.

4+ A (11)
This equation must hold for any A(x) that satis-
fies Eq. (10). In particular, for A = const we get

0jy /0%, = 0 (12)
the conservation law for the current.

Differentiating Eq. (5) and taking Eq. (12) into
account, we get the equation

([0 — m?) 04,/0x, =0, (13)

which we shall need soon.

*The equal-time commutations can be taken in this form,
since no supplementary condition is imposed on the field
operators A,

TThe Lagrangian density (4) is invariant apart from a di-
vergence, which of course affects no results (cf. Appendix 1).

tFor a derivation of this conservation law and a discussion
of the associated operator transforming the state vectors see
Appendix 1.

OGIEVETSKII and I.

V. POLUBARINOV

3. THE ABSENCE OF INTERACTIONS WITH THE
QUANTA OF SPIN 0

One uses a four-vector Au(x) with a view to
the description of particles of spin 1. Within the
framework of the homogeneous Lorentz group
there are no quantities that describe only particles
of spin 1. In accordance with this, along with
quanta of spin 1, Au(x) also describes quanta of
spin 0. Namely, A, can be divided into two parts:

1 9 94, 1 g 04,
A= (A= raan, ) as o o (14)
where the first part describes quanta of spin 1 and
the second quanta of zero spin. One can verify this
by applying the invariant operator of the square of

the spint3~16] for the field A, (x) (cf. Appendix 2):

(T2), = 2 (8,,[] — 02/0x,0x.,) (15)

which has the eigenvalues s (s+1)0 for spin s.
Namely, using Eq. (13), we can easily verify that

{ 9 0A . 1 9 0A
g ) =20 (Ao 2

17

Naturally these same quanta of zero spin are also
described by the scalar E)Au/axu itself.

It must be emphasized that under the condition
(1) the gauge transformation (9) changes only the
part of Ay with the spin 0:

1 904, 1 9 04, HA
/szazﬁ - +ox (18)

m? 0x, dx, Ox,,

while the part with the spin 1 remains unchanged:

1 9 94, 1 o 04,
A Twran o, T T aE ey ay, (19)

If we want to consider only the quanta with the
spin 1, then it would seem to be necessary to take
steps to exclude the quanta with zero spin. Our
assertion is that in the case of vector quanta of
nonzero rest mass no special steps of this sort
(for example, imposition of a supplementary con-
dition) are needed. It already follows from the
gauge invariant field equations (5) and (6) them-
selves that the quanta with spin 0 do not interact
with other fields nor with each other: the part of
A that describes them obeys the free-particle
equation

1 9 04,

[a trivial consequence of Eq. (13)]. Consequently,
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the equation with interaction, Eq. (5), is obeyed by
just the part of A, with spin 1:
) =i

Thus the quanta with spin 0 do not affect the phys-
ics; if any set of such quanta is present in the ini-
tial state, precisely this same set is present in the
final state. Otherwise the matrix element of the S
matrix is equal to zero.

This assertion can be formulated in the lan-
guage of conservation laws. From the free-particle
equation (13) there follow conservation laws for the
total four-vector momentum Pf and angular mo-
mentum Mﬁw of the scalar field m~ BAM / oxy, and
moreover, of the number of quanta with each value
of the momentum. Thus the S matrix is diagonal
in the quantum numbers of the quanta with spin 0.

The imposition of a supplementary condition of
the form

1 9 04
m“dxp ox

O —m) (A (21)

0A,/0x, =0 22)
or*
0A,
(W:)_ ®—0 (23)

for the exclusion of the spin 0 is superfluous, since
it affects only the part of Au(x) that describes the
free quanta of spin 0, which do not interact with
anything.

As still another, and sometimes the main, argu-
ment(-2) in favor of the necessity of imposing the
condition (22), the point has been made that other-
wise the operator P, for the total energy is not,
positive-definite. But the energy operator P{?
of the always free quanta of spin zero is conserved.
Therefore as the physical energy operator we may
take the operator ¥

PV p— P (24)

This operator is conserved and gauge invariant,
and its spectrum is positive definite. Also it is
really permissible not to make this subtraction.
Then the energy would be reckoned not from zero,
but from some gauge-dependent negative level.
Thus also from this point of view there is no ne-
cessity of the supplementary condition (22).

4. EQUIVALENCE TO THE USUAL THEORY WITH
THE SUPPLEMENTARY CONDITION

Although the scalar field m™! 8A,/6x,, has turned
out to be free, it has not yet been eliminated from

*In the theory under consideration this condition fixes the
gauge and means that in the physical states ® there are no
quanta with spin 0.

For the concrete form of the operator PPPYS for a free
field A, see Appendix 3.
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the Dirac equation (6). Let us now break up the
operator ¥ (x) into factors depending on the gauge
and independent of the gauge:

P (x) = exp [zgmzax] ),

¢ (x) = exp [ ig m2 ax, } P (x), (25)

where ¢ is the part of  that does not depend on
the gauge.* In the variables ¢ and apart from a
four-dimensional divergence the Lagrangian den-
sity (4) can be rewritten in the form

1 2
L) = — 7 FRFS =5 AP 1+ 3 (5

m2 1 aAv 2
+7(5m)

o 104,
ax mdx )

ig — — d
+Eo1, @AY + Al —w(ng;c; +M) ¢ (26)
where
AW 9w 1 g 04
(1 __ 9% » 1) __ Lo
FO = e A=Ay —— ax, o, (27)

This Lagrangian corresponds to the usual theory
of the interaction of a spinor field ¢ and a vector
field Al(ll) with the supplementary condition!!"]

0ASY | 0x, =0 (28)

and, in addition, describes a free scalar field
m~15A,, /6x,, which now does not appear in the
Dirac equation.

The commutation relations for the fields ¢
and A“) are the same as in the usual theory with
the supplementary condition.T At the same time
the interacting fields ¢ and A“) commute with the
scalar field m~!9A, /8x;, and w1th all of its deriv-
atives. Consequently, the scalar field m'IBAV/
9x, is completely dynamically independent. Thus
the theory under discussion is entirely equivalent
to the usual theory of the neutral vector field with
the supplementary condition. The equivalence of
the two theories can also be established by a dif-
ferent method, by means of the unitary transfor-
mation of Dyson,t1%111 which also ‘‘turns off’’ the
vector interaction of the scalar field.

5. CONCLUDING REMARKS

Let us make one remark about the mass re-
normalization. A gauge transformation affects

*Apart from a constant phase factor, under the transforma-
tions (8)—(10) we have

@’ = exp [—7;% (O —m? A] @ = exp [_

tThese relations can be obtained from the commutation
relations (7) and the equations of motion (5) and (6).

rln—g‘ . const:\ P.
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only the part of A, that describes the quanta of
spin zero. Consequently, it is only for these
quanta that we can expect that the mass will not
have to be renormalized. And indeed this is so,
because they do not interact with anything. As for
the quanta with spin 1, their mass is naturally re-
normalized in the process of the interaction. The
equation (5), with the mass renormalization of the
quanta of spin 1 taken into account, can be written,
for example, in the form

([]—mz)Apz—jP—éw(Au—-%%‘Z—‘:E). (29)

Finally we point out that in this theory of a vec-
tor field A, with nonzero mass the Green’s func-
tions obey the same laws of gauge transformation
as in electrodynamics.['®"23] These laws connect
averages over the same state of products of oper-
ators in two different gauges. This state is the
vacuum in both gauges for the quanta with spin 1,
but contains no quanta with spin 0 from the point
of view of only one gauge (Appendix 1). The Ward
identity follows from these laws, as in electrody-
namics.

The writers heartily thank M. A. Markov and
B. N. Valuev for general remarks, and A. A. Lo-
gunov and M. I. Shirokov for a discussion of the
question of the operator for the square of the spin.
We are especially grateful to L. G. Zastavenko,
Ya. A. Smorodinskii, and Chou Kuang-Chao for
stimulating discussions of a number of points in
this work.

APPENDIX 1

THE CONSERVATION LAW THAT FOLLOWS
FROM GAUGE INVARIANCE

After a gauge transformation (8) and (9), with
Eq. (10) taken into account, the Lagrangian den-
sity (4) differs from its original value by a diverg-
ence. For an infinitesimal transformation we have

3} 02A
6L(x)=—W<Avao—x) . (1.1)
b po%y
Calculating the variation of L(x) in the usual way,
using the Euler equations, we arrive at the conser-
vation law (11), which can also be written in the

equivalent form

o [(a 94,
o, (a EQ)A

9
=5 Ku.=0.

B

94, '9A
— Ox, ax, T A.(O ——m2)1\}

(1.2)

In Eq. (11) one can substitute any function A(x),

OGIEVETSKII and I.

V. POLUBARINOV

limited only by Eq. (10), and therefore Eq. (11)
represents a continuum of conservation laws, cor-
responding to the continuum of the parameters of

" the gauge group. It is easy to verify that Eq. (11)

is equivalent to Eq. (5).

We can now write the gauge transformation of
the eigenvectors, without changing the eigenvalues,
and of the field operators, in the form

V' =exp ([dxK)¥ =UVY, P (x) = Up(x)U™,
Ay (x) = UA, (x)U? (1.3)
[the last two relations are a different way of writ-
ing Eqgs. (8) and (9)].
From the points of view of different gauges the
same state has different sets of the noninteracting

gauge of spin 0. For example, let us define the
vacuum in two different gauges by the relations

a;pu‘lfo =0, a:pp}}'; =0, (1.4)

where a;p u are operators for annihilation of quanta
of spin 0, corresponding to 9A, / ox, (see Appendix
3). If iaypy, A and —iaypy, A* are the amplitudes
of the positive and negative frequency parts of the
three-dimensional Fourier expansions of 9Ay/9xu
and A(x), which hold by Eq. (13) and for the spe-
cial case of a A(x) which satisfies the same equa-
tion, then

Y = U¥o = exp {(—i S dp [aPpHM (p + a:pu?» P11 %

= exp {—2-{doh () 2+ () — i dph* (9) p, 0, K

The last expression gives the expansion of the vac-
uum of the new gauge, ¥g, in terms of the states of
the old gauge, which are produced by the creation
operators pyay from the old vacuum ¥,.

Thus the vacuum from the point of view of one
gauge is not the vacuum from the point of view of
another gauge. This is understandable, since the
conditions (1.4), and also the more general condi-
tion (23), are not gauge invariant, since they are
conditions that establish and fix a gauge.

APPENDIX 2

THE OPERATOR FOR THE SQUARE OF THE
SPIN FOR THE FIELD A(x)

The general definition of the operator for the
square of the spin (one of the invariants of the in-
homogeneous Lorentz group) for arbitrary many-
component functions transforming according to
representations of the inhomogeneous Lorentz
group has been given and discussed in a number
of papers.[13-181 This definition is [161;

F2 = pi%mpompa + m)\pm)\npppa’ (2-1)
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where

p,‘=—t.-£;, Mps = —t.«(xp(%—xo‘%)—i—spo (2.2)
are the infinitesimal operators of displacements
and four-dimensional rotations for the given func-
tion. The matrices s,y are the infinitesimal op-
erators for rotations of the components of the
function.

Since for a vector function A,(x)

(Spu)l,w =i (6pu60v - 6pv6cqx)’ (2-3)

substitution of Egs. (2.2) and (2.3) in Eq. (2.1) at
once gives the expression (15).

The law of transformation of the vector function
A“( x), and thus also the infinitesimal operators
pp and mpo and the operator (2.1) or (15) for the
square of the spin constructed from them, do not
depend on whether A#( x) is subjected to any
equations or not. Whereas, however, in the case
of equations without interaction A, can be divided
into independent parts with spins 0 and 1, in the
case of an interaction this might not be so.

In our case, as we have seen (Sec. 3), even in
the presence of the interaction Ay(x) breaks up
into dynamically independent parts with spins 0
and 1.

APPENDIX 3

THE NORMAL PRODUCT OF OPERATORS OF
THE VECTOR FIELD AND THE DEFINITION
OF THE PHYSICAL ENERGY OPERATOR IN
THE FREE CASE

In the free case it is convenient to define all
operators in the form of normal products, i.e.,
so that all creation operators shall stand to the
left of the annihilation operators.

For example, it is in this sense that we would
like to understand the operator for the four-
momentum

b, = SdPPp,fajavi (po =V p* +m?), 3.1)

as we indicate by the colons.
The operators a, and aj obey the commutation
relations

la, (;), af (p2)] = 8,.0 (p1 — p2). (3.2)

It is clear from these relations that the annihila-
tion operators are ap, and ag, and the creation
operators are ap, and a,. But writing the normal
product in Eq. (3.1) in the form

(3.3)

+ + +
10,Ay = AmOm — Ay,
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is not permissible, because of its lack of covari-
ance. We can give a covariant definition if we
break up the operators ay and aﬁ into parts with
the spins 0 and 1:

Annihilation operators Creation operators

s=1 ay -+ m 2 ap,p, a; + m™a,p.p,
s=0 — m'?afpvpp — m™2a,pup,.
(here p* = —m?). One can establish the spins of

these parts by means of the invariant operator for
the square of the spin, Eq. (15) (cf. Appendix 2),
written in the momentum representation. Their
meanings as annihilation and creation operators
follow from Eq. (3.2).

The ways of writing normal products are not,
for example,

3<a; + %pu)(av -+ %pv): =:<av + %Pv)(di +‘%pu):

= (o +%2p) (o + 3hp0) s (3.4)

.atp ap . ap_atp
S Pe g Pet = Py P

=rin§pva_ppu- (3.5)

m?

In mixed products with s =1 and s = 0 the order
is immaterial because of the commutation.

The normal product in Eq. (3.1) can now be
expanded as

P, = x dp pu { [ajav + (a*p) (ap)] _ (ap) ﬂ(g‘*p)} )

me2

(3.6)

The first term in the curly brackets is the positive
definite operator for the number of quanta of spin 1,
and the second is the negative definite operator for
the number of quanta of spin 0. Accordingly the
energy of the quanta of spin 1 is positive definite,
and that of the quanta of spin 0 is negative definite.
If we subtract from P, the energy-momentum
four-vector of the quanta of spin 0, we get the en-
ergy momentum operator of the quanta of spin 1
(the physical quanta), which in the free case is
invariant under gauge transformations (au —ay

+ir(p)py)
PE™ (dp p,|d} a, + (a*p) (ap)/m?]

and has the energy positive definite.
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