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The problem of radiative corrections to {3 decay is discussed. A method is indicated for in­
troducing different form-factors for the proton and electron (for the interaction with the pho­
ton) without coming into conflict with gauge invariance. An estimate is made of the contribu­
tion from diagrams that correspond to the emission of a virtual photon directly from the 
four-fermion vertex, as renormalized by the strong interactions. This estimate shows that 
the contribution of these diagrams can decidedly change the size of the radiative correction to 
{3 decay and eliminate the discrepancy between the predictions of the theory with a conserved 
vector current and the experimental results. 

l. In recent times there has been a number of 
papers [t-al on the calculation of the radiative cor­
rections to {3 decay and 1-1 decay. This interest in 
the radiative corrections is due to the fact that if 
the radiative corrections have been calculated cor­
rectly and if the experiments on the lifetimes of 
the 0 14 nucleus and the 1-1 meson are correct, then 
the hypothesis of the conservation of a vector cur­
rent in {3 decayr41 is untrue. [51 The radiative cor­
rections to 1-1 decay have undoubtedly been calcu­
lated correctly, since 1-1 mesons do not take part in 
the strong interactions, and the result is finite in 
any order of perturbation theoryr61 and does not de­
pend on a "cut-off." 

For {3 decay the situation is different. It has 
been shownr2•31 that the correction to the lifetimes 
of the neutron and the 0 14 nucleus is logarithmic­
ally divergent in the region of large momenta of 
the virtual y-ray quantum. To get finite results, 
which could be compared with experiment, one has 
made a "cut-off" in the vertex parts for the inter­
action of the photon with the proton and electron, 
using for both the same value of the momentum of 
the virtual photon, A ~ Mp· The electromagnetic 
form-factor of the proton is due to the strong in­
teractions and actually cuts off at Ap ~ Mp, but 
the electron does not take part in the strong inter­
actions, and its form-factor is cut off by the weak 
interactions at values Ae ~ 50-400 Bev. m 

If, however, one simply introduces different 
cut-off limits for the electron and proton, the cal­
culation is not gauge invariant. Since the neutron 
and proton that take part in the {3 decay can be re­
placed by an arbitrary number of virtual rr mesons, 
it is possible for a y-ray quantum to be emitted 
directly from the complete four-fermion vertex. 
These processes, which have not been considered 

in references 2 and 3, are represented by diagrams 
1, 2, 3 (see figure). In the present paper we shall 
take into account the difference between the form­
factors of the proton and electron, without destroy­
ing the gauge invariance, and shall estimate the 
contribution from diagrams 1, 2, and 3, which cor­
respond to the emission of a y-ray quantum from 
the four-fermion vertex. 
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2. We shall prove the gauge invariance of the 
second-order radiative corrections to {3 decay. 
This means that if we take the propagation function 
of the photon with an arbitrary longitudinal part, 

the result will not depend on the arbitrary function 
C (k2 ). With effects of a possible renormalization 
on account of strong interactions included, the 
matrix element for {3 decay is of the form 

where i = 1, ... , 5 numbers the possible types of 
weak interaction, Oi are the usual local operators 
of {3 decay ( Oi = 1, fi-1' apv• i'Y5'Yp. y5 for i 
= 1, ... , 5), and p(l) ( q) is the most general 
form of the operator producing the change of a 
neutron to a proton in the i-th type of {3-decay in­
teraction (including effects of any number of vir­
wal 1r mesons); p(i) depends only on the total 
momentum q transferred to the leptons. It is ob-
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vious that F(i) ( q) is represented by the sum of all 
diagrams with one vertex Oi for the emission of 
the lepton pair ( e, v) and any number of virtual 
7T-meson and nucleon-antinucleon lines. 

Let us consider one of these diagrams and de­
note it by f(i) ( Pi• p2, q ), where Pi• p2, q are the 
four-momenta of the neutron and proton and the 
total four-momentum of the leptons. Let r<f> 
(Pi• P2• q, k) be the matrix element for the emis­
sion of a photon with momentum k and polariza­
tion A from the diagram f(i) (Pi• p2, q) (the mo­
mentum Pi of the incoming neutron is fixed). The 
matrix element f(i> (Pi• p2, q, k) is represented by 
the sum of the diagrams corresponding to the 
emission of the photon ( k, A) from each charged 
line of the original diagram f(i> (Pi• P2• q). 

In electrodynamics the well known generalized 
Ward's theorem 

kl' r~'- (p, p- k, k) = e {G-1 (p- k) - a-1 (p)} (2) 

is valid both for fermions and also for bosons.C8J 
App!ying it to the calculation of the quantity 
kA~i) (pi, P2• q, k), we find the only charged line 
that contributes is that ending in the proton, and 
the contributions from the closed charged loops 
add to zero. The result is that 

k,ft> (pt, pz, q, k) 

= e {fU> (p1, pz, q) - fU> (pt, pz- k, q + k)}. 

Summing this equation over all diagrams, we 
get 

k,F~i) (pt, pz, q, k) 

= e {F(i) (pt, pz, q) - pU> (pt, pz- k, q + k)). (3) 

In all there are six diagrams for the radiative 
corrections (see figure). (Diagrams with emission 
of the y-ray quantum by the neutron are always 
gauge invariant when summed, since the charge of 
the neutron is zero.) Let us find the contribution to 
these diagrams from the lon~itudinal part of 
DJ.Lv(k) (we denote it by oF< 1>). Let us consider 
diagram 1. It is obtained from the original dia­
gram F(i) (Pi• p2, q) by the successive emission of 
two photons with momenta k and - k; according to 
Eq. (3), we have the following equation for the 
emission of photons with arbitrary momenta k and 
k' from F(i) (pi, p2, q): 

k~.kj).p. (Pt. Pz- k- k'; q; k, k') 

= e {k~F~'- (Pt> p2 - k', q; k') 

- k~F~'- (p1, Pz- k- k', q + k; k')) = e2 {F (Pt. p2 , q) 

+ F (pl, Pz -k -k', q+k+k')- F (pt, pz- k, q + k) 

- F (pt, pz- k', q + k')}. 

Setting k' == - k, we get 

kt.k1JtJ (pt, pz, q,; k, - k) = e2 {F(i) (pt, pz - k, q + k) 

+ pU> (pt, pz + k, q- k) - 2F(i) (pt, pz, q)}. (4) 

In our treatmemt each individual diagram with a 
virtual photon connecting two lines is counted twice, 
since we have summed independently over the pos­
sible points of emission of the first and second 
photons; therefore the result must be divided by 2. * 
We get as the :vesult 

" (i) e" (, 4 C (.~') (i) 
uF1 =- (2n)•i j d k ~ [F (pt, pz, q) 

- pU> (pt, p2- k, q + k)] (4a) 

(the index 1 indicates that this is the contribution 
to the matrix element from diagram 1 ). An analo­
gous treatment can be used for the other diagrams. 
We give the results: 

l'JF!i) = 6F.(i) =__!_:_r\d4k S!?') [F(i) ( ) 
2 3 (2n)'i J k' pt, pz, q 

- F(i) (pt, pz- k, q +k)l, (4b) 

· p(i) _ bF(i) e' \ 4 C (k2) 1 ri) 
0 4 - s = -- (Ln)•i ) d k ~ 2 F (pt, p2, q), (4c) 

u<i) - ~ \' d4k c (k2 ) pU) ( - k k) 
6 - (2n)•i J k' pt, pz , q + . (4d) 

Adding, we get t 

~ 6F~> ~~ 0. 
k 

3. Thus the validity of the generalized Ward's 
identity (2) at each electromagnetic vertex and of 
the identity (3) at the four-fermion vertex guaran­
tees that the r~quirements for gauge invariance of 
the radiative corrections to {3 decay are satisfied. 
This means th3tt the result will not depend on the 
choice of the atbitrary function C ( k2 ) in the pho­
ton propagator DJ.Lv ( k ). Equations (2) and (3) im­
pose restrictions only on the longitudinal parts of 

*Actually this treatment is a simplified one, since the 
equation (3) does Qot relate to the case in which the photon 
is emitted and absorbed by the same virtual line in the dia­
gram F(i). Furthermore, for the TT mesons there are double 
electromagnetic vertices. A rigorous treatment, however, does 
not change the result. 

tIt can be seen from these formulas that the sum of dia­
grams 4, 5, and 6 is not separately gauge invariant if the form 
factors F(i) (q) of the weak interaction depend on the momen­
tum q. The f1 meson has no strong interactions, and therefore for 
the decay of the fl; meson F(i) (q) reduce to the corresponding 

local operators y (1 + Ys ). The radiative corrections to f1 de-
ll- • 

cay are representeU by the dtagrams 4, 5, and 6 only, and 
their sum is gaugei invariant. With the transverse gauge (la) 
each of these diagrams is finite, and consequently the result 
does not depend on the arbitrary cut-off momenta AIL and Ae. 
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the electromagnetic vertices r /J.' F~) aJ.?.d lfiJ• 
and the transverse parts of r/J.' F~l, F~~ can be 
arbitrary. 

We shall suppose that the longitudinal parts of 
rtJ., F~), F~~ are chosen so that Eqs. (2) and (3) 
are satisfied, and take C ( k2) = -1, i.e., we take 
DtJ. 11 (k) in the transverse gauge of Landau and 
Khalatnikov [SJ 

(1a) 

Then in virtue of the equatio~ DJ.!I:' ( k) k 11 = 0 
the longitudinal parts of rtJ., F~l)· F<il do not oc­
cur at all in the matrix element, and ~e result 
will be gauge invariant for an arbitrary cut-off of 

....,(.) (") 
the transverse parts of r tJ.' .r~1 , F~. 

Let us first examine the case in which the 
form-factor of the weak interaction does not de­
pend on q, i.e., F(i) ( q) = 'YtJ. ( 1 + y5 ). In this case 
only the diagrams 4, 5, 6 contribute to the radia­
tive corrections (and only these diagrams have 
been considered inu• 31). The exact form of the 
vertices r tJ. is not known, and therefore we make 
the simplest choice 

r0") = ap (k2) rp. r~) = ae (k2) 1:·· (5) 

It is not hard to verify that with the gauge chosen 
for the photon propagator DtJ. 11 ( k) the matrix 
elements 4 and 5 are finite, and in the matrix ele­
ment 6 there must be the cut-off factor apae· We 
take the cut-off function a ( k) in the form 

(6) 

For agreement with the experimental data of Hof­
stadter[101 on the behavior of the electromagnetic 
form-factor of_Qle proton for_§_mall k2 we must 
take Ap = (6n/r2)112, where (r2)112 is the root­
mean-square radius of the charge distribution in 
the proton. 

In the paper by Behrends et al. [11 the matrix 
elements 4, 5, and 6 have been calculated on the 
assumption n = 1/2, and the photon propagator was 
taken in the Feynman gauge: DtJ. 11 (k) = otJ. 11 /ik2. In 
our case we must add to the matrix elements 4, 5 
fromm the quantity 

~M4 + ~Ms = 2irtW (-In (.\p/A) +f-) M. (7) 

Here N ~ ie2/4il, e2 =a= 1/137, A. is the mass of 
the photon, and M is the matrix element of {3 
decay without radiative corrections. 

The {3-decay Hamiltonian of the V - AA type is 
usually written in the form 

H = 2-'/,G (\llpy,(1 +Ays) 'ljln) (1jJc'Yr (1 +Yo) 'ljlv). 

Then diagram 6 means the exchange of a virtual 
photon between the charged particles (p, e) which 

occur in different brackets. To simplify the cal­
culations it is convenient to go over to a way of 
writing the Hamiltonian in which the charged par­
ticles are in the same bracket; to do this we must 
perform the operation of charge conjugation and 
the Fierz transformation[11l (i = 0, 1, 2, 3, 4): 

4 4 

H = 2-'/, G ~ c, ('!lp O, 'ljl;;) (¢:;- (1 - y 5) O, 'ljln) = ~ c,H,, 
i=O i=O 

c1 = ( 1 +A, - T (1 - A), 0, + ( 1 - A), - ( 1 +A)) . 
(8) 

For the i -th type of {3 -decay term the change of 
the matrix element 6 as compared withm, when 
the Hamiltonian is written in the form (8), is given 
by 

(i) { a7 [C ap (k, n) a, (k, n) 4 \'a~ (k, 1/ 2) 4 J 
~M6 = N Hi - -4 j (k' + /.}) 2 d k- j (k2 + /..")2 d k 

\' ap (k, n) a, (k, n) 4 } 

+- j (k2 + f..2)2 d k . 

The quantities ai are determined from the condi­
tion 

4 

~ y~'-01 y"" = a,O,. 
fL=l 

a = (4,-2, 0, 2,-4) for i = 0, 1, 2 3. 4. 

It can be shown that for A- 0 (A is the mass 
of the photon) 

. f2ln(,\p'/c)-1-tp(2n)-y for;\, ~=Ap 
= m 2 (9) 

\21n (AP A)-1-tp (n)- r for Ae ~ AP . 

Here l/J (X) = d ln r (X)/ dx is the logarithmic de­
rivative of the r function (cf., e. g., [121 ), and 
-y = 0.5772 is the Euler constant. From this we 
find that the total change in the sum of diagrams 
4, 5, 6 is 

4 2 

~M = irtW ~ c, {a~ ['ljl (n) -'ljl (1)1 + 1jJ (n)- y} H,. 
~0 n~ 

For the V - A interaction the radiative correc­
tion to the lifetime of a nucleus against {3 decay is 
of the same form as in Eq. (4.5) of[21, in which we 
have only to replace the cut-off limit Ap by Aeff: 

Aeff = Ap exp {~ ['ljl (1) -'ljl (n)l ++ ('ljl (n) + y)}. (11) 

Values of Aeff are shown in the table. As we see, 
for n = % (cut-off by the Feynman method) choice 

1 

Ap Aeff A eff 
n A1 \p 

-M-

0.5 0.47 2 0.94 
1.0 0.67 1 0.67 
1.5 0.82 0. 7:)1) 0.60 
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of Ap in accordance with the experiments of Hof­
stadter and use of the fact that Ae » Ap gives 
practically the same result as the assumption Ap 
== Ae == M ( M is the mass of the nucleon). 

4. In the /3-decay theory with a conserved vec­
tor current the operator F(v) ( q) has the form 

p<'') = {1 (q2/ M2) Ya +- ~ M-1 fz (q21 M2) aa~q0, (12) 

where the form-factors f1 and f2 are equal to the 
isotopic-vector parts of the electric and magnetic 
form-factors of the nucleon and can be found from 
the experiments of Hofstadter. [13J In particular, 

{1 (0) = 1' fz (0) = (ttp- f.ln) /e = 3.70 

( J.Lp and J.Ln are the anomalous magnetic moments 
of the proton and neutron). 

Since F(v) depends on q2, it is not only by the 
proton electromagnetic form-factor ap that dia­
gram 6 is cut off. For Ae » Ap the cut-off factor 
apaef1 :::::; a~, and the result is close to that found in 
the paper of Behrends and others. [il 

For an estimate of the contribution of diagrams 
1, .2. 3 let us find the limiting values of F)!) and 
F~ for small k: 

p~) (k = 0) = - eap<i) (q + k)/ak,, 

=- eap<i) (q)/aq,, 

(13) 

It is impossible to determine from Eqs. (3) and 
(4) the .subsequent terms of the expansions of F~) 
and F~) in powers of k, since there can be trans­
verse rfarts of F~), F~) linear in the photon mo­
mentum k. SubstitutingJ.LF(v) ( q) in the formulas 
(13) and omitting in the calculations terms of the 
order me /M, we find the limiting values of the 
operators F~v) and F~~: 

F~') (k = 0) ~~ - (e/2M) fc (0) aai., 

F~';!(k == 0) -- (2e2/M 2) f; (0) 0,1' y". (14) 

In the calculation of the contribution from dia­
grams 1, 2, 3 we shall use the expression (14) and 
cut off the integration over the momentum of the 
virtual photon at the mass of the nucleon. The use 
of the values (14) for F~v) and F~v) right up to 
k2 == M2 is illegitimate, but we hop~ that in this way 
we shall get the correct order of magnitude for the 
contribution of diagrams 1, 2, 3. With this crude 
estimate the contribution from these diagrams is 
almost equal in magnitude to the contribution from 
diagrams 4, 5, 6, but is opposite in sign. This 

leads to a great decrease in the size of the radia­
tive correction to the lifetime of a nucleus against 
13 decay, as compared with earlier resultsP• 3J 

and we may suppose that an accurate inclusion of 
diagrams 1, 2, 3 will remove the discrepancy be­
tween the theory of the conserved vector current 
and experiment. 

In all of the foregoing we have used the expres­
sion for the electromagnetic vertex of the proton 
which is valid when the proton is a real particle 
( p2 == M2 ) before and after the emission of a photon. 
In our case this condition is not satisfied (cf. dia­
grams 3, 5, 6). Since the "nonreality" of the pro­
ton is important only for k2 ~ M2 we can hope that 
the "nonreality1' of the proton will not change the 
results very much. The contribution from the 
anomalous magnetic moments of the neutron and 
proton has been calculated by Berman, [3] using the 
data of Hofstadter, and it was found to be small. 

In conclusion we express our sincere gratitude 
to B. L. Ioffe and I. S. Shapiro for their constant 
interest in this work and for several discussions. 
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