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The shift of single-particle levels in nuclei of the ‘‘core + nucleon’’ type, caused by the addi-
tion of a pair of particles (nucleons or holes) of the same type to the nucleus, is investigated
within the framework of the shell model. The shifts are estimated quantitatively by perturba-
tion-theory calculation of the change in level spacing due to unequal shifting of the levels when
an additional pair is added to the nucleus. Two mechanisms of level shift are examined, one
where the shift is due to a change in the core parameters (isotopic and isotonic shifts) and
where the shift results from direct interaction between the pair and odd particle, the core re-
maining unperturbed (in this case the pair enters the nucleus as a system which is autonomous
and independent of the core and in which the particles are paired with respect to the angular
momentum J = 0). An estimate of the isotopic and isotonic shifts for a number of typical nuclei
indicates that the first mechanism does not correspond to the experiments. On the other hand,
a calculation of the relative level shifts based on the second mechanism, performed for a large
number of nuclei of the ‘‘core + nucleon’’ type for which experimental level schemes are avail-
able, leads to results which are in good agreement with the experimental data. It is shown that

there is a competition between the closely-spaced levels on which the pair is located.

INVESTIGATIONS (particularly quantitative) of
nuclear configurations within the framework of the
shell model entail considerable difficulties, because

the nuclear levels are not identified to the same degree

of unambiguity in all nuclei. The clearest picture

of nuclear configurations is observed in odd nuclei
of the ‘‘core + nucleon’’ type, in which both groups
of nucleons (after subtracting the odd nucleon) fill

closed shells or subshells and form an inert ‘‘core.”’

Single-particle energy levels in these nuclei arise
as real excited states of the odd nucleon, which is
situated in a certain averaged field of the core.
The sequence of levels in nuclei of the ‘‘core + nu-
cleon’’ type is satisfactorily described by a Mayer

scheme!!! intermediate between the energy schemes

corresponding to idealized potentials (oscillator
and well).

As shown by the presently known experimental
data on nuclear level schemes,!? the sequence of
excited levels, established for odd nuclei of the
‘‘core + nucleon’’ type, can be regarded as valid
also for other odd nuclei, which contain one or
several added pairs of like nucleons in an even or
odd group of like particles. On going to these nu-
clei, however, i.e., on adding, for example, one
pair of nucleons to the initial ‘‘core + nucleon’’
nucleus, the levels of the latter are subjected to
unequal shifts and the distances between the cor-

responding levels change (to the extent that cer-
tain level pairs cross).

A level shift of this kind can be attributed either
to a change in the core parameters (depth or ra-
dius of the well) when a pair of like nucleons is
added (isotopic and isotonic shifts), or to direct
interaction (in the form of a perturbation) of a
pair with the odd nucleon producing the levels;
the core remains unperturbed and the pair forms
a certain autonomous system in the nucleus,
wherein the nucleons are paired with respect to
the angular momentum (J = 0).

The purpose of the present article is to estab-
lish the character and the main cause of this shift
of single-particle levels, and to derive quantita-
tive estimates for the changes in level spacing in
nuclei of the ‘‘core + nucleon’’ type when a pair
of like nucleons (neutrons or protons) is added.*
It is expected that the relative level shift in the
two nuclei (‘‘core + nucleon’’ and ‘‘core + nucleon
+ pair’’) will indeed be determined by the inter-
action between the nucleons of the additional pair
with the core and the unpaired nucleon, and that a

*This analysis is also valid for nuclei of the ‘“‘core + hole’’
type, and for the case when a pair of nucleons is removed (and
not added), i.e., when a pair of ‘‘holes’’ is produced. This is
implied throughout, and occasionally the single term ‘‘parti-
cle” will be used.
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quantitative analysis of this effect is possible
within the framework of the shell model through
the use of perturbation theory (in spite of the fact
that the shell model does not predict with satisfac-
tory accuracy the level spacings themselves).

1. ISOTOPIC AND ISOTONIC SHIFTS

We examine the level shift of the unpaired nu-
cleon in a ‘‘core + nucleon’’ nucleus, a shift due
to the change in the average potential of the core
when a pair of neutrons or a pair of protons is
added to the nucleus.

Within the framework of the model, the average
potential of the core, which characterizes the self-
consistent field produced by the nucleons in the
closed neutron and proton shells, can be regarded
as independent (except for very light nuclei).
Consequently, the total self-consistent field is
made up of two independent self-consistent fields,
the neutron and proton fields, and the average po-
tential of the core can be expressed as a sum of
two potentials with corresponding statistical
weights, proportional to the number of neutrons
and protons in the nucleus. If the unpaired nucleon
is a neutron, the average potential of the core can
be assumed to have the form [

B
A

Z

V(n) = Vnn ':_ A Vnp

= Moyt Loy, + LN W — ), (1)
where Vp; characterizes the interaction of the neu-
tron with the neutron medium, Vnp the interaction
with the proton medium, and Ny and Z; are the
numbers of neutrons and protons corresponding to
the stability of the nucleus A. Analogously, for the
unpaired proton, the average potential of the core

is assumed to be

(p) VA . N Z
V7= Tvppfjvpnzjnvpp

) -
+ Vo — 2= W, — V),

(2)

where Vpp and Vpp determine the interaction of
the proton with the proton and neutron media.

For stable nuclei, the potentials (1) and (2) con-
sist of only the first two terms, which character-
ize the potential of the stable core V,. After sub-
tracting the Coulomb interaction, V; is identical
for the unpaired neutron and proton (V{® ~ V{P
~ Vj). On the other hand, in view of the charge
independence of the nuclear forces, it is natural
to assume Vpp &~ Vpp and Vpp = Vpp. As a re-
sult we obtain a two-parameter average core po-
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tential for the external unpaired neutron and pro-
ton*

V(n) (Z, N) =V -+ %V’,

z—12,
A

VP (Z,N) =Vo + V'V (3)

ouls

where

Z —Zo = — (N — No),

V' =V —Vop = Vpp — Vpn

and Vgoyl is the Coulomb energy of the unpaired
proton.

In the calculation of the relative shifts of the
nuclear levels, potentials (3) were regarded as
ordinary rectangular potential wells (without ac-
count of the smearing of the potential on the bound-
ary) that depend on the neutron-proton distribution
in the nucleus A (Z, N).

We chose for the potentials (3) the parameters
Vo =45 Mev and V' = —89 Mev (the nuclear ra-
dius is R = 1.4 AY3 Fermi units). This choice is
not an essential limitation, since it can be shown
that the results of the calculations vary very little
with small changes in the parameters of the po-
tentials in (3), and that any combination of param-
eters in this range can be used in practice.

The distance between the levels nlj (Epzj) and
n'l’j’ (Ep/gvj») in the nucleus A (Z, N) is given by
the following well-known expression:

) En’l’j', nlj (Z, N) = En’l’j’ (Z) N) - Erlli (Z, N)
= 10.5-A7" {{xpry (Z, N)I* — [xa; (Z, N)I?} Mev;(4)

where here xpjj are the roots of the transcenden-
tal equation obtained from the condition that the
logarithmic derivatives of the external and internal
wave functions of the unpaired nucleon be equal on
the boundary of the potential well (3). On going
from nuclei A(Z, N) of the ‘‘core + particle’’
type to nuclei A+2(Z, N+2) and A+2(Z+2, N)
(i.e., on ‘‘adding’’ or ‘‘removing’’ a pair of like
nucleons), the energy levels of the unpaired par-
ticle EpJj experience an unequal shift AEpjj, as
a result of which the distances between levels (4)
change. Depending on the type of additional pair
of nucleons, the relative level shifts due to the
change in the core potential can be classified
either as isotopic (AZ =0, AN =x2)

Aany OEprj, nij) = OEppj, nij (Z, N £ 2)
— 8E vy, nij (Z, N)
or isotonic (AN =0, AZ =+2)

®)

*A potential of this kind, but with smeared edge (with ac-
count of the diffuse boundary of the nucleus) was investigated
by Sliv and Volchok.*
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A(AZ) (5En'l’f', nli)
= O8E, vy, nij (Z £2, N) —O8Epry, mij (Z, N). (5")

Equations (4), (5), and (5’) were used to calcu-
late the change in distances between different levels
for the transitions A — A + 2 in a series of typical
nuclei with known experimental level schemes. The
results of the calculations, together with the ex-
perimental values of the change in distance between
corresponding levels, are listed in Tables I and II.

As can be seen from these tables, the nuclei con-
sidered were those in which the numbers of neutrons
N and protons Z corresponded to the filled shells
(subshells) in the Mayer scheme. The numbers
(+1) or (—1) in the columns marked N and Z
indicate the type of odd nucleon (or hole) whose
levels are shifted by a change in the potential of a
core made up of a combination of nucleons (Z, N)
from the closed shells (subshells). In many cases
the problem is not single valued: the energy spec-
trum of the nucleus can be simultaneously regarded
as pertaining either to a nucleon or to a hole, but
with different core potentials. For example, for
the nucleus with 39 protons, we can consider, along
with the variant having an unpaired proton Z = 38
(+1), an alternate variant with an unpaired hole
Z =40 (=1) (the filled subshells for Z = 38 and
Z =40 are 1f;;; and 2p;p respectively). The
core potentials corresponding to these two cases
will be different, owing to the dependence of the
potential V(Z, N) on Z. Duplicate calculations
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were carried out for these nuclei (the results of
these calculations were not listed in Tables I and
II because they did not improve the agreement with
experiment).

From a comparison of the theoretical change in
level spacing with the experimental data in Tables
I and II it follows quite obviously that the proposed
mechanism, where the levels are shifted by a
change in the core parameters (the isotopic and
isotonic potential shifts), does not correspond to
reality at all (the discrepancies are both in sign
and in order of magnitude); this was expected
from preliminary estimates of the effect. In any
case, this mechanism could not be the only cause
of level shift of an odd particle when a pair is
added to a ‘‘core + particle’’ nucleus. Character-
istically, the determined isotopic and isotonic rel-
ative level shifts are as a rule one order of magni-
tude smaller (in absolute value) than the corre-
sponding experimental values; this demonstrates
that the proposed level-shift mechanism is patently
insufficient to explain the real level shifts.

2. PERTURBATION OF SINGLE-PARTICLE
LEVELS BY A NUCLEON PAIR ADDED TO
THE CORE

We shall assume that when two like nucleons
(or holes) are added to a nucleus A of the ‘‘core
+ nucleon’’ (or ‘‘core + hole’’) type, the added

Table I. Isotopic shift (AZ =0, AN==+2)

L
diff;-‘;ilce z N AN t A((O;(E)theor: ABE)exp,
n'l’j" — nij ev kev
Lhy,—24dy, | 58 84+ | 42 oas 1485
18y, —2py, | 50(—1) | 64 42 —6 458
Lgy, —2py, | 50(—1) | 66 +2 +1 +23
18y, —2py, 38(+1) | 50 —2 4103 —532
18,—2py, | 38(41) | 50 42 +31 —356
18, —2py, | 50 4041y | 42 +76 —286
A hy,—3 sy, 50 66(+1) 42 472 —231
Lfy, —2py, | 38(—1) | 50 —2 +18 —550
2dy, =35y, | 50 66(+1) | +2 44 —137
2py, =11y | 20 20(4+1) | 42 —346 —1359
2py,—1F, | 2041) | 28 —2 —55 —2590
Table II. Isotonic shifts (AN =0, AZ =+2)
difformnce v ; | ACBMmeor | AGE)exp,
n'l’j" — nij kev kev
{1y, — 2d,, 82(—1) | 58 —» oy — 7
Ly, — 2d,, 78(++1) | 58 —2 — 10 =13
1gy, —2py, 50(—1) | 38 2 12 o8y
g, —2p, 50(—1) | 38 +2 4+ 10 — 200
1g,, — 2, 56 AO(F1) | 42 — 33 4608
g, —2m, 50(—1) | 40 42 — 40 — 7
g+, — 2py, 50 38(-4-1) +2 +150 | —1017
g, —2p,, 40(41) 50 -2 — 46 l + 75
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pair is not incorporated in the core, but enters
autonomously into one of the shells outside the
core, in a state ‘‘paired’’ with respect to the an-
gular momentum (J =0). This added pair inter-
acts with the unpaired nucleon, perturbs the states
of the latter, and thereby produces unequal shifts
of the various single-particle excitation levels of
the nucleus. The unequal shifts change the rela-
tive distances between the levels.

The relative shift of the single-particle levels
nlj and n’l’j’, for two corresponding nuclear con-
figurations A and A+ 2, is determined by the ex-
pression

Aoy OESDy, mij) = Do EXLy — Aa ), (6)
where A(iz)EI(f?j) and A(iz)El(lél)l j are individual
shifts of the levels nlj and n’l’j’, analogous to
isotopic and isotonic shifts. These shifts, how-
ever, are no longer due to a change in the core
potential upon ‘‘addition’’ of the pair, but to the
direct interaction between the pair and the unpaired
nucleon V;p. The perturbing potential V;p was
chosen in the form of a 6-function two-particle
potential with all types of interactions between
nucleons (with exception of tensor forces)

2
Vip = 4n 2 8 (p —ri) {a (%) (s0) +c +d(s0s) +e (%)}
=1 (7)
Within the framework of the single-particle

model, the individual level shift A(iz)Efl j) was

A ST nstini—=o = 2 @f + 1) {f +gB (L, lo; j, j0)} Dut, nute s

where
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considered, in accordance with perturbation the-
ory, as a first-approximation correction to the
eigenvalue of the energy of the unpaired particle
in the nucleus, without account of the correlation
interaction* between the particles within the pair
occupying the level nylgjy:

Ay Ent; notalini=0

@®

= Vip> = (Warj; ntotini=o 1 V1p | Watj; ntijoi=o)-

We chose fdr the core potential the two idealized
potentials of th:e shell model —a rectangular well and
oscillator potential. In the analysis of the nucleon
(or hole) distt}ibution over the levels, however, we
used the real lbvel sequence, which is intermediate
between the levels corresponding to the two ideal-
ized potentials. A characteristic feature of our cal-
culations was fghat in the case of the rectangular
well we used the core potential V(Z, N) defined
in (3) and dependent of the number of neutrons N
and protons Z in the nucleus (not only on the
atomic number A), with a well radius R = 1.4 A1/
Fermi units. The oscillator potential considered
was standard (with the usual dependence on A but
noton N or Zi), and consequently isotopic and
isotonic effects of the core potential were not taken
into account.

Substitution of the antisymmetrized wave func-
tion of the nucleus into (A) leads to the following
final formula for the level shifts (for either the
rectangular-well or for the oscillator. potential ):

2 L4 L—I) (I 4+ 1y — L) (L4-1,—1)!
B(1,10,],,0);m;1<(1,10,”< o (L Iy — L) (L+-Ly—1)

o {(1+1£+L~> !/<l+l£+L_l)! (1+1£+L_10>! (#‘L)l}z,

K (l1 lO) L) =

|(L+lo+l+1)(—L+lo+l),
lC+t—D @ —t+1+1),

1| <L<I 4 b,

Dat, iy =\ | Rut (9) | R, (0) 1 2l

©)
I+ 1, +L+ 1)
L+ l—1+D)(L—lo+1D), j=l=5.  Qi=l+g
Llo+ 1+ (=Ll I+, j=l+5,  Jo=l+y
i=t—%.  do=h—%
I=l+“;—’ fo=lo_;_
l+1,+L — even,
(10)
fa=c¢c—d—e +a, gy=d—a (11)

The constants f and g (9) are combinations of

the constants a, ¢, d, and e of the perturbing in-
teraction potential (7), and depend on whether un-
like particles [n(pp) or p(nn)] or like particles
[n(nn) or p(pp)] enter into the interacting ‘‘par-
ticle—pair’’ system: in the case of a combination of
unlike particles '

and in the case of combination of like particles

*The correlatﬂon interaction could change the wave func-
tion of the nucleus, and this would lead to some new theoret-
ical values of the relative level shifts. We assume this effect
too small in the first approximation.
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fi=c—d+4e—a, g1=d +a. (11’)

The radial integrals Dnl,nyl, can be calculated
only by numerical means. Calculations for an os-
cillator potential were made by Zeldes,® who tab-
ulated all the main radial integrals. For a rectan-
gular well, the tabulation of the integrals becomes
impossible, in view of the fact that the integrals
are not standard and in view of the explicit depend-
ence on the well radius R and of the isotopic or
isotonic properties of the potential V(Z, N), so
that an individual calculation is necessary for each
specific case.

An analysis was made of practically all nuclei
A of the ‘“‘core + particle’’ type, and of the corre-
sponding nuclei Ax2 of the ‘‘core + particle
+ pair’’ type, for which either the experimental
level schemes (or at least one pair of correspond-
ing levels with an established relative shift) were
known. The core nuclei chosen had closed shells
or subshells, the Mayer scheme serving as a cri-
terion. The constants f and g were chosen from
a comparison of the calculated relative level shifts
with the experimental values, made simultaneously
for all investigated typical nuclei. Nuclei in which
the level shift is due to a combination of interacting
unlike particles (the constants f, gy) were dis-
tinguished from those with a combination of inter-
acting like particles (the constants f}, gj).

The constants were chosen such as to obtain
satisfactory relative level shift values for the
greatest possible number of nuclei. For this pur-
pose, the system of equations in the form oaf + g
=A (6E)exp, obtained for the entire group of in-
vestigated nuclei with the aid of formulas (6) and
(9) for the ground levels (according to the Mayer
scheme) and near-lying levels of the pair, was
reduced to a system of equations in the form «a’f/g
+ B’ =1/g. This system was solved by using a wide
range of trial values of f/g, in such a way that a
constant (1/g) common to all nuclei was obtained
from the left half of the corresponding equation for at
least one level of each nucleus. We chose in this
fashion the following values of the constants for
the two basic potentials and for the two types of
interacting ‘‘particle-pair’’ combinations:

]c“.(""e“)= + 1, u(welh)= —0.1; fu\(osc)z +0.317,
8u(ose) = — 0,033 and fl(we11)= 4+ 0.5, g1(wety= —2.5;

fl'(°sc)= +2.5, 81(osc)= — 1.25,

With these constants the theoretical values of the
relative nuclear-level shifts deviated least from
the corresponding experimental values. The ratio
of the constants f;/g, and f]/g] was compared
with the results of certain energy calculations
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based on the shell model (in particular, with
Flowers’ results, %! where the best values of these
constants were determined from a theoretical
analysis of the energy scheme of the O!® nucleus),
and also with the corresponding analysis of experi-
ments on np scattering at high energies. It turned
out that when an odd neutron interacts with a pair
of protons or an odd proton interacts with a pair

of neutrons, the estimated ratio of the constants

is f,/gy ~ (+10)/(-1) for either the oscillator
or the rectangular-well potential. This agrees
both with Flowers’ data and with the correspond-
ing results of the analysis of np-scattering experi-
ments. To the contrary, when an odd nucleon in-
teracts with a pair of like particles [n(nn) or

p (pp)], the ratio f]/g] for the oscillator poten-
tial differs from that for the rectangular well,
namely

f1(oscy €1 sy~ (+ 2)/( == 1), fi(wen)/Gt(wetn~ (- 1)/( —5).

Whereas in the case of an oscillator potential
the ratio of the constants (~ —2) coincides with
the np-scattering data (but not with the data ob-
tained by energy calculations based on the shell
model ), in the case of the rectangular well the
ratio obtained for the constants (— 1/5) has never
been encountered before, and agrees neither with
Flowers’ shell calculations (- 4/5) nor with the

" results of the analysis of the np-scattering ex-

periments (—2).

The results of the calculations and their com-
parison with the experimental data are summar-
ized in Tables III, IIla ( combinations of unlike par-
ticles) IV, and IVa ( combinations of like particles).*
All possible pairs of nuclear levels (of typical nu-
clei), for which a relative shift has been estab-
lished experimentally, are considered. Omissions
from the tables denote that the corresponding theo-
retical values greatly deviate from the experimen-
tal result; the relative shifts in parentheses are
those for which calculations yield only qualitatively
correct results. For the levels that the pair added
to the nucleus can occupy, Tables IIla and IVa in-
dicate two or three alternative versions, the first
of which (underlined) is the ground level (above
the core) within the framework of the Mayer
scheme. The latter is the result of the approach
used in this investigation, wherein the data on the
relative level shifts are distributed among Tables
III, IV, Illa, and IVa.

In each calculation of the relative level shifts of
an odd particle, we assumed first that the pair

*n and p denote in the tables holes in neutron and proton
shells respectively.
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Table III. Relative shift of single-particle lbvels A (OE)

(combinations of unlike interacting particles)
Level Combination | Level of]
ZXI/\‘}')Z’X /j‘\/:‘: 2 difference A(&E)GXPI of interact- pair A@E)wett, A((O;{E)Oso
n'l'j’ — nij kev ing particles| nglyjy kev ev
aNbjg — uNb3 | 1g,, —2p, | + 75 p (nn) 2d;;, 477 (+-90)
aoIng}® > aglnge® | 1g,, —2py, | 158 p (nn) 3s,), 461 60
wYoe -~ aoYyn | 1&gy, —2py, | —532 p (nn) 1g,, —536
WSty — wZtly  |1g,—2py, | —200 n(pp) 2p,), 182
2NiS3 — ogFel) 1fs), —2py, | —261 n (pp) 1fy, | —260
uSeqy — uScsl | Afy, —2ps, | —140 p (nn) th, | (—268) —133

Table IIla. Relative shift of single-particle levels A (6E )
(combinations of unlike interacting particles).

Competition of pair levels

o 1]
cLQ =
j Level differ- |A(SE) R Level of | § AGE),
XA L XAER evel citler- exp| E3% - 2% oscr
ZAN T ZON ence n'l'j'—nlj kev ‘g*é g ﬂz?qi 8« kev
S5 | < \
87 85 5 \ - 175
wSrw — 36}(1‘49 1g,/z — pr/rg -+83 n(pp) zj;j_i .78 (592)
‘/1/2 T Y&
2]‘#:/2 --82
1g
7 .89 91 . - — 8ov,
202759 = 12MOjg 15, —2py, —170 n(pp) er —69 (—94)
7y
2d,,
59 91 - 5,
a0 Y50~ 50 5o 180, — 2P, —356 p(nn) Q}j“ —.378
1h
15 117 p . = )
soINg6” = 91 Mgg 1gy, —2p, 230 p(nn) | 5 21,5 ] (-60)
Cel® . _Bal¥ | 1h,, —2d o e,
se-Cal 77 56031 1/ K8 —79 n(pp) 2., -7
Cel37 Bal3s Wh. —9d - 15"'1'2
sy 7 5085 vy, T by, +13 n(pp) 34, 15
i 18, 5 y
115 13 , - o, - 24
s00Mgs > 45Cdg; Py, — 35, —247 n(pp) by, —240)
. Yy -
Rbﬁ? Rt 85 1f 2 - — 1‘%’2
277 V50 = 378 Dyg sty TPy, —550 | p(nn) 2, —540
s 1/2 . {

Table IV. Relative shift of single-particle ]jevels A(6E)
(combinations of like interacting particles)

§.8 ‘ S
2979 : ©
LKA XARR Level differ- |A(0E)exp,| E5% |Levelof| _B.: |AGE)osc,
ence n'l'j'—nlj kev £ a pair B kev
8..6 ED nolojo 3
. ‘ o |
55T — ST 1g, —2py, | +155 | n(nn) | 186y, | 163
alNb3y = Tl | gy, —2p, | —286 | p(pp) | 140, | —260
s Yo N2 1., —2py;, —1017 | p(pp) 2py, (—800) | —108%
50506 = 505Gy’ | 1k, —2ds, —9% n(an) | Ahy, —100
ssCero = ssCeqy. | Ak, —2dy, 4485 | n(nn) 2d,, 470 | (4-660
soS0er = 50S0ge’ | Mhay, —3s,, | —231 | n(an) | Ak, | —220
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Table IVa. Relative shift of single-particle levels A (6E )
( combinations of like interacting particles).
Competition of pair levels

§ 5’: A
. £88 ®
zX/C—*z'X'r?/;2 Level differ- A(SE)exp, sot |Levelof | : B » AGE) o
! 1700 : Bed : N o ’
ence n'l'j' —nlj kev 'EE' Q pair jg ] kev
_ ’ 8 ) %" nolojo 3
1
aNbgE 13738 1892 — 2P | 608 p(pp) 180
2p,, | +608 | 4633
50511 > Snll? Thyy — 35y | —192 n (an) 35179 »
g2 — 0
— 1f
Cadl _,  (Ca% 2pg0 — 1fo5 1359 | n(nn) 772
20921 7 20423 5 )
2p,, —1369 )
| 1f, —1313
21538 = 23Vig 2ye—Abn | —2042 | p(pp) | Uz (—1273)
2Dy (—~—1000)
— 1562,
1T 5 i
Sl Vil Vs — 2Py | —1575 | p(pp) | e (—1038)
2p,, | (——1000)

added to the nucleus is located in the lowest level
above the core (shell or subshell). The favorable
cases where the theoretical shifts agreed with the
corresponding experimental values are gathered
in Tables III and IV. However, along with this
ground level of the pair (according to the Mayer
scheme), we considered simultaneously a group
(3 or 4) of neighboring alternative occupation lev-
els for the pair, and the relative level shifts were
determined on the basis of the method developed
above (simultaneous solution of a system of equa-
tions for all groups of nuclei), with allowance for
all possible locations of the pair. Quantitative es-
timates have shown that when the relative shifts
agree with the experimental values the pair is not
always at the ground level (above the core) called
for by the scheme employed.

In many cases, singled out in Tables IIla and
1Va, the theoretical and experimental values agree
if the pair is at some level neighboring with the
ground level. These neighboring levels, which the
pair entering the nucleus can occupy instead of the
ground level indicated by the Mayer scheme, will
be called competing levels. It is characteristic
that the competing levels encountered in all the
foregoing cases are precisely those closest to
each other in the Mayer scheme, which can, generally
speaking, overlap when the pair is added to the
nucleus, i.e., the sequence of two or three neigh-
boring levels can change. This result is all the
more worthy of attention, for along with the pair
levels that undoubtedly compete with the ground
levels, we considered also two or three (and in
some cases even more) other levels, which were

not close from the point of view of the Mayer
scheme. In none of these nuclei, however, did the
calculations indicate a possibility that the pair can
occupy these levels.

By way of illustration let us describe several
characteristic cases of level competition in sev-
eral nuclei.

For the case of the indium isotopes ,oIn}}’

— i’ (AN = +2, Table Illa), the relative shift
of the levels 1gys and 2pyp is characterized, for
different pair locations, by the following values
(for a rectangular well ):

Pair level A (86E)theor, kev
1k, + 262 2 fy,
2 d,,
35, +21.5 {_ 1 hy,
3 Sl/z
2 d’/z +104 1 g’/z

A(BE)exp = + 23 kev

Of the three competing levels, satisfactory results
are obtained not with the first level above the core,
1hyy sy, but with the lower level 3s;s, (according
to the adopted shell scheme) in the direct vicinity
of the ground level 1hyys.

In the case of a transition from ,Nbif to ,3Tc
(AZ = +2, Table IVa), the relative shift of the
same levels is (for a rectangular well):

Pair level A (8E)theor, kev
1 g, — 162 1 g,
2 py, + 608 { ; f;;
A(SE)exp = + 608 kev Ll
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In this case, the competing near-lying levels are
1gys (ground) and 2pys,. Calculations of the rela-
tive level shifts, carried out for other possible oc-
cupations of non-competing remote levels by the
pair, always lead, in the case of the investigated
nuclei, to values that deviate from experiment.
For example, in the case of the transition ,Nb}]
— 43Tcd, the results are clearly unsatisfactory
for all possible non-competing pair levels: 1fg,,
1gq/, 2dgp, etc; the situation for the transition
1oInds — 491né,1,7 is analogous.

In general, for each type of nucleon there ex-
ist, as it turned out, definite groups of closely-
spaced levels. These compete, in particular,
when the number of nucleons of the nucleus is
changed. In our case considered the competition
between levels manifests itself under level shifts
caused by adding an additional pair to a nucleus
of the ‘‘core + particle’’ type. On the basis of the
analysis of Tables IIla and IVa, we can single out
the following groups of competing levels:

a) for deuterons

(li7/27 2p'/z’ lfb/z)’ (2])‘,:7 lg'/z)1 (2d§'z’ 1g7,'z’ 35’,’;);

b) for protons

(1f7/2, 2])3/2, IfS/l), (QP:/Z, lg',’:)r (lgvyxz, Qdm'), (lhure, Qd:‘, 35:9.

We note that in many cases the type of potential
(well, oscillator) decides which of the competing
levels will predominate when the pair is added to
the nucleus (see next to the last line in Table Illa
and last three lines in Table IVa).

3. DISCUSSION OF RESULTS

The theoretical analysis of the relative shifts
of single-particle levels in nuclei of the ‘‘core
+ particle’’ type, when a pair of like particles
(nucleons or holes) is added to the nucleus, shows
unequivocably that the level shift is due to direct
interaction (regarded as a small perturbation)
between the pair and the odd particle. As can be
seen from Tables III and IV, this mechanism ex-
plains satisfactorily the relative level shifts in
typical nuclei, if account is taken of the isotopic
and isotonic properties of the nuclear potential.
In the case of a rectangular well, the agreement
with relative level shifts is found to be very good,
with the exception of the series of light nuclei for
which, as expected, better results are obtained
with the oscillator potential (in spite of the neg-
lect of its isotopic and isotonic properties). For
the oscillator potential, the results of the calcu-
lations frequently disagree with the experiment,
this being a natural consequence of neglecting the

dependence of the potential on N and Z. The good
tabulated results, obtained without account of the
correlation interactions inside the pair, offer some
evidence that the correlation effects may affect in-
significantly the energy values under consideration.

As can be seen from the calculations of the rel-
ative level shifts of specific typical nuclei, the num-
ber of constants necessary for a satisfactory ex-
planation of these shifts does not exceed the number
of constants (f and g) involved in the theoretical
formulas (particularly in the case of a rectangular
potential well), i.e., the same constants f and g
are valid for all the nuclei. The latter circum-
stance is, in the case of a rectangular potential
well, the result of an account of the dependence of
the nuclear radius and the depth of the well on the
neutrons N and protons Z in the nucleus A (Z, N).
As was noted by Nemirovskii, B the dependence of
the radius of the nucleus and the depth of the well
on N and Z can be reduced only to the dependence
on N and Z established above [formula (3)] for
the depth of the well of the core V (Z, N), with
the nuclear radius having the usual form R = 1.4x
A3 Fermi units.

In the case of an oscillator potential, the choice
of the constants f and g is less successful, but it
is much better than that obtained by Zeldes, ! who
used from three to five parameters for each pair
of levels, and who did not distinguish between the
principal effects of interactions of the odd particle
in the nucleus and the secondary effects (in par-
ticular, the effect of pair correlation). The result
of the oscillator potential can be improved appre-
ciably by taking into account the isotopic and iso-
tonic properties of this potential, i.e., its depend-
ence on N and Z. Critical remarks of this kind
were advanced by Peierls (in connection with
Zeldes’ papert™), who noted that the excessive
number of parameters used to explain the relative
level shifts of even-odd nuclei is the result of fail-
ure to account for the dependence of radius of the
nucleus (or, what is the same, of the depth of the
well) on the number of neutrons and protons in the
nucleus.

Peierls’ remark does not apply to our work if a
rectangular well is used. The choice of just a rect-
angular potential well as an exact potential depend-
ent on N and Z is connected with the character of
the available experimental data: most of the typical
nuclei with known experimental schemes can be de-
scribed by a rectangular well better than by an os-
cillator potential (the percentage of light nuclei is
insignificant).

The competition between pair levels, established
through the use of the approach employed here,
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needs additional verification by other means, al-
though the effect itself was already discussed in
earlier papers onthis problem.® " The verifica-
tion becomes particularly essential if the corre-
lation interactions in the pair are taken into ac-
count, particularly their dependence on the position
of the pair in the nucleus (as is well known, the
pairing energy of nucleons is different at different
levels).

In conclusion we note that, within the framework
of the shell model, the addition to a ‘‘core + par-
ticle’’ nucleus of not one but two, three, or more
pairs (all within a single shell) should, if pairing
is taken into account, lead to relative level shifts
A (6E) that vary linearly with the number of pairs
‘“‘introduced’’ into the nucleus. This effect was
theoretically indicated by Zeldes,® and noted in
Shpinel’s ! analysis of the experimental level
schemes. However, the linear dependence of
A(6E) on AN or AZ holds only for a definite
number (2 or 3) of supplementary pairs in a
given shell, beyond which one cannot regard a new
pair entering into the shell as being independent
of the remaining pairs; consequently the linear de-
pendence is violated and the correlation of the pair
must be taken into account. Nonetheless, the lin-
earity observed when at least the first two pairs
are added is evidence that these pairs are autono-
mous in the nucleus, and thereby demonstrates the
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possible insignificance of correlation effects in the
interacting ‘‘particle-pair’’ system.
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rosyan for numerous discussions and continuous
interest in the work, and also to N. I. Gaidukov
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