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We consider the problem of reflection and absorption of electromagnetic waves striking the
plane bounding an electric plasma at an oblique angle. The main difference between oblique
incidence and the case of normal incidence previously considered is that longitudinal waves
are excited inside the plasma at frequencies close to those for which the longitudinal dielec-
tric constant of the plasma vanishes. In the particular case of nonrelativistic temperatures,
the energy spent in exciting the longitudinal waves exceeds the energy lost as a result of col-
lisions between the plasma particles, provided that the condition (44) is satisfied.

1. The theory of electromagnetic properties of a
semi-infinite plasma has been the subject of many
papers.* At the present time the question of re-
flection, refraction, and absorption of electromag-
netic waves incident perpendicularly to the surface
of a sharply delineated plasma can be regarded as
relatively well investigated. To the contrary, the
case of inclined incidence remains essentially un-
investigated.

We have undertaken to fill this gap in part. We
consider here the problem of oblique incidence of
electromagnetic waves on the surface of an iso-
tropic plasma (without constant field) with arbi-
trary particle distribution (in particular, rela-
tivistic). Such an analysis will enable us to study
not only the question of losses connected with the
occurrence of a transverse field in the plasma
(called below the transverse losses), but also
the question of the excitation of longitudinal waves
and losses connected with the occurrence of a
longitudinal field (longitudinal losses).

When we consider the semi-infinite plasma, we
assume specular or diffuse reflection of the par-
ticles from its surface.™ Both conditions must
be regarded as rather approximate. These bound-
ary conditions, however, can explain the role of
effects occurring as a result of the presence of
the plasma boundary, both in the case of a plasma
bounded by a solid surface and in the case of a
plasma confined by a magnetic field (under the
condition that the transition layer is sufficiently
small).

2. To study the electromagnetic properties of

*For lack of space we cannot discuss these papers in any
detail. We refer the reader, for example, to the book,'") which
contains a relatively complete bibliography.

an electron plasma (assuming that the ions form
a homogeneous background), we use, as is cus-
tomary, the kinetic equation with self-consistent
field. Being interested in the region of larger fre-
quencies (much higher than the collision fre-
quency), we can write here the kinetic equation

in the form

08f 8, o o

T‘T’VT + -ap :-—’Vﬁf (1)

Here f; is the equilibrium electron distribution
function, and 6f is the nonequilibrium addition;
v is the collision frequency.

Assuming specular reflection of the electrons
from the surface of the plasma, when

8f (v:>0,2=0) = pdf (v: << 0,2=0) (p=1 (2

(here z = 0 corresponds to the surface of a plasma
filling the half-space z = 0), we obtain the follow-
ing solution of the kinetic equation for the case of
an incident electromagnetic wave with time and
space dependence exp{iw(~t+ zcos 6/c+ysin6/c)},
where 6 is the angle of incidence:

e fo& dz' exp {— Zv_zz' x}vE (2), v, < 0,

8f = :'— f, idz' exp {— Z _;:’ x} vE (2)

+=-F \ dz’ exp {— z ’tzz_ X}
X {Exvx + E v, — E;v2},

v, > 0.

Here x = v—iw(1 - vy sin 6/c) and fj is the de-
rivative of the equilibrium distribution function
with respect to the energy.
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Expressions (3) are used to determine the cur-
rent density

j=e & vofdp,

which is contained in the field equations. If we
now eliminate from the field equations the mag-
netic induction, and extend the electric field to
include all space (the tangential components Ex
and Ey in even fashion, and the normal component
Ez in odd fashion), then, as can be readily veri-
fied, we obtain for the Fourier components of the
electric field

E: (q) = }—/ﬁgdze—"qz[i[ (2)
the following equation
R?E; (q) — k; (kE (q)) — (0®/¢%) &;; (o, K) E; (q)
=—V2/na;
k= (0, wsin0/c,q), a=(E,0),
E, (0) — iwsin 0E, (0) /¢, 0). (4)

The dielectric permittivity tensor €jj has in
our case of isotropic plasma the form

g (0, k) = & (v, k) (8;; — k~2kik;) + k2kikiE (w, k).

Here the transverse and longitudinal permittivities
are determined by the usual formulast!

de (kv)? f;
el(m,k):l—{—g%gdpw—_okv, (5)*
2e? [kv]* /g
e (o0, k) =1+ %Xdp c})—;TanTv . (6)

The equations written out solve the formal as-
pect of the theory of inclined incidence of radiation
on a semi-infinite plasma when the electrons are
specularly reflected from the surface. We now
proceed to an analysis of the pertinent results.

3. We turn first to the relatively simple case
of s-polarization, when the electric vector of the
incident wave is perpendicular to the plane of in-
cidence. In this case only the x component differs
from zero, and is given by

dge’9?
E@) = o (w/c)*e Yo, k)— k2"
—0

Ex(o) S (7)
The difference between this equation and Eq. (7) of
an earlier paper by one of the authors, ] is that the
quantity g in the denominator of the integrand is
replaced by k. This corresponds in fact to the re-
sult obtained by Reuter and Sondheimer. 3!

The complex coefficient of reflection, in the
case of s-polarization, is

*kv) = k-v; [kvl =k x v.

(c/4m)cos § Z;—1
s = Climcos§ Z, +-1°

where Zg(w) = (4miw/c?) [Ex(0)/Ey(0)] is the
surface impedance, connected by the relation

Zs (0) = — (dnio [ ®)As

with the effective complex depth of penetration
+oo
A = _ 1 dq

ﬁ_goo (/)& (0, k) — & ®

Under conditions when the spatial dispersion is
weak, we can represent the transverse permittivity
in the form (w > )2
gt (0, k) = & (0) — alc®k?/ w?

=1— 02/ 0 —dc®k? [ w? 4 ivel/ 0¥

4e?

w? = : Sdpvzf;, af = —— sdp. (9)

Thereupon we get for the effective depth of pene-
tration

he =22 101 +a) (e (w) — (1 + ) sin? 617 (10)

In the case of a nonrelativistic plasma, the con-
tribution due to at is negligibly small. To the con-
trary, in the relativistic case this is no longer so.
Actually, for example, in the ultrarelativistic case
al = wl/5w2

In order for expansion (9) to be valid, the con-
ditions

le (o) | < me® /=T (0?3 02xT./me?) (11)

must be satisfied in the case of nonrelativistic
plasma, and

e (o) K1 (12)

in the relativistic case.

Expression (10) is due to the contribution of the
pole of the integrand of (8). Let us consider now
the contribution due to the branch point of the di-
electric constant. We have

@ dxxlmaﬁ_ (0, x (@ 4 iv)/ ¢)

2i ¢ Y
73(1 - lﬁ)& V¥ —sin® § 0/ (@ + iv)?

Y = —

=

x {[Re et (o, "’t“’x)—(l —]—iv/co)?xz}z

+ [Im et (w, ot x)T}_l. (13)

c

The expressions for ef& were derived earlier

(see 1) for the case of a relativistic Boltzmann
particle distribution. In the nonrelativistic case,
when the main contribution is made by the values
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x ~c/vp~ Vme2/kTg , the expression for 6>\(3)

is independent, accurate to terms ~ kTe/mc?, of
the angle of incidence and agrees with the following
expressionm

s
o, 2
P o 20" 7 o oty (o

s T o o \med)

(14)

\ Im et (0, k) = 2i

0

Here we assume w > v and (sze/wz)(KTe /mc?)
< 1.

In the ultrarelativistic case, assuming w > v,
we have

(1—1/x){(1+“®—§’%

&1OIG

3 0
o — 1 3

[ee]
R dx
V\ —sin? §)

ic
[

><f 2 =1/ Iniy ]~x2>

3y 0
+(4—§) 0)2(

where w%p = 4:7T62Ne02/3K Te.

In order to exhibit the dependence of the latter
expression on the angle of incidence 6, we give
the values of 6A§Y (w/ic) when w = wgp- Thus,
when 6 = 0, 30, 60, and 90° we have accordingly
the values 0.09, 0.10, 0.115, and 0.24.

The formulas obtained permit, in particular,
a determination of the absorbing ability of the
plasma, A =1 — |r 2. In the case of nonrelativ-
istic temperature with €,—sin? < 0 we have

AL x‘/é—;%_g—aoz)— + 8 l/ (sin®0 — eo) ( e) cos .

(16)
When 6 = 0, this formula coincides with equation
(38) of (21,

The contribution to the absorbing ability, a con-
tribution not connected with the plasma-particle
collisions with each other, can also be determined
directly by calculating the energy lost by the elec-
trons on colliding with the plasma surface. In the
case when €,—sin?0 > 0 this contribution is now
equal to

-1

1/ } : (15)

8127 (o, | 0T,/ me2)”2 cos § (e (0) — sin? 0)

— 17
(V € (0) — sin® § -+ cos §)? (a7

In the case of s-polarization which we are con-
sidering, it is easy to obtain the solution also by
assuming diffuse reflection of the electrons from
the plasma boundary, corresponding to r = 0 in
Eq. (2). Now we obtain for the field the following
expression

—id4-c0 oo
E, (0 (" dg 1 ¢ dg
H
E. (‘) 2mi \ q €™ exp 21 \ qg—q’
s q
—id—00 —c0

(18)

xIn[1— 2 (6! (0, B —sin®6) |},
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and for the complex depth of penetration we have
(D) 1 ¢

AP — {?ﬂ dq In [1
0

Under conditions of weak spatial dispersion, the
contribution of the zero of the dispersion equation
yields

— S o, B —sint )] a9)

YA

(20)

(D) _’i[ 1+ j
s © .a(w)~(1+at)sin20

The branch point of the dielectric permittivity
makes a contribution

\(D)~—1_ﬁi_(ﬂ_ R
107} _M<1 ll,m)
1 [e<]

X 8 da \ dx x [x~ (—m—

NO R A"
0 1

3

2 17,
> sin201 Im ef
] +

X {[a Re e: — (1 4-iv/ w)x?

4- (1 —a) sin® 0]% 4 (a Im el )%). (21)
In the nonrelativistic limit, the result for &A
does not depend on the angle of incidence, accurate
to (kTe/mc?). In the opposite, ultrarelativistic

limit, 6A depends continuously on 6.

4. We now proceed to the somewhat more cum-
bersome but more interesting case of p-polariza-
tion, when the electric vector of the incident wave
lies in the plane of incidence. This case is of spe-
cial interest because a longitudinal wave, which
cannot be excited in the case of s-polarization,
can now penetrate into the plasma.

The field produced in the plasma as a result of
the incident plane electromagnetic wave can be de-
scribed in this case by the formulas

E/2) = E}, (2) +Ey(2), (22)

El(2) = {EU( ) — i 2 sin 052(0)}

1 ke dqqe’¥?
\”J{ [q~f| (w/¢)?sin* Q] [(w/c)? ¢! (0, k) — (0 /c)?sin? § — ¢
(23)
El (2) = {E; (0) — i 2 sin OE, (0)}
-+o0 X

dg sin2 () e'9* (24)

[¢% 4+ (@/0)*sin* 8] e (0, k)

e
Xw )
—00

The complex reflection coefficient is determined
by the following formulas:

cos § —Z, (c/4m)
Tp= m ’ (25)
Antio E, O i
6 — — =Z),. (26
Zy (w, 9) ¢ E, (0)—i(o/c)sin* §E, (0) @ 20
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From (22) — (24) it is clear that the effective
depth of penetration is made up, in additive fashion,
of the transverse and longitudinal depths, given by
the formulas

1

M= — 4
+\?° dqq®
L 1g (@ o sin® 0] [(0 /e (0, k) — (@ ¢ sint § — ¢?) |
(27)
g J
7”1 __ _sim q (
’ m _Sm (g% + (@ /o

sinz 0] e (o, k)

We note that in the calculation of these integrals,
the contributions of the singularity of the integrands
at the point g2 + (w/c)? sin%6 = 0 cancel each other
out in the summary expression for Ap. The reason

for it is that the longitudinal and transverse permit-

tivities are equal to each other when k = 0. Conse-
quently we disregard from now on the contribution
of this singularity.

Under conditions when the spatial dispersion is
weak and we can use expression (9) for the trans-
verse permittivity, the contribution to the right
half of (27), due to the zero of the dispersion equa-
tion for the transverse oscillations, has the form

]‘!z

x[ mzcosze—m§+m§iv{m—wza’sinze 1y
1+af

hp=

ic e — (1 +af)sinzg
we(w) 14 af

ic
©* — 024 divie

(29)

To be able to use expansion (9) here, inequalities
(11) and (12) must be satisfied.

Analogously, in the case of weak spatial disper-
sion we can write for the longitudinal permittivity
the following expression:*

c2k?

e (0, k) = & () — o of, (30)
o = — -%%;&dpv‘f;. (31)

In particular, in the case of a Boltzmann par-
ticle-energy distribution we have

4neN mct °~°dx 5 mc?

[ e X2 __ 1 .
* S (1T ,)? 02Ky (mc? [ T ,) S x® (x 1) ex ( xT, x) ',
! .(31a)

For the case of nonrelativistic (mc? > KTeg) and
in the case of ultrarelativistic temperatures (mc?
<« kTg) we have now, respectively,

*In the transparency region we must take account of the
contribution of the Cerenkov effect to the imaginary part of £%:

. 4w
def = —i 5

S dpd(kv — w)f -
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a«lnr = BKTewlz_z/mCzu)zy azur = 3“03;; /5(02. (31b)
The contribution to the right half of (28), due to the

zero of Eq. (30), has the form

L ic V&—l sin2 § (32)
? © &) l’s(m)—alsinze'

This result, obtained with the aid of the approxi-
mate expression (30), will not be valid if the con-
dition |e (w)| « 1 is violated.

The longitudinal permittivity is also relatively
simplified if kv > w. Now

el =1 + (krger) %
ro2=— 4nezgdpf;.

(33)
(34)
In the case of a Boltzmann electron distribution*
we have
r2 = 47N,/ «T.. (34a)
Scr

Now the pole contribution to formula (28) has the

form
Ay = — sin®0rge;. (35)

Finally, as kc — w + iv we obtain in the case of
an ultrarelativistic plasma

Inasmuch as in this case w > Wop, We are dealing
with an exponentially small quantity.

Let us turn now to an examination of the contri-
butions to the left halves of (27) and (28), due to the
branch point of the permittivity. The integrals
along the edges of the cut yield accordingly

2i ¢

O\, = — == (1 4+ iv/v)

2 Y,

-ri\’> :I Im 8: (:w,
(0, 22 %)= (1 +iv/0)x T
]

X %[ —smze( “’“‘C'i"x>

E
X ﬂRe el
{

+ {Im e’ (w ot ivx) 2}_1 R (36)
1
X (m, 2 _l; Wx) I~2 | [xz — sin? 6 (a%ﬂ_‘/ (37)

Formula (36) assumes the form (14) in the non-
relativistic case, when the main contribution to the

*We note that allowance for the motion of the ions causes
a term 4meiN,/xT; to appear in formula (34a).
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integral is made by large values of x. Analogously,
the integrand in (37) can be assumed independent*
of the angle of incidence

2ic  sin?@
mwl4iv/ie

2500 [ o, 5200 e

oy~ —
xS;Imal (w

For the case of Maxwellian electron distribution
“)Le

mcl

Bm

x@ﬁ%@%+%wn—MA®ﬁ

1

4
Le o p2ro
ey

L
b2

max = l/ e [(1 -+ v/ 03)2 — sin? 0)12

L@=w5&ﬂm
~+ico

We can put with high degree of accuracy Bpax
The numerical integration yields for w = wyq

ax§,~17——smze ‘/ ) -

Below the Langmuir frequency we can use for esti-
mates the formula

[ 1w Py /
o\, ¢ sin 61 = «mcl ze

In the opposite case of ultrarelativistic temper-
atures, using Egs. (11) and (12) of ™), we obtain
(w > v)

= o0,

(38)

2
D¢ l

)*ﬁ)z—l—miel

lnkl

2 o0
o = e 3 ey - Dl + 2
1
e AT B
<G 209 @
2 g d
. o X
o, — — 3 O;Tz"sm~0 \ TS gy
1
o 2 2 -1
ool @ E Y

In order to display the dependence of these expres-
sions on the angle of incidence 6, we give the fol-
lowing numerical values for w%p = w?, Thus, for

*The expression for e} for the case of Boltzmann electron
distribution is given in the cited book! (see also the Appendix).
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angles 6 = 0, 30, 60, 90° we have for SA'(wgp/ic)
the values 0.09, 0.088, 0.077, and 0.07 respectively.
Analogously we have for 6?\‘(w0p /ic) the values
(0, 0.12, 0.15, 0.16) x sin? g.

The results obtained can be used to determine
the absorbing ability of a plasma, connected in the
case of p-polarization with the effective depth of
penetration by the following relation

4 cos f(wjc) Im A
[ cos § + (wjc) Im AR + [(w/c)ReA ~

AP = (41)

At large values of € (w), when, as is well known,
the Leontovich boundary conditions are applicable,
an analysis of our formulas is of little interest, for
in this case we can use directly the results obtained
in the analysis of normal incidence (see [2])_ We
therefore concentrate our attention from now on on
the case |e(w)| < 1.

For angles not too close to /2, we can neglect
the dissipative terms in the denominator of (41).
Therefore to determine the effect of various fac-
tors on the dissipation of electromagnetic waves it
is sufficient to compare the corresponding dissipa-
tive contributions to Im A, contained in the numera-
tor of (41). Thus, in the relativistic case when w
X wqy, as follows from the estimates given above,
the longitudinal and transverse losses are com-
parable in magnitude when 6 is not too small. A
comparison of (38) with (14) shows that in the non-
relativistic case, when w ~ wy,e, the longitudinal
losses connected with the collisions of the particles

- against the surface of the plasma are (mc?/kTg)

times greater (at not too small angles 9) than the
transverse losses in the case of specular reflec-
tion of electrons from the surface.

It must be noted that the indicated longitudinal
losses are equal in order of magnitude to the trans-
verse losses in the case of diffuse reflection of the
electrons from the plasma boundary.™! To clarify
the role of such losses, we must compare expres-
sion (38) with the imaginary parts of formulas (29)
and (32) under conditions when the plasma is not
transparent, €'(w) — alsin?9 < 0. I w}-w?~ Wl
in this case, then the losses connected with colli-
sions between particles will be negligibly small if
the inequality

25N,L? << T4 sin* 6 42)

is satisfied, where T, is in degrees Kelvin, Ng is
the number of electrons per cubic centimeter, and
L is the Coulomb logarithm. We note that this is
similar to the analogous inequality obtained for
the case of diffuse reflection of electrons.?

Under these conditions we obtain the following
expression for the absorbing ability
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(p) ) xT kE TR .
A =4 2 1.7cos 6sin? 6 ¢ 2 AP =4 Vv ale’ (o) cos f) sin 20 ) 46
{ ‘/- Rl <m(:2> & 1 —¢e'\w) sy — ¢ (w)cos 2h (46)
v ‘D'ie 2sinz2f —eg’ . . . _
+cos b4 2 o7 Vamo o } Finally, in the case when the plasma is trans

X (1 — ¢&')~* (sin?6 — &’ cos? 6)~1.

Further, in the region where the plasma is
opaque to the transverse waves [€'(w) — sin%g
< 0] and transparent to the longitudinal waves
[e'(w) — alsin®g > 0], the imaginary part of (32)
makes the following contribution to the numera-
tor of (41), along with Im )\f) and Im 6)\%), at not
too small values of € (|’ | > |e” |):

c Vo7 sin 0

T ow (@) Ve’ (u))——oz[ sin? § )

This contribution is not at all connected with the
dissipation of electromagnetic waves, and is brought
about by the excitation of longitudinal waves in the
plasma when a transverse wave is obliquely inci-
dent from the vacuum on the surface of the plasma.

In either an ultrarelativistic or a nonrelativistic
plasma, the energy converted into longitudinal
waves is much greater than the energy lost to col-
lisions between the plasma particles and the sur-
face, provided €’(w) < 1. To the contrary, when
€’(w) ~ 1, the corresponding energies become com-
mensurate, and therefore the conditions under which
the energy lost to excitation of longitudinal waves is
greater than the energy lost by collision between
particles will be determined by inequality (42) for
the case of a nonrelativistic plasma.

In the case ol < €’(w) « 1, the corresponding
condition has the form

Im A, = (43)

25N, L2 << T,sin (1 — oL,/ 0?). (44)

The region is narrower here than in the case of
(42), owing to the increase in the dissipative losses
due to collisions of the particles inside the plasma.
This increase is due to an increase in depth of
penetration of the transverse field into the plasma
with decreasing €’(w), and this naturally increases
the fraction of the energy lost by the field in the
plasma. We note that formula (32), and consequently
also formula (43), were obtained under the condition
| €’ (w)| « 1, and therefore we must in fact use for-
mula (44).

Under conditions when the inequality (44) is ap-
plicable, we have for the absorbing ability of the
plasma the following expression:

4 cos § sin 2§ 1/als'°(m)
le™ cos § + ]/o7sinz()]‘z + (— 1 +sinzg/e)e”
If, in addition, (e€’)3 > ozl, then

A(ﬁ) _ (45)

parent also to the transverse waves, €’(w)>(1+at)x
sin? 6, the main fraction of the energy is transferred
to the transverse wave in the plasma. The waves
formed are absorbed in the plasma, and their en-
ergy is converted into heat. As is well known, the
corresponding heat is determined by the imaginary
part of the dielectric constant, which is brought
about by collisions of plasma particles with each
other; in the case of longitudinal waves it is also

due to the possibility of Cerenkov radiation. For

the heat released by absorption of the transverse
waves per unit volume at a depth z, we obtain

g-2(

(.v)2 . ‘
T+ | Ha O F

2
zv g/ @*

s \
¢ [e" () —sin2§ (1 4 af)]7s)’

X exp {—— 47)
where rp is given by (25).

Analogously we obtain for longitudinal waves
(when kvp/w «< 1)
¢ e

F= 21, | Ha (0)

”
F20) €

c Vol [e8—alsin® g }’
w*m

2 2

” v ffwl.e ? 0oy,
gl = S 2 l/__—zex (—~——) 48
e TV 5w T, my P\ 2R%T, )

When 1 > krpy » 1/VIn kT, /e2N(13/3 , the colli-
sions can be neglected, i.e., under these conditions
the main contribution is produced by Cerenkov ab-
sorption.

We note, finally, that in the opacity region the
Cerenkov absorption mechanism makes no contri-
bution to the dissipation.

X exp {—

APPENDIX

ASYMPTOTIC BEHAVIOR OF THE FIELD AT
LARGE z

Let us examine briefly the question of the asym-
ptotic value of the field at large distances from the
plasma surface. We can say that the asymptotic
expression of interest to us is determined by the
singularities of the Fourier transforms of the field,
which we have obtained above. The presence of
poles, obviously, leads here to solutions that de-
pend exponentially on the coordinates. In particu-
lar, in the opacity region the field decreases expo-
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nentially, and in the transparency region we can
speak of waves.

Under conditions when the spatial dispersion of
the dielectric permittivity is small, we have for
this wave part of the field

Ey (@) = —{E, () — i gsin0 E: (0) } ;5
e(0) —sin? g (14 af) %
X [ 1+ af ]
8 (0) —sin? § (14 af)

Xexp{ [ 14 of } } (1)
Ey ()

i Lo ic sin26V07

= {Ey 0 L= sin0 E, (0)} © & () [e(0)— o sin® §]

X exp{ V— sin® e} (8.2

At frequencies greater than the plasma fre-
quency, we obtain for an ultrarelativistic plasma
the following contribution of the pole to the longi-
tudinal field

El (s = _{E; 0 — i Lsin0E, (0)}%%0)&:
op

X sin® 6 exp (— 32(;0: — 2) exp {iz —‘C'icos 9} .

cos § oo

(A.3)

It is clear that the amplitude of the field decreases
exponentially with increasing frequency.

We note that formulas (A.1) and (A.2) can be ob-
tained from the differential equations of the field,
which apply when the permittivities are given by
formulas (9) and (30), and if in addition we use
the boundary condition E;(0) = 0.

The branch point of the permittivity causes the
field to have a coordinate dependence that cannot
be identified with a wave (see [2251), The corre-
sponding contribution to the longitudinal and trans-
verse fields has the following form

E' (2) ={E; (0) — i 2 sinE. (0)}2£(1 1iv]e)

21,

8o (2]
1

X exp {iz ﬂ't—“’[xz_sime(ﬁ)zr/z}

% Im ei <0), 9.'.21165) {[Re si <m, m—}c-iv x)

_ <1 + i_"m_>2 x2]2

+ [Im el (m, 2 —CHV x)f}_l ;

(A.4)
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E,(2) = {Ey (0) —i%sin 0, (0)}%@(1 —i¥

o

S S s (G2m) T

e vtﬁwegiw?ﬂ

x Imse! (0, 2EY /]sl ,‘”j—""x)\z; (A.5)
Ree! (o, 250 y)

g CCON I

Pl ) i

+2 (%)2 bexp {— %ﬁﬁ} , (A.6)

2m2e2N ,c? me? 1
= /v [ 2 ( T )] 3
%T 02 \1 + z(;) €

1 me? \-1 1
X{'l ‘ZTQ(%T ) Vl-—x"z

+ 2 (g ) e (= =)

and Re €t and Im €f are defined in ™.

In general, the resultant expressions are com-
plicated. In the ultrarelativistic limit we have for
the transverse field the following contribution to
the asymptotic expression corresponding to for-
mula (A.4):

(A.7)

E, (2 =~ — {Ey 0 — i—% sinb E, (0)} % [1 _(6%)2 sin e]
O RO R e i

X exp {i ~i—]/(a) + iv)2 — 0?sin? 9} .

(A.8)

In the case of a nonrelativistic plasma, the
asymptotic behavior of the field can be determined
by the saddle-point method, as was done by Lan-
dau'® and Shafranov. [ In this case the limits of
the integrals in (A.4) and (A.5) are 0 and <«, while
the integrands are assumed to be independent of
the angle of incidence 6, in view of the large value
of the ratio mc?/kTe. It should be noted however,
that relativistic effects come into play when z is
sufficiently large, and the asymptotic expression ob-
tained in this manner does not apply. The corre-
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sponding distances are determined from the condi-
tions z R (mc%/kTe)(c/w).
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