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The angular distribution functions for electrons and photons in a cascade shower produced
by a primary electron or photon of finite energy E; are deduced in approximation A of the
cascade theory.! The angular distribution functions of the shower particles are also derived

in the case when the electrons and photons are

continuously produced along the whole shower

path by some non-electromagnetic penetrating component.

M ANY papers havebeendevoted to the determina-
tion of the angular distribution function of particles
in cascade showers. In the multiple-scattering
small-angle approximation (Landau approxima-
tion), this function was obtained by several au-
thors.!™® In some papers’™® the angular problem
was solved without assuming the particle scatter-
ing angles to be small and without using the Landau
approximation. In most of these investigations,
only the so-called ‘‘equilibrium’’ angle function
was studied, i.e., the function integrated over the
entire depth of the layer of the substance in which
the cascade developed. In all the indicated papers,
the authors neglected the dependence of the cas-
cade parameter s on the angle 6, i.e., they obtained
essentially expressions valid only for Eq= « (E,
is the energy of the shower-producing primary).

One of us!? obtained for the shower particles
an angular-distribution equilibrium function valid
for any finite value of E;,. We have previously!!
calculated approximately the particle angular dis-
tribution functions in a shower produced by a pri-
mary of specified finite energy. The purpose of
the present investigation was the derivation of
exact expressions for the sought angle functions
for many particular cases.

1. Let us write the principal equations of the
cascade theory, assuming the particle deviation
angles to be small and regarding the scattering
as multiple, so that cos 6 can be replaced by
unity and the Laplacian operator can be expressed
in the form Ay = 671(8/86)(65/86):

OP (E,, E, t, 0)/0t = L1 [P (E,, E, t, 6),
T (E,, E, ¢, 0)] + (EVAE?) AyP (E,, E, £, 9),
OT (Eo. E, t, 0)/0t = L [P (E, E, t, 9), T (Eq, E, ¢, 0)1.

1

Here P (E\, E, t, ) and I'(E(, E, t, 6) are the
sought electron and photon distribution functions
over the energy E, the depth t (measured in
shower units), and the angle of deflection from
the shower axis 6 (two-dimensional angle); L,
and L, are integral operators that account for the
radiative retardation and pair produci:ion;1 Ek

= Eg(Lpes/Lrad)¥Y?% Eg =21 Mev. Usually we
assume Ey = Eg. The boundary conditions

P (Eo,E, 0, 0) =& (Eo—E) 6 (8), T (Eo, E, 0,0 =0

or

P (Eo, E,0,0)=0, T (Eo,E, 0, 0) =06 (Eo—E) 6 (0)

correspond either to one primary electron vertic-
ally incident on the boundary of the layer of matter
at t = 0, or, analogously, to one photon.

Let us expand the functions P and I' in Bessel
functions of zero order, using the relations

P (Eo, E, t, 0) = S Dp (Eo, E, t, k) Jo (k0) kdE,
0
Dp(Eo, E, t,k) = 3 P (Eo, E, t, 0) Jo (kb) 040,
0

and analogously for the functions I'. Multiplying
(1) by Jy(k6) 6 and integrating with respect to 6
from zero to infinity, we obtain

0Dp (Eo, E, t, K)ot = L1 [Dp (Eo, E, t, k), Dr (Eo, E, t, k)]
— (EYAE?) KDp (E,. E, t, k),

Dy (Eo, E, t, K)ot = Lz [Dp (Eq, E, t, k), Dr (Eo, E, £, B)1.

(2)
We seek the functions Dp and Dr in the form
Dp v (Eo, E, t, k)

d4-i oo
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Substituting (3) in (2) and equating coefficients of
equal powers of (—E}k?/ 4E2 ), we obtain equations
for the determmatlon of zpm (s t):

Oy (s, /0t + A () %5 (s, 1) — B (s) ¥ (s, ) = O,

0o (s, /9t — C () ¥ (5, 1) + 0043 (5, 1) = 0,
O (s, /0t -+ A (s 4 2m) Y (s, 1) — B (s + 2m) i, (s, 1)

_'q)r[r)l-—l (S, t) = O

O (5, 1)/0t — C (s +2m) b (s, 1) + 0opm (5, 1) = O,
m>1.
The explicit expressions and the values of the func-
tions A(s), B(s), C(s), as well as the functions
A(s), Ay(s), and Hy(s), which will be introduced
subsequently, can be found in reference 1. Multi-
plying the preceding equations by e™M and inte-
grating with respect to t from zero to infinity, we
obtain equations for the functlons ¥m(s, ). The
form of the functions z/zm (s, t=0) is determined
by the initial conditions. It is easily seen that in

the case of a primary electron the only non-vanish-
ing functions are

W (s M =1y, ),
W (s, MY = C ()% (A, s) (A +00),

and in the case of a primary photon

P T _ B (s)
{¥o (s, M)} =P (htoo
BE)CE) + %M s)(h4o)
{II'U (S }")} - 112(7\. s (7"+5n
P (A 8) = [ —hy ()] [A — g ())/(A - Go)s
where Aq(s) and Ay(s) are the roots of the equa-
tion (A, s) =0. In the case of the primary elec-
tron we obtain for { ¥ (s, A)}P the following ex-
pressions:
b (s, )Y = 1y (b 99 (A, s +2),
W (5 M =P A 9p R s+29 (b, s + 4),
S (MY =1 () (Ays £2) .. P (s 4 20).

Hence, taking the inverse Laplace transform, neg-
lecting terms proportional to exp {Ay(s)t},

Here

exp {Ay(s+2)t}, exp {Ay(s+2)t}, exp {Aq(s+4)t},

etc., and substituting the resultant expression for
{¥F (s, t)}P in (3), we obtain*

34ico
¢ d E\s
DP (Eo, E, t, k) 443‘[‘; \ Ts TO> Hi (s) eMit
3—ico
E3R2 1 E3R2 \2
< {1— 4LE? '\P[M(s),sﬁ]__l_(/;[fz )
1 n
X sosTasmesEar oD

1
TIPS RS }

E?,k2>”
(TE’ Plh(s)s+2].

*It should be noted that this method of analysis makes it
possible to take the discarded terms into account.
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Integrating DE (Ey, E’, t, k) with respect to E’
from E to infinity, we obtain the function
Dg (Ey, E, t, k), which determines the number
of electrons with energy greater than E.

Let us approximate the function ¥4(A, s) by the
following expression:!

YA s)=wp R s) = f}) [s—s (Ns. (4)

Substltutmg Po(A,s) in DP (Eyp, E, t, k) and
DN(EO, E, t, k), summing the series, and using
the formula for the inversion of the Fourier-
Bessel transform, we obtain

d+4-ioc0

T
42 )

5—ico

{P (Eo, E, t, )" = ‘1E_q<%>‘ Hi (s) em)t

o Eik" —s/2—1
\[1T wfm] J, (k0) kdk.

0

After evaluating the integral with respect to k,
we get

Bico (a5
ds. ysM()E 2 Ky (2)
{(P(Ey, E, t,0)) = — S_Sm 5 Hy (oo ot
{Np (Eo, E, t, 0)}7
840 (2452
=1 K 9 Hy (s) usimn o Ke—9n (@
4 ) s 922622 (5/2)
S—ioco

where {Np (E, E, t, 9)}F is the electron angular
distribution function, integrated over E. Here y
=In(E,/E), z = E¢/P, where P = Ex/2V{()\),
K,(z) is the modified Bessel function of second
kind of order v, and I'(s) is the gamma function
of argument s. If we calculate the mtegral with
respect to s in {Np (E, E, t, 9)} by the method
of steepest descent, neglecting the dependence of

s on H, we obtain Belen’kii’s results! for the case
Eo = o ;

(2+S)/2K s (
(Np (Eo. E, 1, 6)}P _ z =92 ()

27228 —D2p (5/2) (5')
In this same approximation we obtain for
{P(E,y, E, t, 0) } P the expression

Z(a+s)/2 Ko (2)
2792252 (1 + s/2)
The quantities y, s, and t in (5) and (6) are re-
lated by the equation y +Aji(s)t =0, which coin-
cides with the corresponding relation in one-
dimensional cascade theory. Let us calculate
{Np (Eq, E, t, 0)}F and {P(E,, E, t, 0)}F by
the method of steepest descent more accurately,
taking the dependence of s on § into account,
i.e., assuming E, to be a finite quantity. Then*

*In all formulas of Sec. 1 we have a = ){(s) t and L
=)/ (s)t; in all formulas of Sec 2, we have

a =2 (s)1 =Ry (8)/ [M(s) + 1,
L =N, (s) t — (A (8) [M(8) 4 R — [Ay ()12 / [Aals) +-p2.

{NP (EO, Ev t)}P

(P (Eo, E, t, 0)}" = (P (Eo, E, t)}" (6)
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{Np (Eo, E, £, 8)}" = Hi(s) f1 [s, Ko—s (), L1, (5)
(S 2-s a)
’ 2 ’

Yy +a 40.51n 2 4 (d/ds) In K, (2);
2T exp (ys + i (s) £} K, (2)
2092252 (1 4 5/2) {27 [L + (¢¥/ds?) In K, ()]s
Analogously we find

(P (Eo, E, t, 0 = H1(s) 1 [s, Ky (2), L] 2/E;  (6')

s is determined by the condition ¢(s, s/2, a) = 0.
When z «< 1, (5’) and (6’) can be rewritten in a
more convenient form

and s is determined by the condition ¢
= 0, where

Q1 (8. v, a)
fl [S, Kv(z), L] =

{Np (Eo, E, t, 8)}" <1
= f, [s, 2%5 L] 2" Hi (s) 2T (1 — s/2)/T (s/2); (5”)

(SZ_—_Sa
’2’

P2(s,v,a) =y +a +In2—051n2 — 0.5 P (v) +1/2 .
Analogously
(P (Eo, E, t, )<y = Hi1(s) f2 Is, s/2, L] #/E;

Here s is determined by the condition ¢,
= 0, where

(6”)
s is determined by the condition ¢,(s, s/2, a) = 0.
Here

fo(s, v, L) = exp {ys + A1 (s) £}

2702 {25 [L + (d/ds) (0.5¢ (v) —1/2v)]}72

In these formulas ¥ (x) =d InT'(x+1)/dx. When
z < 1, the value of s for the function {Np}P can-

not be greater than 2 (if s is one-dimensional it is

less than 2). The value of s for {Np}¥ depends

on z, approaching s = 2 as z — 0, where for {P}P

the value of s is independent of z when z <« 1.
When z > 1, (5’) and (6’) assume the form

{Np (Eo, E, t, 0} |osa = {Np (Eo, E, t)}¥ [s (s, 2) 5,(5™)
(P (Eo, E, 1, 0)) o = (P (Eo, E, 0} fa (5, 2) 2. gumy
Here s is determined by the condition ¢3(s, a)
=y+a+0.5Ilnz=0, and
2(1+8)/2 ,—2
fs (s, 2) = ST (L )

By way of an example illustrating the applica-
tion of the formulas obtained for E; = », Figs. 1,
2, and 3 show the function {Np (E,, E, t, 6) }©,
calculated by formulas (5’), (5”), and (5”) for
three values of the parameter s. The abscissas
represent log z, where z = E§/2v 2.29 . The or-
dinates represent the logarithm of the quantity

{(F} (Eo, 2, )}"= 2nP? (Np (Eo, E, t, 0))7/ E2 (Np (Eo, E, 1)}".

The solid curves correspond to different values
of (E,/E) = 101, The dotted curves are calculated,
in accordance with references 1 and 7, for the case
(Ey/E) = ». The values of the cascade parameter
s are indicated in the figures. It is evident from
the figures that the less the ratio E;/E and the
less z, i.e., the less 6, the greater the influence
of the finite E; on the form of the angular distri-
bution functions, as expected from physical con-
siderations.
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Let us derive expressions for the photon angu-
lar distribution function. Replacing ¢ (A, s) by
Po(A, s), assuming that approximately C(s) = 1/s,
and using the Fourier-Bessel transform, we obtain

8+ico

P 1 ds [ E\s C(s)eM®?
(T (Eo, E, 1, )} = 1—; . % E <T°> T (s) — M ()
& Eik2 —s/2
x§ [1+m] Jo (k) kde.
0

Integrating with respect to k and calculating the
integral with respect to s in {I‘(Eo, E, t, 9)}P
by the method of steepest descents without allow-
ance for the dependence of s on 6 (Ey= =), we
obtain

z(2+s)/2K o (2)
(T (Eo, E, t, 0)}° = (T (Eo, E, t)}* 7“6?_;—2/%”(272) ,

(7)

where s is determined by the condition y + A{(s)t

= 0. Integrating {T'(E,, E’, t, 6) } P with respect
to E’ from E to infinity, we obtain the angular
distribution function integrated over the energy
sFy (s, 2)

2m§220—2/2p (52) ®)

{Nr (Eo, E, t, 8)}° = {Nr (Eo, E, t)}°

where s is determined by the same condition as in
(7), and

Fi(s, 2) = z\ d2' 22K oy (2).

For convenience in comparison with experiment,
it is expedient to introduce angular distribution
functions normalized to unity

\ F (s, 2) 2dz = 1.
0
We note that these functions F (s, z) can be
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readily obtained from the corresponding functions
of angular distribution for the total number of
particles

_P2(P,T(E, E. t, 0"

d P
{Fp,r(s,2)) =2n—1 (P,T (E,, E, tyf

. pt iVp p(Ep E 1, O)F
Fp.r(s,2)}0 =2n — :
{Fp,r(s,2)} B (v, oy E D)

Let us write them in explicit form

d p_ 2Ky () i P_
{FP (S, Z)} = 55721 (A +s/2) ’ {FT (Sr Z)} -

sFy (s, 2)

7K o5y ()

267221 (5/2)
From a comparison of these formulas we see that
the electron angular distribution function, normal-
ized to unity and integral in E, is the same as the
photonangular distribution function, which is differ-
ential in E. At the maximum of the shower (when
s = 1) the foregoing expressions assume a particu-
larly simple form

’

(Fb(s,2)}" = {Fi(s, 2" =

(FS (1, )" = e, (Fi(l, 2)° = — Ei (— 2)/2,
(Fh (1, 2" = (F§ (1, )" = ¢

We now calculate for {TP} and {Np}P the
integral with respect to s by the method of steep-
est descent, taking into account the dependence of
s on 6. Then

(7"

2—-58 a)
2 ’

=0, and H3(s) = C(s)/[ri(s) — Ay(s)]. Analo-
gously,

(T (Ee, E. 1, )Y = fu[s, 25555 L|sHs (9) IE

s is determined by the conditions ¢, (s,

{Nr (Eo, E, t, 0)}' = Hy (s) sf1 [s, Fy (s, 2), L]. (8")

Here s is determined by the condition ¢,(s, a)
=y +a+(d/ds) In Fy(s,z) = 0.

As before, the expression (7’) can be simplified
for z < 1 and z > 1. When z < 1 we have
(T (Eo, E. t, 0} ot

2—s

= Hy () o5, 250, L] - 22T (1— s/2)/T (5/2) E;

2—8 a
2 ’
= (0. When z > 1 we have
(T (Eo, E, t, 0))F l.sa={T (Eo. E, ))fs (s, ) s,

s is determined by the relation ¢, (s,

(7 m)

where s is determined by the relation ¢3(s, a) = 0.
Let us consider now the angular distribution of
particles in a shower produced by a primary pho-
ton. As in the case of a primary electron, we seek
the solution in the form (3). Calculating the cor-
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IVANENKO

responding integral with respect to s by the method
of steepest descent, disregarding the dependence of
s on A, we obtain

(P (Eo, E, t, 0)) = 2 (P (Eq, E, )Y fals, Ko (2)] 2/s, (9)

(Np (Eo, E, t, 0" = 2(Np (Eq, E, 1Y fa [s, Ka—se (2)). (10)

Here s is determined by the condition of the one-
dimensional theory, and

fa Is, K, (2)] = z6s+22K, (2)/2m02252T (s/2).

If we calculate in the expressions for {P}1 and
{Np}T the integrals with respect to s with al-
lowance for the dependence of s on 6, i.e., for
Ey # <, we obtain

(P (Eo, E, t, 0)}" = Hy (s) 1 [s, Ky (2), L1 2/E,
(Np(Eo, E, £, 0)} = Hy (9) f1 [s, Ka—oya (2), L);

(9")
(10%)
s is determined by the condition ¢,(s, v, a) = 0,
and Hy(s) = B(s)/[A(s) = Ay(s)].

If z<«< 1 or z > 1, the preceding formulas can
be written in simpler form. When z < 1 we get

(P (Eo, E, t, 0))F loer = Ha (5) fo s, 8/2, L1 22/E,  (9”)
{Np (Eo, E, t, O} o<1
= H,y(5) fz[s, 2=, L} 21=s20 (1 —s/2)/T (s/2),  (10”)

s is determined by the condition ¢,(s, v, a) =0
(with S <2). When z » 1 we get

{P(Eo, E, t, ) L:sa={P (Eo, E, DYf5 (s, 2) 2, (9™)

{Np (Eo, E, t, 0} |os1 = {(Np (Eo, E, ) f5 (s, 2). (10”)

Here s is determined by the condition ¢4(s, a) = 0.

We consider the angular distribution function of
the photons in the shower due to the primary pho-
ton. After making all the necessary calculations,
we obtain the following final expressions. Disre-
garding the dependence of s on 6,

(T (Eo, E, t, 0)}F = (2m)~le—otd (E, — E) 8 (6)

+ 2(T'(Eo, E, DY Tals, Ke—9e ()] (11)
{(Nr (Eo, E, t, 8))F = (2m)718 (8) e~
L 2ANp (Eo, E, DYF4 [s, Fy(s, 2)] z—(sti2; (12)

s is determined by the condition of the one-dimen-
sional theory. If the dependence of s on-8 is
taken into account,

(T (Eo, E, t, 8))F = (@) =6 (E, — E) 6 (6)
+ Hy(8) C(5) f1 [s, K—sy (2), L1 s/[Ay (s) + 0] l(::il’)

where s is determined by the condition

@4 <s, g;_s , a> = 0. Further
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{Nr (Eo. E, t, )} = (2m)"le—=td (0)
- Hy (S)C (8) fa [s, Fi(s, 2), L1 s/[Ay (s) + a,] ztst2re
(127)
s is determined by the condition ¢4(s, a) = 0.
When z < 1, making allowance for the depend-
ence of s on 0, we get

(T (Eo, E, t, O} |ocr= €=t & (Ey — E) 8 (0)/2n

+Hy (9 C (O fo [s, 2=, LJ s 2152 (1 — §/2)/[A, (5)

+ 0, T (s/2) E; (11”)
s is determined by the condition o <s, 2—;—8, a)
=0. For z > 1 we get
(T (Eo, B, 1, 8))7 sy = 2E0 B0 ) s

+ (T (Eo, E, )Y F5 (s, 2) s, 1m)

where s is determined by the condition ¢3(s, a)
= 0.

For the corresponding functions, normalized to
one particle, we obtain the following expressions:

ZS/QKS/2 (2) 2(8—2)/21((245)/2 (2)

=2 ph e oyl =
250 (1 + 5/2) Fr(s 2 26D (572)

{Fo(s, 2)
The functions {T'}T and {Np}T are each a sum
of two terms, the first of which contains 6 (6)
and consequently complicated expressions are
obtained for {F%(s, z)}T and {F}‘(s, z) .
Simpler and more convenient expressions can be
obtained by normalizing to unity only the second,
non-singular term. Then the corresponding func-
tions assume the form

—2)/2
2(s—2)/ K(z—s)/z (z

) =i r__ sFi(s, 2)
ewr (g T V=

(F&(s, 27 =

From a comparison of the electron angular distri-
bution functions normalized to unity we see that

2-(5_——2)/2I* (s/2) 2 )
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they are independent of the nature of the shower-
producing particle at all depths t. For the corre-
sponding photon functions, this conclusion is valid
only for depths t > 1, where the effect of the term
with the 6-function can be neglected. Consequently,
the nature of the primary particle must be taken
into account only in calculations of the photon an-
gular distribution at depths t < 1. We note that

in this case it is necessary to include some of the
terms which we have previously discarded—those pro-
protional to exp {Ay(s)t} etc. The method of cal-
culation used in the present paper enables us in
principle to take these terms into account. The
table lists the asymptotic behavior of the normal-
ized angular distribution functions for z — 0 at
different values of s.

2. We now obtain the angular distribution func-
tions of the particles in the case when some pene-
trating radiation of non-electromagnetic nature,
which is absorbed as e'“t, generates electrons
or photons continuously along the entire path of
development of the electron-photon shower. Let
Sp (E(, E, t, 6) electrons and Sp(E, E, t, 9)

" photons be generated in a single energy and angle

interval of unit thickness.
The fundamental equations of this problem can
then be written in the form

P (Eo, E, t, 0)/0t = L1 [P (Eo, E, ¢, 9), T (Eo, E, ¢, 6)]
+ (ER/AE?) AoP - Sp (Eo, E, £, 6),
oT (Eo, E, t, 8)/0t = L2 [P (Eo, E, t, 0), T (Eo, E, ¢, 8)]
-+ Sr (Eo, E, t, 9). (1)

Asymptotic behavior of normalized angular distribution

functions as z — 0 in the case Ej=

Region of : .
Form of function va:ifatsion Asymp&;x;:ug)ég:ssmn of
(F& (s, 20F, (FS (s, 2nF $s>0 ~1/s
) . 0Ls<C2 ~ 21T (1 — 5/2)/22T (5/2)
(Fp(s, 0%, (Fp(s, nT s=2 ~—Inz
§>2 ~1/(s —2)
0<s<2 ~ 2175 (1 — 5/2)/227°T (5/2)
(F‘Ii‘ (s, 2nP, {Fg (s, 2nF s=2 ~—Inz
s> 2 ~1/(s—2)
0< s <2 | ~s2751 (1 —5/2) (— In2)/z2°T (s/2)
{F%\ (s, 23%, {FIi\ (s, 2pF s=2 ~ (Inz)?
s>2 ~ s/(s —2)?
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We take the source functions in two forms:*

1) Sp (Eo, E, t, 0) = 0,

Sr (Fo, E, t, 8) = 6 (Eo — E) & (8) e—¥?,
2) Sp (Eo, E, t, 8) = 8 (Eo — E) 8 (0) e—+1,
Sr (Eo, E, ¢, 6) = 0.

1) In this case, making the necessary calcula-
tions, we obtain the function P (E(, E, t, ) in the
form
{P(E,, E, t, 0)}'T

84-ioo

ds (Eo ) Ha(s) exp [ha (5) 1) 24T2K , (2)

1
- Gﬁs_&m E\E) "[M(s)+ pl 02920 (1 +5/2)

. (13)
Let us calculate the integral with respect to s in
(13) without regard of the dependence of s on 6.
We then sum the series in the second term, and,

integrating with respect to k, obtain finally
{P (Eo, E, t, 0)}T =2(P (Eo, E, O}Tfs [s, Ky (2)] 2/s, (14)
{NP (EO, E; tv 9)}SF =2 {NP (EO, Ev t)}sl"f4 [S, K(2—S)/2 (2)](15)

Here {P (E, E, t)}'sr and {Np (E,, E, t)}sr are
functions of the one-dimensional development of a
cascade shower, generated by the penetrating radi-
ation,! while the quantity s is determined by the
condition y +a = 0.

Evaluating the integral, with allowance for the
dependence of the saddle point on 6, we obtain
{P (Eo, E, t, 6)}°T

= Ha (s) f1 [s, Ks (2), L1 2/E [ (s) + pl,
{Np (Eo, E, t, 0)}T
= Ha (8) f1 [s, K(g—s)2 (2), LY/ [A1(s) 4 pl.
The quantity s is defined here by the condition

¢4(s, v, a) = 0. The expressions (14) and (15) be-
come simpler when z < 1 and z >» 1:

(P (Eo, E, t, 0)¥T laey = Ha (s) f2 s, 5/2, L1 22/E [M (s) - pl,
(14”)

(147)

(15%)

{Np (Eo, E, t, )T <1

=Ha(s) f2 [s, (2 — 8)/2, L} 2t=25T (1 — s/2)/T (s/2),
(15”)
where s is determined by the condition ¢,(s, v, a)
= 0. Further,

(14”’)
(15™)

{P (Eo, E, t, 0)}T |,y ={P (Eo, E, DYTfs(s, 2) z,
{Np (Eo, E, t, 8)¥T l.s.0 = {Np (Eo, E, )¥Tfa(s, 2) s,
where s is determined by the condition ¢j(s, a)
= 0.

For the photon angular distribution functions,
analogous calculations for the case Ej;= < lead to

*The solutions obtained with these sources can play the
role of Green’s functions for sources of more complicated form.
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_S(Ec—E)S(B)

sp
{T(Ee, E. 1,0} = —5r5 =0

(e—-pt _ e—c,,t)

+2{T (Eo, E, H)}°Tfa [s, Kio—s ()], (16)
s 8
{Np(Eo, E, t, 8)} T = Zt(c—i%ﬁ (e—+t — e—ut)
+ 2(Nr (Eo, E, ))f, L5, F1 (s, 2)] 2192, an

where s is determined by the condition y+a=0.
If the dependence of s on 6 is included, we get

_ O(Ev—E)6(H)
T 2n(co—p)

+ Hy(s) C(9) fr Is, Ka—sya (2), L1 S/E My ()

+ 0ol [Ar () + ],

(T (Eo, E, t, 0)}T (et — =)

(16")

where s is determined by the same condition as
in (15');
{Nr(Eo, E, ¢, 9)}SF __ 5% m (e—#t — e—o)

T 2m (6o —
+ Ha () C(s) fr [s, F1(s, 2), L] s/[M (s)

—+ 0ol [M (s) 4 p] 2ts)z) 17"
and s is determined by the condition ¢,(s, a) = 0.
When z « 1 and z >» 1, the foregoing formulas
can be more conveniently written as

sp __ 8(Eo—E)d(0)
{r (Eo, E, t, 9)} |Z<1 = —m—

+ Ha(s) C(s) f2 [s, (2 —8)/2, L]
s21S 25D (1 —s/y)

(e—pt J— e—o,t)

“EMG) ool ) + BT (2)° (16)
here s is determined by the condition
@3 [s, (2-8)/2,a]=0. Further,
{T(Eo, E, 8, 0)YT Lsa ={T (Eo, E, )} Tfs(s, 2) s, (16™)

where s is determined by the condition ¢4(s, a)
=0.

2) Our problem can also be solved when elec-
trons of given energy are generated along the en-
tire path of the shower. The general outline of the
solution is the same as given in item 1). We there-
fore give only the final results.

If we assume Ej = «, i.e., disregard the de-
pendence of s on 6, we obtain the following ex-
pressions for the angular distribution functions
of the electrons:

{P (Eo, E, t, 0))°P

= 2 {P (Eo, E, 0)}°Pfa [s, K5 (2)] 2/s, (18)
{NP (EO, Er t’ e)}sp
=2 {Np (Eo, E, t)}spfd [S, K(z—s)/z (Z)] (19)

In (18) and (19), s is determined by the condition
y+a=0.

If the dependence of s on 6 is taken into ac-
count, we obtain

(P (Eo, E, t, 0P = Hi () f1 [s, Kys (2), LVE [A1 (s) +(p], |
18’



ANGULAR DISTRIBUTION FUNCTION FOR PARTICLES IN A SHOWER

where s is determined from ¢(s, s/2, a) = 0, and
{Np(Eo, E, t, 9)y°P

= H1(s) f1 [s, Kg—sy2 (2), LV1M (5) + p],
where s is determined from ¢,[s, (2-s)/2, a]
= 0.

Formulas (18’) and (19’) can be rewritten for
z<k1land z>1 as
{P (Eo, E, t, 0} o<1

= Hi(s) f2 [s, /2, L1 22/E M (s) + p),
{Np (Eo, E, t, 6)}5-" lzc1

= Hi (s) fa [s, (2 — 8)/2, L] 21=52°T (1 — s5/2)/I(s/2);

(19”)
Here s is given by the condition ¢, (s, v, a) = 0.

Further,

(19"

(18”)

(P (Eo, E, t, 0))°P |zsq = (P (Eo, E, )Pl (s, 2) 2z, (18")
{(Np (Eo, E, t, 8)¥P |ssy = {Np (Eo, E, £)}*Pfa (s, 2) 5. (19”)
The quantity s is determined in (18”) and (19”) by
the condition ¢3(s, a) = 0.

For the photon angular distribution functions,
disregarding the dependence of s on 6, we obtain
{T (Eo, E, t, 8)}'P = 2{(T (Eo, E, )}*Pfa [s, Ko—sy2 (2)1, (20)
{Nt (Eo, E, t, 0)}'P

= 2{Nr (Eo, E, )}°Pfa s, Fy (s, 2)] Zlstarz (21)

In (20) and (21) s is determined by the condition
y +a = 0. With allowance for the dependence of s
on 6 we get

{T (Eo, E, t, B))°P

= H3 (S) f] [S, K(z_s)/2 (2), L] S/E [}\«l (S) + f-L], (ZOI)
{Nr (Eo, E, t, 8)}°P
= Hs (s) f1 Is, F1 (s, 2), L] s/[M (s) + pl. (217)

In (20’) and (21’) s is defined by ¢4(s, a) = 0.
When z < 1 or z >» 1 we can rewrite (20’) as
(T (Eo, E, t, 0)Y'? o<t
= Hs (s) fa s, (2 — 9)/2, L] s21=525T (1 — s/2)/E [M (8)
+ 1T (s5/2), (207)
where s is given by ¢,[s, (2-s)/2,a] =0 and

{T (Eo, E, t, 0))P o5y = {T (Eo, E, )Y’P = fs (s, 2) 5,(20™)

1193

where s is given by the condition ¢3 (s, a) = 0.
We note that in the formulas of Sec. 2 the cas-
cade parameter s cannot be greater than s, cor-
responding to equilibrium of the secondary electron-
photon showers and the primary radiation, no mat-
ter what value t has. Therefore the form of the
energy spectrum in the region of large energies
differs greatly from the energy spectrum of the
ordinary shower, generated by a primary particle
of specified energy. Consequently, the angular
distribution function under consideration, particu-
larly in the region 6 « 1, will differ greatly from
the corresponding function of the ordinary shower.
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