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It is demonstrated that the Neumann-Wigner theorem on the impossibility of intersection of 
terms of the same symmetry is not valid for electrons in the field of two Coulomb centers. 
Terms for large and small distances between the nuclei are compared for the case when the 
nuclear charges are different. It is indicated that term intersections exist which are impor­
tant for charge-exchange processes during collisions between hydrogen atoms and nuclei. 

INTRODUCTION 

WE consider a negatively charged particle lo­
cated in the field of two stationary Coulomb cen­
ters with charges z1 and z2. In the case when 
Z1 = Z2, this system represents essentially a 
molecular hydrogen ion, whose wave functions 
and energy terms have been thoroughly investi­
gated.1-4 It is interesting to examine the case 
z1 ¢ z2. Systems of this kind arise, for example, 
when the hydrogen mesic atom ( z 1 = 1) ap­
proaches nuclei of other elements ( z 2 > 1 ) t or 
when multiply-charged ions such as He++, u+++ 
etc. pass through hydrogen. 

Schrodinger's equation for the problem of two 
Coulomb centers (in atomic units e = 1, n = 1, 
m = 1) has the form 

_ _!__fl. 'I" + (-~ ~ .!::!:._ _J_ z1z•) 'Y = E'Y (1) 
2 r1 Tz 1 R ' 

where R is the distance between nuclei, and r 1 
and r 2 are the distances from the electron to the 
first and second nuclei, respectively. Introducing 
the elliptic coordinates 

1'] = (fl - T2)1R, <p = arctg (y/ x), 

(2)t 

we can separate the variables in Eq. (1). Putting 

(3) 

*Staff member of the Moscow State University. 
tEeing electrically neutral, hydrogen mesic atoms pass 

practically freely through the electron shells of the atoms. In­
teraction processes between hydrogen mesic atoms and other 
nuclei (particularly charge exchange) are due to the smallness 
of the mesic-atomic orbits at the distances where the effect of 
the electron shell of the atom on the interaction can be neg­
lected. 

tarctg =tan-'. 

we obtain the following equations for the functions 
X(O and Y(77): 

_!}_ [<~2 _ n dX] 
dl; d£ 

+ (- ~;•:_ 1 + R (Z1 + Z2) ~- p2~2 + A) X = 0, (4a) 

.!!___ [o - 2> ~] 
d1] Tj dT] 

+ ( - 1 :::_
2TJ 2 + R(Z2-Zl)TI + p2TJ 2 - A)Y = 0, (4b) 

p2 =- R2 W/2,\: w = E- ZIZ21R. (5) 

The quantity A is the separation constant. 
To determine the eigenvalues of (1) it is cus­

tomary to find the separation constant A from 
Eqs. (4a) and (4b) respectively as a function of 
the parameters p and R. Let A = An~ ( R, p, m) 
and A = An17( R, p, m) be the eigenvalues of the 
separation constant, determined from (4a) and 
(4b) subject to the condition that X ( ~ ) be finite 
at ~ = 1 and ~ = oo, and Y ( 11 ) be finite at 11 = ± 1 
( n~ and n17 are the numbers of the eigenvalues). 
Then the equality 

An~ (R, p, m) =An~ (R, p, m) (6) 

enables us to determine the function p 
= Pn~ ,n17,m ( R) and, consequently, the molecular 
terms 

It is obvious that as R - oo the energy of the 
terms should be expressed through the quantum 
numbers of the hydrogen-like atoms with charge 
Z1 and Z2, whereas the molecular terms should 
go, as R- 0, into the energy levels of the com­
pound atom with nuclear charge Z1 + Z2• 

The purpose of the present work is a compari­
son of the molecular terms at large and small 
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distances between nuclei, i.e., the determination 
of the level of the combined atom into which the 
level of the individual atom (with charge Z 1 or 
Z2 ) goes as the distance between nuclei decreases 
from R = oo to R = 0. At first glance it may ap­
pear that such a comparison is easy to obtain from 
the well-known Neumann-Wigner theorem on the 
impossibility of intersection of terms of the same 
symmetry. 5 However, as will be shown in the 
next section, the single-electron molecule under 
consideration is an exceptional case, for which 
the Neumann-Wigner theorem is not satisfied. 
The terms will therefore be compared by calcu­
lating the number of zeros of the functions X ( ~ ) 
and Y ( TJ) at large and small distances between 
nuclei respectively, as is done for H2 in Bethe's 
book.6 We have established at the same time that 
intersections of molecular terms do exist, a very 
important factor in charge-exchange processes 
in atomic collisions. 

POSSIBILITY OF INTERSECTION OF TERMS OF 
THE SAME SYMMETRY 

The well known statement of Neumann and Wig­
ner, that terms of the same symmetry cannot in­
tersect in the case of diatomic molecules, is based 
on the following considerations (see, for example, 
reference 7). Assume that at a certain distance 
R0 between the nuclei the Hamiltonian H ( Ro ) has 
nearly equal eigenvalues E~ and E~, correspond­
ing to eigenfunctions l/J~ and l/J~. Writing for the 
Hamiltonian H ( R) at R close to R0 

if (R) =if (Ro) + (fJif I fJR 06R = if (Ro) + V, (7) 

we can readily show that the difference between 
the eigenvalues of the energy at the point R is 

{[(£~ + V11)- (Eg + V22)]2 + 4V~2}'1', (8) 

where Vik are the matrix elements of the opera­
tor V = ( oH/ oR )0 oR, taken over the wave func­
tions l/JY and l/J~. 

For the terms to intersect it is necessary that 
both members under the square root in Eq. (8) 
vanish simultaneously. It is usually assumed that 
this condition can be satisfied only for terms of 
different symmetry, when V 12 = 0. On the other 
hand, in the case of terms of the same symmetry 
we have V12 ~ 0 and simultaneous vanishing of 
both members of the equation is generally impos­
sible, since they are functions of only one param­
eter oR 

We shall show later on that a diatomic molecule 
with one electron is an exceptional case, when si­
multaneous vanishing of both members in expres-

sion (8) for terms of the same symmetry, and 
hence intersection of terms of the same symme­
try is possible. Writing down the Hamiltonian of 
the system in elliptical coordinates 

2Zt 2Z. I ZtZ2 
- R (£-'I]) - R (£+'I]) 1 ~ ' 

we obtain from the operator V an expression 
which can be represented as 

(9) 

Calculation of the matrix element V 12 shows that 
the integrals of the first two constituents vanish 
because of the orthogonality of the functions l/J~ 
and l/J~, and we therefore obtain 

(11) 

Let us examine the matrix element of 1/r1 for 
functions of the same symmetry (the same m ) . 
Substituting l/J~ and l/J~ as given by (3) we obtain 

co +1 

<:1 )12 =n~• {~ X1£X2d£ ~ Y1Y2d1J 
-1 

co +1 

-~ X1X2d£ ~ YtTJYzdTJ}. (12) 
-1 

On the other hand, it follows from Eqs. (4a) 
and (4b) for the functions X1, X 2, and Y1, Y2, 

that 
co co 

(At- A2) ~ X1X2d£ =(Pi-p;)~ Xt£ 2Xzd£, 
1 1 

+1 +1 

(A1-A2) ~ Y 1Y 2 d1J =(Pi-p;) ~ Y11J2Y2 dTJ. (13) 
-1 -1 

The separation constant A can be regarded 
as the eigenvalue of the corresponding operators 
in (4a) and (4b) for given p and R. Inasmuch as 
the eigenvalue spectrum is nondegenerate for the 
one-dimensional equation, we have A1 ¢ A2 (if l/J~ 
~ l/J~ and R ¢ 0) and consequently, taking (5) and 
(13) into account, we can represent ( rj_"1 ) 12 in the 
form 

< 1 > nR4 (E~- Eg) 1:2 r: 2) \ (14) r 12 = 4 (A1 -A2) {(., )12<TJ)t2-(.,)t2(lJ 121· 

An analogous argument for ( r21 ) 12 yields 

V12 = const · (E~- Eg)M. (15) 
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Thus, in the approximation considered here V12 

vanishes simultaneously with E~- E~, and conse­
quently terms of the same symmetry can intersect. 

That in the H2 molecule the terms of the same 
symmetry actually intersect has been known for a 
long time (see, for example, reference 6, Fig. 52), 
but the connection between this result and the gen­
eral Neumann-Wigner theorem has never been dis­
cussed (as far as the authors know). The forego­
ing analysis shows that the intersection of terms 
of the same symmetry in the two-center problem 
is in some sense "accidental." The intersection 
takes place only for an exact Coulomb interaction 
which leads to the separation of variables in (4); 
any perturbation that disturbs the possibility of 
separation of variables (for example, allowance 
for the finite dimensions of the nuclei) causes 
the terms to move appart. 

COMPARISON OF TERMS FOR LARGE AND 
SMALL DISTANCES 

The number of roots of the functions X ( ~ ) and 
Y ( 1)) in the intervals 1 < ~ < oo and -1 < 11 < 1 
cannot vary with the parameter R. * This fact can 
be used to compare terms for large and small dis­
tances between nuclei. Let n~ be the number of 
zeros of the function X ( ~ ) ( 1 < ~ < oo), and let 
n11 be the number of zeros Y ( 1)) ( - 1 < 11 < + 1 ) . 
Then, recognizing that as R- 0 Eq. (4a) changes 
into the equation for the radial function of a hydro­
gen-like atom with nucleus Z1 + Z2, and Eq. (4b) 
changes into the equation for the associated Le­
gendre polynomials, it is easy to express the 
quantum numbers of the compound atom through 
n~ and n 11 • 

As R-0 

nr = n:_, (16) 

where l is the orbital momentum and nr is the 
radial quantum number of the combined atom. 
The principle quantum number of the compound 
atom N is expressed through n~, n11 , and m with 
the aid of the equation 

N = nr + l + 1 = n~ -:- n~, + i m I+ I. (17) 

As R - oo , the elliptical coordinates go into 
parabolic coordinates, and the equations in (4) go 
into equations for the hydrogen-like atom z1 
(or Z2 ) in parabolic coordinates. In order to 

*Actually, were the number of roots inside the indicated 
intervals to increase or decrease with changing R, this would 
mean that a multiple root ~. (or TJo) exists for some R "'R0 , 

i.e., X (~0) "'X' (~0) "'0 [or Y (TJ 0) "'Y' (TJ0) "'0]. By virtue of 
(4), this should lead to X(~= 0 [or Y (TJ) = 0]. 

compare terms at larger and smaller distances, 
it is necessary to express n~ and n11 through the 
parabolic quantum numbers of the separated atoms. 
Such an expression is quite easy to derive for n~. 
Introducing the variable 

v = (£-l)R, (18) 

we obtain from (4a) an equation which has the fol­
lowing form when v « R ( R » 1 ) 

X"+ X' -L [- m• _ ..!!__ 1 A - P2 + R (Zt + Z2) ] X = O 
v ' I 4v R2 v ' 2R 0 

(19) 

A solution of (19), finite at v = 0, is the function 

X = vlml/2e-pvfRF 

X (I m I+ J _ A- p2 + R (Zt + Zz) 0 ! m: _;__ 10 3£.. v \ (20) 
2 4p ' J I j ' R / 

[ F (a; y; x) is the confluent hypergeometric func­
tion]. 

In order for the solution (20) to remain bounded 
with increasing v, it is necessary that the first 
argument of the confluent hypergeometric function 
be equal to a negative integer (- n1). The separa­
tion constant is consequently 

A = A~ = p2 - R (Zt + Zz) -:- 2p (2nt + i m! + 1), (21) 

and the number of positive roots of the function 
(20) is n1. Thus 

(22) 

where n1 is the parabolic quantum number. (We 
note that for large R v ~ r 1 - z1 near the first nu­
cleus and v = r 2 + z2 near the second one; the z 
axis is assumed to join the first nucleus to the 
second.) 

Let us find now an expression for n 11• To be 
specific, we assume that the electron remains at 
the nucleus Z 1 after the nuclei have separated. 
Introducing a new variable JJ.: 

:c = R 0 + rJ), 0 < f.L 2R, (23) 

we obtain in the region JJ. « R ( R » 1) the follow­
ing equations for Y ( JJ. ) : 

nY" _ _,_ Y' +- {- _n!_"-_ _ ..!!__ 11 _ 1_ -A+- p0 -- R (Z2 - ZJ)} y '=. Oo 
,. · · ~fl. R 2 r 2R 

(24) 

A solution of (24), finite when JJ. = 0 and exponen­
tially decreasing when JJ. » 1 (the electron is as­
sumed to be at the nucleus Z 1!), is the function 

y (rt) = :•-I"' 1/ze-w!Rf (- n 2 ; ! m: +1; 2pr).,l R), (25) 

where n2 is a positive integer. The separation 
constant now has the form 
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Equating (21) and (26) we obtain for the electron 
energy 

W =- 2p2 I R2 = -Zi/2112 , 11 = 11 1 + 112 + I m I +- l, 

(27) 

i.e., the energy of an isolated atom with nucleus Z1. 
The wave function (3), in which X ( ~) and Y ( TJ) 
are specified by (20) and (25) respectively, is the 
wave function of the isolated atom Z1 in parabolic 
coordinates. 

The members of higher order in 1/R can be ob­
tained by expanding the solutions (4a) and (4b) in 
Laguerre polynomials. Inclusion of the next two 
terms in the series gives for the separation con­
stant 
A= A~= p 2 +{2p(2n1 +1m I+ l) -R (Z1 +Z2)} 

+ {(2111 + l) (111 + i m I+ l) 

-n1-(Z1 +Z2) (2n1 +lml +l)RI2p} 

- (R 21 l6p3) {(Z1 +Z2)2 (2n1 +I m I+ l) 

- (Z1 +Z2) (2pl R) [(2m +I m I+- l) (2nl +I m I +2) 

+2ndm +lmi)l 

+ (4p2 1 R2) (2n1 -+-I m I + l) [(n1 + l) (nt +I m I + l) 

+m (nt +I m j)]}; (28) 

A= A~= p2 - {2p(2112 +lml +l) +R(Z2-Z1)} 

-f-{(2112 + l) (112 +1m I+ l) -112 

+(Z2 -Zt) (2112 +I m I+ l) Rl2p} 

+(R2/l6p3) {(Z2-Z1)2(211z +lml +l) 

+ (Z2 -Zt) (2pl R) [(2112 

+lml +l) (211z +lml +2) +-2112(112 +lml)l 

+ (4p21 R2) (2112 +I m I+ l) [(n2 + l) (112 +I m I +I) 

+112(112 +lml)]}. (29) 

Equating (28) and (29) we obtain, as expected, for 
the atom z1 in the field of the nucleus Z2, 

W = -Zil2112 -Z21 R +-+ (n1- 112) 11Z2/ ZtR2. (30) 

The function (25) has n2 roots located at a finite 
distance from the nucleus Z1. In the case when 
Z1 = Z2, owing to the symmetry of the Hamiltonian 
with respect to reflection at the center of the mole­
cule [invariance of (4b) under a substitution of - TJ 
for TJ ], the solution of (4b) should have near Z2 a 
form analogous to (25) (with the sign of TJ re­
versed). It is therefore possible to express nT/ 
directly in terms of n2: nT/ = 2n2 for symmetrical 
terms and nT/ = 2n2 + 1 for antisymmetrical ones 
(see reference 6). 

When Z1 >" Z2 the determination of the number 
of zeros n17 is a more complicated matter and 
calls for an investigation of the behavior of the 
function Y ( 17 ) near the second nucleus 1J ~ 1 ) . 
Introducing the variable 

f.l1 = R(l-TJ), (31) 

we can write (4b) near p, 1 « R in the form 

" Y" + Y' + {'- m2 -It_ n ' -A+ p2 + R (22- Zt)} y - 0 
rl z11 R" rl T 2R - ' . ~ m~ 

where the constants A and p/R are determined by 
the conditions (21) and (26). 

A solution of (32), finite when p, 1 = 0 (apart 
from a constant factor ) , is 

Y = f.111 ml/2e-pp.,fRp (a; I m! + 1; 2Pf.lt / R), (33) 

where 

(34) 

Depending on the magnitude and the sign of a, 
three different possibilities may occur: (1) a > 0, 
(2) 0! < 0 and Z2n/Z1 not an integer, (3) 0! < 0 and 
Z2n/Z1 = n' an integer. Let us consider each of 
these cases. 

(1) The condition 0! > 0 is possible only when 
Z1 > Z2 and n2 are sufficiently small 

(35) 

In this case the solution (33) increases exponen­
tially with increasing p, 1 (1 « p, 1 « R). Thus the 
wave function of the electron near the nucleus Z2 

cannot be represented in the form of the wave 
function of a hydrogen-like atom with nucleus Z2, 

and is merely the function of a hydrogen atom with 
nucleus z1, but distorted in the vicinity of the nu­
cleus Z2• Inasmuch as the confluent hypergeomet­
ric function F (a; I m I + 1; 2pp,1/R) has no posi­
tive roots when a > 0, it is clear that the zeros 
of the function Y ( 17) are all located near the nu­
cleus Z1 and according to (25) 

(36) 

(2) If 0! < 0 and Z2n/Z1 is not an integer, then 
the investigated level (as R- co) of the atom Z1 

[see (27)] coincides with none of the levels of the 
atom Z2• Therefore, as in case (1), the wave func­
tion of the electron near Z2 is essentially the wave 
function of an atom with nucleus Z1, distorted 
by the field of Z2• At large distances between 
the nuclei, the Coulomb field of Z2 hardly changes 
the wave function of the electron near Z1 [see 
(25)], whereas its influence in the vicinity of Z2 

itself is large. When 0! < 0 oscillations of the wave 
function occur near z2 (see Fig. 1). Considering 
that for non-integral a ( 0! < 0) the number of 
zeros of the confluent hypergeometric function 
F(a; lml +1; 2pp,1 /R) is equal to {Ent(-a)+1)} 
(where Ent ( x) is the integral part of x), we can 
determine nT/ from (25), (33), and (34); 
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FIG. 1 

(3) If a < 0 and Z2n/Z1 = n', where n' is an in­
teger, then the level of the atom Z1 (27) coincides 
with that level of the atom Z2, whose principal 
quantum number is n'. From (20), (33), and (34) 
we see that the wave function of the electron near 
Z2 is the wave function of a hydrogen-like atom 
with parabolic quantum numbers n1 = n1 and n2 
= n' - n1 -I m I - 1. In this case therefore, as R 
- oo , degeneracy takes place and the regular 
wave functions have the form (3), where X ( ~) is 
given by (20) and Y ( 1J) is a linear combination of 
(25) and (33). Taking into account the fact that an 
additional root appears for one of the linear com­
binations of (25) and (33) in the interval -1 < 1J < 1, 
we obtain 

(38a) 

or 

n71 = n2 + n~ + I. (38b) 

It will be shown in the appendix that (38a) and (38b) 
hold when the electron is at the nucleus with the 
smaller or larger charge, respectively, as R - oo . 

Using (16), (17), and (35)- (38), let us sum­
marize the results obtained. Assume, specifically, 
that Z1 < Z2 and that (n1, n2, m) and (n!, n2, m) 
are the parabolic quantum numbers of the atoms 
Z1 and Z2 as R- oo. We then have: 

A. If the electron is located (when R = oo) at 
the nucleus Z1( Z1 < Z2), then 

l = n. + I m + 1 + Ent n2 + n ~ , when "4" n =f= mterger 1 I ( Z2 - Z1) Z2 • 

h-4 h , 
2n. +I m I+ n - 2-1 - , when z;-n = interger 

(39) 

I n + 1 + Ent ( n2 + n z. ~~Z1 ) , when ~: n =I= interger 

N= z. z + h 2 • 
n2 n h , w en Zt n = mterger (40) 

B. If the electron is located (when R = oo) at 
the nucleus Z2 ( Z2 > Z1 ), then 

{n~+ lmJ, 

l-= n~+lm!+1 
+ Ent (n~- n' z.- Zt ). when n' < n' z.- Zt 

z. ' 2 z. 

• (41) 

In', 
. z.- z1 

when n2 < n' --z;-
N-- . z.-zl 

n' + 1 + Ent (n2 -n'-2-2 -). 
' z.- z1 when n :;;,.n•--
• z. (42) 

Formulas (39) - (42) establish the connection be­
tween the terms of the isolated atoms (at R = 00 ) 

and the terms of the combined atom ( R = 0). 

BEHAVIOR OF TERMS AT SMALL DISTANCES 
BETWEEN NUCLEI 

The behavior of the terms when the distances 
between the nuclei are small can be explained by 
using as the zeroth approximation the states of a 
combined atom with charge z1 + Z2, located in the 
center of charge of the nuclei z1 and Z2. Regarding 

(43) 

as a perturbation, we can show (as is done for the 
case z1 = Z2, see reference 5) that the regular 
functions of the zeroth approximation, with allow­
ance for degeneracy, are the wave functions of the 
combined atom Z1 + Z2:* 

'ljl0 = VN,z(r) Yzm (%, <p), (44) 

and that the energy of the terms is given (accurate 
to R2) by the expression 

w = _ (Z1 + z.)• 
2N2 

2z Z (z -L z )2 [l (l + 1)- 3m2 ) R2 ( ) 

- 1 2 1 ' 2 N 31 (I+ 1) (21-1) (21 + 1) (21 + 3) . 45 

The sequence of the terms is the same as given by 
Bethe6 for the case z1 = Z2. (The energy of the s 
terms is obtained formally from (4b) by putting in 
it m = 0, canceling by l, and setting l = 0.) 

TERM INTERSECTIONS CORRESPONDING TO 
CHARGE EXCHANGE 

The behavior of the terms when the distances 
between nuclei are large is determined from the 
formulas 

(46) 

where W 1 and W 2 correspond to the states in 
which the electron is located at the nucleus Z1 
or Z2, respectively, as R-oo. The dependence 

*To prove this statement it is essential that the radial 
Coulomb functions satisfy the relation 

00 

~ VN,l (r) VN,t+2 (r) r!f- = 0. 

This relation can be derived from an analysis of the integrals 
of the generating function of the Laguerre polynomials. 
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on m appears in terms of order R-4, correspond­
ing to the second approximation for the Stark effect. 

Knowing the arrangement of the terms at large 
and small distances [see (46) and (45)] and using 
formulas (39)- (42), which establish the con­
nection between the terms, we can schematically 
represent the course of the terms at medium dis­
tances between nuclei. Figure 2 shows the course 
of the a terms for the case z1 = 2 and Z2 = 3, 

Z2 =J Z1=2 

---2p(j- ...- ----- ------
n'=t 

FIG. 2. a terms for the case Z 1 =2, Z2 =3. The parentheses 
contain the parabolic quantum numbers (n1 , n2 , m). The quantum 
numbers pertaining to the nucleus Z2 are primed. 

from which we can infer the presence of a large 
number of intersections. Particular interest at­
taches to intersections of terms corresponding, 
as R-oo, to states in which the electron is at 
different nuclei, for example 3pa and 3da, 4fa 
and 3sa, etc. The presence of such intersections , 
influences appreciably the probability of charge 
exchange in atomic collisions. 

Let us consider especially the case z1 = 1, 
Z2 = Z > 1, which is of practical interest in many 
of the problems mentioned in the introduction. 

Assume that the electron is on the hydrogen K 
orbit at infinity. The corresponding term (in­
cluding the nuclear interaction z1 Z2 /R) behaves 
as (-%- 9Z2 /2R4 ) at large distances, and yields 
Coulomb repulsion of the nuclei at small distances. 
On the other hand, the terms corresponding at in­
finity to the states of the electron at the Z nucleus, 
increase at large distances as - Z2/2n2 + ( Z -1 )/R 
with decreasing R. Therefore, at sufficiently large 
Z, some terms of the nucleus Z, lying at infinity 
below the K level of the hydrogen atom, should 
intersect the corresponding hydrogen term. [From 
formulas (39)- (42) it follows that when R = 0 the 
term corresponding to the K orbit of the hydrogen 
atom lies above those terms of the nucleus Z, which 
were located below this term at R = oo, i.e., the 
terms should intersect twice (see Fig. 3).] 

' ' ' 

FIG. 3 

H•zZ• 
__ -" .zt ·fJ• ---

This intersection occurs apparently even for 
Z :::: 3 [it is known to be missing in the case of 
the molecule HeH++, see reference (8)] and should 
assure a greater charge-exchange probability in 
collisions between the hydrogen atom and the nu­
cleus Z. 

For terms corresponding to excited levels of 
the hydrogen atom, cases of intersection are en­
countered more frequently. The rapid transfer 
of negative mesons from hydrogen by the nuclei 
Z > 1 (see reference 9) is apparently due to pre­
cisely this circumstance. 

In conclusion, the authors express their deep 
gratitude to L. D. Landau, L. I. Lapidus, A. A. 
Logunov, and Ya. A. Smorodinskii for valuable 
discussions and to N. S. Isaeva for preparation 
of the manuscript. 



-----~--..~----~--------------------------

1050 

APPENDIX 

S. S. GERSHTEIN and V. D. KRIVCHENKOV 

WAVE FUNCTIONS FOR THE DEGENERATE 
CASE 

In the case when the parabolic quantum num­
bers of the atoms Zt and Z2 are equal, nt = n1 
and m = m', and the principal quantum numbers 
satisfy the relation Zdn = Z2 /n' (i.e., the en­
ergy levels of the isolated atoms coincide), the 
wave function in the two-center problem can be 
approximately written in the form of a linear 
combination of the corresponding atomic func­
tions 1/Jt and I/J2: 

(A.1) 

where 

'ljll = cl (rl + zl)[m[/ 2e-Z.(r,+z,)/2rt F (- n2; I m I 

+ 1; zl (rl + z1)/n) 

X (rl- zl)'mll•e-Z,(r,-z,)/2n F(-nl; lml 

+ 1; Z1 (r1 -z1)/n)eim~, (A.2) 

C _ (~)fmf+'lz_1_[(nt+lml)!(n•+lmi)!J''• (A.3) 
1 - n (m!)2 nn (n1)! (n2)! ' 

the z axis is directed from the first nucleus to the 
second; analogous formulas hold for lfJ2 (nt = n'; 
Zdn = Zdn'). 

Noting that near the first nucleus (as R - oo) 
we have 

(1- Zl ~ R (~- 1), (1 + Z1 ~ R (1 + 11). 

and near the second nucleus 

r2 +z2~R(~-1), r2-Z2~R(1-TJ), 

we can represent the function (A.l) in the form (3): 

'¥ = e-Z,Rf.ln(s- 1)1mf/2 F (- n1; I m I 

+ 1; ZtR(s-1)/n)Y(11), 

Y ( TJ) = aC1e-Z,Rll/n (1 + 11)1 ml/ 2 F (- n2; I m I 

+I; Z1R(1+11)/n) 

+ bC2ez.R~/n(1 -11)lmlt• F (- n~; I m I 

(A.4) 

(A.5) 

Depending on the sign of the ratio a/b, the function 
Y ( TJ) can have either n2 + n2 or n2 + n2 + 1 roots 
in the interval - 1 < TJ < 1. 

Substituting (A.1) in the Schrodinger equation 
(1), we obtain the secular equation for the energy 

(Z2K2 + e)a + (ZtAt + eS)b = 0, (A.6) 

(ZzA2 + eS)a + (ZtK1 + e)b = 0. (A. 7) 

Here 

E __ ~ _L Z1Z2 + 
- 2n2 ' R 8 ' 

K2=~I'IJl1 j 2 ,~ dr:, S=~'IJl~'IJl2 d't, 

A2 = ~ '1Jl;'ljl1 ~ dr:. (A.8) 

Noting that the quantities At, A2, and S are 
exponentially small compared with Kt and K2 

(accurate to terms of order R - 2; Kt ~ K2 ~ 1/R), 
we can represent the solutions (A.6) in the form 

z K _L z. <A.- SK"l (Z1A1- z.sK.) 
Br = - 2 2 ' ZlKt- z.K. ' (A.9) 

(_!!__) = - z. (A•- SK. l ~ __!::!i_ (A. - SK 2); 
a I ZtKt- Z2K2 z.- Z1 -

(A.10) 

z K z1 (A1- SK1l (z.A.- Z1SK1) 
en = - 1 1 - Z1K1- z.K. ' (A.ll) 

It is seen from the foregoing expressions that 
the solution marked by the subscript I corresponds 
as R - oo to the state for which the electron is at 
the nucleus Zt (b/a- 0 ), while solution II corre­
sponds to the state with the electron at the nucleus 
z2 ( a/b - 0). In this lies the essential difference 
between the case Zt ~ Z2 and the case Zt = Z2, for 
which the function (A.1) remains, as R-oo, a 
symmetrical or antisymmetrical combination of 
1/Jt and I/J2• 

Confining ourselves in the calculation of the 
quantities in (A. 8) to the members of highest order 
in R (R » 1), we obtain according to (A.10) and 
(A.12) 

( b ) n2+n; Z2 (2Z1)112+n~+'/, 
a I ~ (- ! ) Z2 - Z1 n 

c;[ml+'/z 
X , - , " 

[nn' (n2)! (n2)! (n2 +I m I)! (n2 +I m I)!]'' 

r (n2 + I m 112 + 3) r (n; +1m I 1 2 + 1) n.+n' +1m I +2 z R! 
X R - 2 e- 1 ", 

(n, + n~ +I m I + 3)! (A. 13) 

2fml+'f, 
X ' ' ' [nn' (n2)! (n2 )! (n2 +1m I)! (n2 + !m 1)!] 1' 

f(n2 +lml/2+1)f(n2' +lml/2+3) n 2+<+Jml+2 -ZRJn 
X , R - e ' 

(n2+ n2 +I m I+ 3)! (A.14) 

The functions F(-n2; lml +1; Z1R(1+ry)/n) 
and F (-n2; lm I+ 1; Z1R(l-ry)/n) in (A.5) have 
respectively n2 and n2 roots lying near the nuclei 
Z1 and Z2• If the addition of these functions does 
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not give rise to an additional root in Y ( 17 ), the 
sign of the ratio a/b should be ( -1 )n2+n2. Taking 
this remark into consideration, we can readily de­
duce from formulas (A.13) and (A.14) that the addi­
tional root arises when the electron is at the nu­
cleus with the greater charge. 

We note that this conclusion agrees with the 
oscillator theorem, since, as can be seen from 
(A.9) and (A.ll), the term corresponding at large 
R to an electron at the nucleus with the greater 
charge lies I Z1 - Z21/R higher than the corre­
sponding term for the electron at the nucleus with 
the smaller charge. 
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