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Scattering of two charged particles in a homogeneous and time-independent magnetic field is 
examined under the assumption of weak Coulomb interaction. The change in the particle mo
menta in scattering of the particles is calculated. It is shown that for two like charges the 
momentum change decreases exponentially with increase of the impact parameter. Because 
of Larmor resonance, the momentum change of oppositely charged particles decreases with 
increase in the impact parameter according to a power law. The magnetic field screens the 
interaction of the charged particles during the scattering. Equivalent spherically symmetric 
potentials constitute a graphic interpretation of this type of effect of the magnetic field. In 
the case of like charges, these potentials would be of the Debye type; in the case of opposite 
charges, they would be of the power type. 

THE changes in momenta (and coordinates ) of 
charged particles colliding in a magnetic field 
were reduced to quadratures in the work of E. M. 
Lifshitz1 under the assumption of a weak Coulomb 
interaction. However, the author limited himself 
to a certain qualitative analysis of these integrals. 
The present research is a further development of 
the work of E. M. Lifshitz and contains a detailed 
analysis of the change of momenta of charges col
liding in a magnetic field. 

We shall therefore consider the collision of two 
charged particles ek, mk (k = 1, 2) in a homoge
neous and time-independent magnetic field H. Ini
tially, we shall assume that the particles approach 
each other along the magnetic field without a Cou
lomb interaction. At some instant of time ( t = 0) 
they lie in the x, y plane, which is perpendicular 
to the magnetic field. We shall represent the ra
dius vector of the particles at this instant of time 
in the following fashion: rk = Qk + Pk· The quan
tity Pk = h x p~/mkwk is the Larmor radius vec
tor of the particle, Pk is the component of momen
tum perpendicular to the magnetic field, Wk = ekH/ 
mkc is the Larmor frequency, h is the unit vector 
along the magnetic field. The vector Ql = Q1- Q2 
is known as the impact parameter of the collision. 

We now take the Coulomb interaction of the par
ticles into consideration. In accordance with the 
work of E. M. Lifshitz just cited, the increase in 
the momenta of the particles in the collision can 
be written in the form 

co 

~ (Pkx -+- ipfv) = - ~ dt (:X -i- i ~) <D1e-i"'k , 

-co 

II r a<Dt 
~Pk = - j dt az . 

-00 

(1) 

The formulas given here were obtained by pertur
bation theory with respect to the Coulomb interac
tion potential ~. We use the notation ~t = S_t~ 
<I r 1- r 2 1>, where St is the operator of motion of 
the charges in the magnetic field without interac
tion, 2 p~ is the component of the momentum of 
the particles along the magnetic field. 

We proceed to the calculation of the integrals (1). 
First, we consider the special case in which p1 = p2 

= 0 or w1 = w2 and p1 = p2• In this case, the quad
ratures are calculated in finite form. The follow
ing formulas are obtained for the increases in the 
momenta of the particles: 

Here, 

U =o p{1 /m1 - p~1 1m2 , 

K1 is a MacDonald function; 3 the plus sign holds 
for k = 1, the minus sign for k = 2. 

In accord with (2), the increases in the momenta 
for R » I p~ I are exponentially small quantities: 

~ _ ± 2e1e2R ( __!!!i_) '/, ex ( _ _!5_) (3) 
Pk - · I U I R2 2 I p~ I p I rJ1 I . 
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We return to the calculation of the integrals (1) in 
the general case. The increases in the momenta 
of the particles are conveniently written in the form 

~Pk = ~p~h +~vi. (pi.lp~) + ~'pt lhpi.l!pk. (4)* 

where t..p~ is the increase in the absolute value of 
the perpendicular component of the momentum, 
t..'p~ is the corresponding change in the direction. 
We now introduce the phases ak of the vectors p~ 
at the time t = 0, and expand the quadratures (1) 
in a double Fourier series in these phases. The 
Fourier expansion leads to the following formulas: 

(5) 

We used the notation 

al = ul - (rt/2)' 

kn,n, = (n1w1 + n2w2)1 U. 

The phases ak are measured from the x axis, 
along which the vector Q1 is directed. The am
plitudes An1n2 are equal to 

r k.l_dk.l_ 
An,n2 = j k2 +k2 Jn, (kj_pJ) Jn,(k1_p2) Jn,+n,(kl_Q.l_), (6) 

0 ..l n1n2 

where Jn is a Bessel function. 
We shall limit ourselves below to a considera

tion of the case in which the distance between the 
centers of the Larmor circles of the colliding par
ticles at the time t = 0 is larger than the sum of 
their Larmor radii; Ql > I P1 I + I p2 l. In this case 
(see Watson3) 

An,n, =In, (I k,,,n, I Pt) In, (j kn,n, I P2) K.n,+n, (I kn,n,l Q.1_), (7) 

where In is a Bessel function of purely imaginary 
argument, Kn is a MacDonald function. 

We now return to analysis of the amplitude 
An1n2, which is represented by Eq. (7). Taking 
into account the behavior of the MacDonald func
tions at large and small values of the argument, 
we can conclude that the amplitudes are maxima 
in order of magnitude when n1w1 + n2w2 = 0 (we 
assume the ratio w1 I w2 to be rational). The cor
responding harmonics in the expansions (5) will be 
called resonant. t The amplitudes of the resonant 
harmonics are equal to 

A = (ln1f+ln21-1)! (~\jn,\(_f'E_')\n,l (S) 
n,n, 2 I n1 [! I n2 I! Q .1_ J Q .1_ ' 

*[hp~) = h X p:. 
tThe idea of the possibility of resonance in the scattering 

of charges in a magnetic field belongs to A. I. Morozov. 

if the signs of the charges of the corresponding 
particles are different, and are equal to 0 if the 
signs of the particles are the same. 

We now go on to the amplitudes of the non
resonant harmonics. For their estimate, it is ad
vantageous to make use of the asymptotic function 
Kn ( nx) for large values of the index n: 

K., (nx) ~ (rt/2n)'1• (x2 + 1)-'/• [x-1 -T-(x-2 + l)'i•]n 

xexp [-n(x2 +1)'1•] ll +a(x)ln +· .. ], 

I a (x) I< :2 . (9) 

This formula can be obtained by the application of 
the Laplace method for the asymptotic estimate of 
integrals4 to the integral representation of the Mac
Donald function:3 

00 

Kn(nx) = ~ ~ exp{-n(xcht-t)}dt. (10)* 
-00 

Without going into details, we write down the result 
of the investigation: if Ql » I P1 I + I P2l and Ql 
» I p~ I. then the amplitudes of the non-resonant 
harmonics are exponentially small [see Eq. (14) 
below]. We note that, in accord with (5), the reso
nant harmonics do not make a contribution to the 
increase in the components of the momenta of the 
particles parallel to the magnetic field. 

We now sum up. We come to the conclusion 
that the increases in the components of the mo
menta of particles perpendicular to the magnetic 
field, for large values of the impact collision pa
rameter Ql, are exponentially small if the signs 
of the charges are identical, and fall off with in
crease in the impact parameter according to a 
power law if the signs of the charges are different. 
Changes in the components of momenta parallel to 
the magnetic field are exponentially small. 

It was noted above that the amplitudes of the 
resonant harmonics differ from 0 only in the 
case of differently charged particles. The latter 
circumstance has the following physical meaning: 
if a time periodic force with frequency v acts on 
a charge which is rotating in a magnetic field with 
its own Larmor frequency w, then resonance 
takes place for v + w = 0 (and not for lv I = I w 1>. 
It is of interest to consider in particular the case 
in which the specific charges of the colliding par
ticles are identical: e1/m1 = e2/m2. In this case, 
the law of conservation of momentum is satisfied, 
which can be written in the form t..p1 = t..p, t..p2 
= -t..p, where p = (m2P1 -m1p2 )/(m1 + m2) = mo
mentum of the relative motion of the particles. 
For the latter, a formula is valid which is analo
gous to (4) in which 

*ch =cosh. 
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4 ( p Jn , -flp~= ~ "" -I PI a,,(£,TJ) smna, I u IP II .LJ 
n •• n2=-co 

flpl_ =- p 111'\pll/p, 

~I _!_- _ 2e1e2 [- _f_ e (~ < lj) 
p -- IUIIPIII IPI 11 

00 

I \.l ( p \n-1 (!: -;- L.J fPl) Cn ;,, YJ) cos na J. (11) 
n=l 

Here 

r 11 = rt p = I (pf;ml)- (pf/m2) l/w1" 

£ = Qj_/1 p llj, YJ = 1 p 111 p 111, a= a- (:n:/2), 

where a is the phase of the vector pl. The func
tion () ( ~ < Tl) = 1 for ~ < 17, and equal to 0 for 
~ > 11· The amplitudes an and ~n are equal to the 
following: 

On(£, YJ) = nln (nYJ) Kn (n£), £ > '1'], 

Cn (£, YJ) = 2nl~ (nYJ) Kn (n£), £ > 1]. (12) 

As investigation shows, for ~ » 17 and ~ » 1, the 
series of amplitudes an and ~n tend to zero as 
n- oo no more slowly than the geometric progres
sion with base 17e-( Therefore, limiting ourselves 
in (11) to the first harmonics, we get 

1'\p~ ~ ± p II £-'f,e-<, !lpf;: ~ Pf:£-'f,e-<, (14) 

where pll, P~ are certain functions of a, ak11· 
Estimates analogous to (14) are given also in the 
cited paper by E. M. Lifshitz, 1 and in the work of 
Belyaev.2 

Up to this point we have considered changes of 
momenta of particles in collisions. However, no 
less interest attaches to the consideration of the 
scattering angles of the particles. By the angle 
of the scattering of a particle Xk we shall mean 
the change of angle between the direction of its 
momentum and the direction of its magnetic field. 
We shall regard as equivalent the spherically sym
metric potential Ilk( r) ( k = 1, 2) which, without 
participation of magnetic field with impact param
eter Ql, scatters the k-th particle through an 
angle Xk· The equivalent potential for the given 
angle of scattering xk satisfies an integral equa
tion of the form (see reference 5) 

(15) 

If we consider the solution of this equation6 for 
large values of r, we find that 

nk(r) ~ (p~ I p II \12mk r)exp (- r/lp Ill) 

for particles with equal specific charges 

(16) 

(a similar formula holds for identically charged 
particles), 

Dk(r) ~ (p~/2mk) (p1/r)M, (p2/r)M• (17) 

for differently charged particles. In the latter for
mula, M1 and M2 are relatively prime natural 
numbers in which I w1l/l w2 1 = M2/M1. The ap
pearance of the Debye potential (16) as an equiva
lent potential is a graphic physical interpretation 
of the screening action of the magnetic field2 in 
the scattering of two charged particles. However, 
as follows from (17), the equivalent potential in 
the scattering of differently charged particles has 
the form of a power potential. 

In conclusion, I take this opportunity to express 
my deep gratitude to A. I. Morozov for his numer
ous discussions and valuable observations in the 
completion of the present work. 
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