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Small perturbations of the discontinuity surface in relativistic magnetohydrodynamics are
examined. It is shown that in the case of small perturbations the magnetic tangential dis-
continuity is conserved as such. Stability of magnetic tangential discontinuities is investi-
gated. In particular, their instability region is determined in the ultrarelativistic case.

1. INTRODUCTION

THE stability of magnetic tangential discontinui-
ties in nonrelativistic hydrodynamics was investi-
gated by Syrovat-skii.!»2 He came to the important
conclusion that the magnetic field stabilizes the
flow. In this connection, great interest is attached
to investigations of the stability of a magnetic tan-
gential discontinuity in relativistic hydrodynamics.
In the first part of the present article we derive
the boundary conditions for a perturbed disconti-
nuity on the basis of the general Lorentz transfor-
mation.* It follows from these conditions that the
magnetic tangential discontinuity is conserved as
such under small perturbations.

In the second part we investigate the stability
of a magnetic tangential discontinuity. Conditions
are derived for the stability in two particular
cases, of large and small angles between the wave
vector ky and the direction common to the parallel
vectors v and H. All the calculations were made
for a medium with infinite conductivity, and in the
nonrelativistic approximation the final formulas
go into those obtained by Syrovat-skii.l»?

2. PERTURBATION OF DISCONTINUITY SURFACE

In the coordinate system tied to the unperturbed
discontinuity, the following conservation laws apply
on the normal to the discontinuity surface:

(Wuj + p + (H* — 2H} 4 E* —2E}) [ 87} = 0,  (2.1)
{Wufur _ (HfH‘r + EfET)/4n} =0, (2.2)
{(Wusus + i ((EH] 1) / 47} = 0, 2.3)t

*The need for using the general Lorentz transformation in
the solution of three-dimensional problem is mentioned by
Stanyukovich.® The same reference considers several general
transformations for a medium with variable p and €.

ffEH] =E x H.
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{nus} =0, (2.4)
{Hpy =0, (2.5)
{Ex} =0 (2.6)

where f is a unit vector normal to the disconti-
nuity surface, 7 the direction of the tangent, and
W the heat function per unit volume; the braces

denote the difference between the corresponding
values on the two sides of the discontinuity.

We now change to a coordinate system in which
the normal velocity of the perturbed discontinuity
is zero. We make the change with the aid of the
general Lorentz formula for the velocity and the
field. The normal f and the two independent di-
rections Ty and T, tangent to the perturbed dis-
continuity surface have the following components

f(l, — & /dy, — I/ 02), %1 (0§ / 9y, 1, 0),
%, (0F /02, 0, 1).

We can then readily obtain in the new system of
coordinates, the boundary conditions on the per-
turbed discontinuity accurate to terms up to sec-
ond order of smallness relative to the perturba-
tions of the velocity 6v and of the field h (in the
case of infinite conductivity ), using Egs. (2.1) —
(2.6) for the parameters of the unperturbed dis-
continuity.

After simple transformations, introducing the
notation
hy = h,— H,0%/0y — H,0%/0z, =V1—32/,

v;-+-0v; = buv, — 98/0t — v,05/0y — v,08/0z, 2.7)

we obtain the following boundary conditions for the
tangential discontinuity (vyx =0, Hy = 0):

89 -+ 5 [(b) + X (vH. (HovI. — vhla |} = 0, 2.8)*

*(Hh) = H-h.
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w . H? n(vf—l-éuf) 1 .
{? T Zmn T} Ty T dnm {(vH) Ay, (2-9)
1 v wy [vH], n (v + dvp)
'471: {Hy + —éz_ [VH]x} hf = {—027- Imnct T} T (2.’10)
1 v, _fwo, [vH], n (v; 4 dvy)
i {Hz 2 [VH]x} hf - {—T T %4anct T} T (2.3.1)
1 n (ve 4 Ovuy)
(v} h = {7 qur} LR (2.12)
n (ve + dvg)
(osbhy = {5 Hop =L (2.13)
where w is the heat function per particle.
The system of five equations (2.9) — (2.13) for

the two unknowns hg and n (vg + 6vg)/y admits of
only one vanishing trivial solution
hy = hy — H,08/0y — H,08/0z = 0,
v + 8v; = dv, — 9%/0t — v,0E/dy — v,08/0z = 0. (2.14)

Thus, the magnetic tangential discontinuity is con-
served as such under small perturbations.

3. STABILITY OF MAGNETIC TANGENTIAL
DISCONTINUITY

For perturbations of the form exp i(k-r - wt),
we can readily reduce the system 8T1i</ oxk = 0,
using Maxwell’s and the continuity equations, to
a system of equations in three unknowns 6vy, 6vy,
and 6v,. The required existence of a nontrivial
solution of such a system leads to a dispersion
equation of the form

@108 + @00 + 505 + 4,05 40505 +a0, +a; = 0, (3.1)
where wy=k-v - w, and the coefficients are alge-
braic functions of W, the velocity of sound ¢, k2,
(k-v), etc.

We can separate from (3.1) the factor

H2 7 0)  (vH) (kH) ¢ (kH)?
F=[1+72 W] 12 2nW 0 4nw . (8.2)

The equation F = 0 yields a solution, known to
be stable, with real w, and can be discarded.
Separation of the second factor yields

v ]+ S el e
'—_{2_[1‘ + e CELCI] 4 o [
=D b ol o]
B[ — & o]+ o [k — 4 GO g
+ % {i (cH) (kv) - vH [kz — L),

S (kHy? [ — L (kvy?] = 0

+ fap (3.3)
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Instability corresponds to values of ky whose
imaginary part differs from zero. We put ky = —1i
and then the perturbation will be bounded away
from the discontinuity, provided the conditions

ReA >0, Reks <0,

are satisfied, where Ay and A, pertain to the re-
gions x< 0 and x > 0 respectively. By means of
Eq. (3.3) we can express the dependence of A on k:

A=k V1 (3.5)

(3.4)

— kRS-

As shown in the preceding section, the boundary
conditions (2.14) should hold on the perturbed sur-
face of the tangential discontinuity:

du, — iwek = 0, hy — ikHE = 0. (3.6)

We must also add to these conditions the boundary
equation (2.8). Eliminating ¢ from (3.6), we obtain
the independent boundary condition

hy/kH, = h,, /kHz. 3.7)

From the system of equations of relativistic mag-
netohydrodynamics we can readily derive the fol-
lowing expression for small velocity and magnetic-
field perturbations:

(Ak 4 Bv 4 CH),

v =—¢c2 (3.8)

wonl,

h=— = {kH (Ak + Bv) — (Ak% 4 Bkv) H}, (3.9)

where A = wo/'y‘; B = w}(wy - kev)/cHt
Ag are functions of wy, H, W, k, and v.

Eliminating with the aid of (3.7) — (3.9) the com-
ponents 6v and h from the boundary equation (2.8),
and using (3.3), we obtain after several transforma-
tions an equation that determines the possible val-
ues of w:

, C and

AM/WiF1 = he/WeFs, (3.10)

where A is expressed in terms of k? by means of
(3.5), and F is defined in (3.2).

An investigation of the stability of a magnetic
tangential discontinuity in relativistic hydrodynam-
ics reduces to an investigation of the roots of (3.10).
If for certain values of the parameters contained in
(3.10) the equation has no root w with positive
imaginary parts (for all values of k;), then this
magnetic tangential discontinuity is stable against
the small perturbations considered here. In the
opposite case, it is unstable.

If there is no magnetic field (i.e., Hy = 0, H,
=0), we arrive at the less interesting hydrody-
namic problem, that of stability of a tangential dis-
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continuity. It is known that such a discontinuity is
absolutely unstable. To investigate the roots of
(3.2) we confine ourselves, following Syrova.‘c—skii,2
to the particular case of discontinuities, in which
the flow of the medium is along the magnetic field,
i.e., when the vectors H;, H,, v4, and v, are par-
allel in some system of coordinates.

We denote the cosine of the angle between the
direction of the wave vector k, and the general
direction of the vectors v and H by v. We first
investigate the roots of (3.10) as v — 0. The
equation (3.10) is of the same order in w as the
corresponding equation in Syrovat-skii’s paper,?2
because it has one multiple root w =0 when v =0,
and two simple real roots. But since the transi-
tion from the real root to the imaginary one (to
the pair of complex conjugate roots) is possible
only through a multiple root, the imaginary roots
of (3.10) should tend to zero together with v. This
enables us to neglect the ratio kz/ k(z, under the
radical sign as much smaller than unity, and then
w is given by

f1 H? © 2 uHW
g 2 - —— _
e [1 TN Wy J (=) + 2w, (5—o)
c2H2v? 1 H?
R DAY G 1 2 (e 2
T, Tx} =—W, {73 [1 +1; 4an](k0 ”2">
, BHY e eHWV:
T 2“W2 <;TO—02V>— va?']’g . (3.11)

The roots of (3.11) are real if the following condi-

tion is satisfied

<1_‘1j_ _Llﬁ) (H2 | 4 + HY [ 4m)?
4 ' 4w Wi+ W.

_ W1W2
(Wit W)

(va —1v1)?

e

(3.12)
The second term of this condition tends to zero in
the non-relativistic limit, but at relativistic energy
density it can make a considerable contribution to
the stabilization of the flow.

An investigation of the roots of (3.10) for the
case of arbitrary v is best carried out for a nar-
rower class of discontinuities, namely when the
heat function, the velocity of sound, and the field
intensity have the same values on both sides of
the discontinuity:

Wi=We=W, H,= H,=H.
(3.13)
If vo=(vy—vy)/(1=vv,/c?) (vy and v, are par-
allel) is the value of the jump on the discontinuity,
then in the ‘‘symmetrical’’ system of coordinates
we have

Co1 = Co2 = Co»

0= % (1— )

Solving these equations for vy and v,;, we find

>0.
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=V,. (3.14)
Introducing the notation
Q = w/coko, o = H/ V4aW,
Bo = Vo/co, B = wvo/co, (3.15)

squaring both halves of (3.10), and discarding the
root € = 0, we obtain an algebraic equation of the
eighth degree for €, in the form

51928 - b2 Q28 - b3Q* - 54Q? b5 = 0, (3.16)

where the coefficients are functions of the param-
eters a, By, ¥ =cy/c, and v. Q should vanish on
the boundary of the instability region.

At certain values of the parameters, the free
term b; may vanish, and then (3.16) has a multiple
root Q2=0. If bs; reverses sign as it goes through
zZero, Q% also reverses sign, and this effects a
transition from a pair of real roots to a pair of
complex-conjugate roots (pure imaginary). Then
the equation bgs = 0 specifies, for a given v, a
curve in the plane («, By), which is the region of
the boundary of the instability region.

The equation by = 0 yields two curves:

@ = yBY(1 — y7B).
(/) 21— B* +vB3 (1 — 1)@ — 4783 — Bi))
— (/B3 (1 — B + VB — 1) (1 — 207}

+ B)/(1 — 52B9)} + 2B — v*BS (1 — 1)/(1 — y*B5) = 0.
(3.18)

Equation (3.18) defines a real curve only when

v 81 —y2(1—yBe+BY] 11—y
T8+ —R 8 R—yp) 14
The condition (3.19) yields two intervals of values
of By for each value of v:

(3.17)

(3.19)

Vi 8E(vi—1)—2v2 (1 —y?) V2 (vE_1)
VBV —1) ’

B < (3.20)

Ve 8y (vE—1) +2v2 (1 —3?) V2 (v2—1)

A (3.21)

B>

The intervals (3.20) and (3.21) are meaningful only
when v varies within the limits

og<vL

We shall henceforth consider the ultrarelativ-
istic case, i.e., y = 1/V¥3. In this case, according
to (3.15), B and B, change in the same interval of
values from 0 to V3. When »? =1, (3.20) and
(3.21) imply B% <1 and g} = 1, respectively.
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As v — 0 we obtain 8y — V3, and curve (3.17)
is the boundary of the stability region. Equation
(3.17) coincides with one of the real roots of (3.12).
In fact, in a ‘‘symmetrical’’ system of coordinates,
the equation of the curve that serves as the bound-
ary of the stability region at low values of v, as-
sumes the form

at 4 a2 — y2p3/(1 — y2p2)2 = 0. (3.22)
This equation has two roots:
o = Byl — By,  of = —1/(1 —yPY. (3.23)

The second root of (3.23) has no physical meaning
and should be discarded. Thus, as v — 0 we ar-
rive at the previous boundary (3.17) of the insta-
bility region. On the other hand, in the region
0=Bp=1 (v=1) the limit is the curve (3.18).
In fact, when v = 1, the equation bs; = 0 assumes
the form

y‘zB2 2 e
- - 1541
| 0,

—2 (1= (B — DS+ 8] = 0. (3.24)

It follows therefore that the vanishing of ©? on the
curve (3.17) occurs without a reversal in the sign,
and the limit of the stability region when v =1 is

the curve

a = o [(3 —2p7)/(9 — 1285 -+ 5B7)1"

(we have put here y = 1/V3).

Thus, the region of instability of magnetic tan-
gential discontinuities (in the ultrarelativistic
case) is bounded on the left by the curve (3.25)
when By =1 and by the curve (3.17) when By = 1.
The curves (3.17) and (3.25) are shown in the fig-
ure and the plane («, B;). The instability region
is shaded. The discontinuities whose parameters
lie outside the region will be stable against small
perturbations.

(3.25)
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We note that the stability criterion for a mag-
netic tangential discontinuity can be represented
in the form

H* 1 1
83/4("/1_”3/62 I)W’
where the expression in the right half (without
the %) is the analog of the kinetic energy of a

particle in relativistic hydrodynamics.
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