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By using the Racah technique we investigate the group properties of relativistically invariant
equations of the type agdgyp +ky = 0. The treatment presented is a further development of
the work of the author.? A consistent procedure is given for finding the commutation relations
which completely determine the algebra of the o matrices, by using the technique of j sym-
bols and transformation matrices. As simple examples we give the complete commutation
relations for the Duffin-Kemmer equation with spin 1 and for the generalized Pauli-Fierz
equation. A classification is given of covariants which form a U («)-algebra with respect to
reflection and charge conjugation. We obtain relations by means of which the infinitesimal
matrix Ijj is expressed in terms of the o matrices. We discuss the structure of the com-

plete interaction Lagrangian.
1. INTRODUCTION

D’URING the past few years the methods of the
theory of angular momentum which were first
treated by Racah! have been developed further in
the form of the theory of j symbols, transforma-
tion matrices, and irreducible tensor operators.
At the same time, these methods are finding a
wider and wider range of application. In particular,
they are the basis for the theory of atomic and nu-
clear spectra, for the scattering of particles, and
the theory of parentage coefficients. In the pres-
ent paper these methods are applied to the theory
of relativistically invariant equations of the type

adatp - wp = 0. (1.1)

In a definite sense the proposed approach is a
further extension of previous work of the author.2
The algebraic method of investigation? in which
the matrix o4 is treated as a unit symbol has a
definite advantage with respect to the writing of
the matrices in explicit form? or in the form of an
expansion in terms of some known matrices.*

From the products of the matrices «@; one con-
structs® covariant quantities (called symmetrizers)
which transform according to irreducible repre-
sentations of the Lorentz group. The matrix o
transforms with respect to the index i like a vec-
tor D (1/2 1/2). For example, from the products of
two matrices ajak one can select three symme-
trizers corresponding to the expansion

D (*/a'/2) X D (*/s/s) = D (11) + D (1001) + D (00).
(1.2)

In reference 2 we gave a procedure for con-
structing symmetrizers (in tensor and canonical
bases) corresponding to the expansion (1.2), and
analogous expansions for the products of three or
more matrices.

In the U(a)-algebra there are contained basis
vectors which transform according to the repre-
sentation

L:§><S, (1'3)

where S is the representation according to which
¥ transforms in equation (1.1). Equating to zero
the basis of the representations contained in the
products of the type (1.2) and not contained in (1.3),
we obtain a series of commutation relations. How-
ever, there is a difficulty in separating identical
representations since, even when one includes
supplementary symmetry conditions, not all the
representations are sorted out.

In Sec. 2 of the present paper we treat a tech-
nique based on the theory of angular momentum
which enables one, from the representation S and
the values of the independent constants in the
matrix «j, to obtain the complete commutation
relations and to find all independent covariants of
the U(a)-algebra. In Sec. 3 we consider the
classification of representations with respect to
reflection and charge conjugation, and also formu-
late various physical requirements in the language
of the Racah method. In Sec. 4 we give a table of
representations which enables one relatively easily
to obtain the commutation relations for equations
with spins not exceeding 3/2. As an example we
treat the complete commutation relations for the
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generalized Pauli-Fierz equation. Finally, in the
last section we discuss some specific simplica-
tions which arise when the method is applied to
equations with interaction.

2. RACAH’S METHOD AS APPLIED TO RELA-
TIVISTIC EQUATIONS

The application of the methods of the theory of
angular momentum to relativistically invariant
equations is based on the specific structure of the
matrices «j. Since y transforms according to a
finite dimensional representation S, 8; according
to the representation D (Y414), and Qgdgy as
does y, transforms according to the representa-
tion S, the matrix «@j is an aggregate of Clebsch-~
Gordan coefficients (with certain arbitrary con-
stant factors) which project the space S x D ( 1/2 1/2)
on S.°

Equation (1.1) can be rewritten in the form

S aky pg (PYap'm| Pp) (Qaq'n | Q) Ima 2
P'Q’s’p’q’'mn
gy =0 (2.1)

Here PQ and P’ Q' are the weights of the repre-~
sentations, pgp’q’mn are indices of the correspond-
ing basis vectors, and the index s numbers the
identical representations.

According to (2.1) the matrix ozglzni/z is broken
up into individual blocks apQ; p’/Q’, which are

Clebsch-Gordan matricelzs multiplied by a certain
constant coefficient a%SQ; Pt

apg; prgr = apq; prgr (P'*/:p'm|Pp)(Q'Y/2q'n| Qq). (2.2)

In the process of investigation of the equations
—in finding the commutatian relations, consider-
ing various physical requirements, and computa-
tions —we deal with products of the o matrices,
i.e., with combinations of Clebsch-Gordan coeffi-
cients. In the general case any such combinations
can be represented as a complicated expansion in
generalized Wigner coefficients; the coefficients
of this expansion are the j-symbols.® For the
theory of relativistic equations the corresponding
formulas which are considered below are not very
complicated.

If we multiply two matrices with matrix ele-
ments of general type

aMiNs = ap, g.; p,a, (PrMyprmy | Pipi) (QuN1gani| Qi42), (2.3)

aMiNe = ap, o, p,0; (PiMapims| Pepr)(QiNoqins | Qugr) (2-4)

[for My = Ny = M, = N, = ¥, we have the special
case of (2.2)] the matrix element of their product
has the form
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aMiNigM:N: = D) ap,q,; PRQ,AP4Qy; P, (PeMyprmy | Pipy)
PrQrPrIK
X (PiMoPmy | Prpr)(QeN1grna | Qig)(QuN2qina | Qugs)-

(2.5)

From the product (2.5), according to reference
2 [cf. formula (1.2)], we can separate out a sym-
metrizer characterized by the indices MN. To do
this we can make use of the well-known formula®
2 (PeM1pamy | Pipi)(PiMapitiy | Papi) (MyMymaimy | Magmyo)
msy

= W, (PiMoP My, Plez)(PlM12P1m12|PiPi)- (2.6)

The coefficient Wy, which has been treated by
Jahn, is related to the Racah coefficient by the
equation

W, (PiMoP:My; PeM 12)

= V@Ps+1)2My; +1) W (P.MyP:M1; PiMys).  (2.7)

Thus the matrix element of the irreducible sym-
metrizer MN, obtained from the product of the
two matrices (2.3) and (2.4) has the form

Z QAP;Q;iPRQpAPLQL: P1Q W1 (PiMaP:My; PrMys)
PpQp

X Wy (QiN2QiNy; QrlN12)

X (PiMygpimyg lpipi)(Qlleql’l1z| Q:q:). (2.8)
If we consider the product of three matrices «,

then for the symmetrizer with indices MN we ob-
tain the formula

2

PrQrP1Q
X Wl (P[sziMl; Plez) Wl(PmMspiMlg; P[M)

X W1 (QiN2QiNy; QeN12) Wi (QmNs QiN1z; QiN)

X (PuMpmm |Pip)) (QmNqmn | Qiqs)-

In the most general case the symmetrizer
formed from products of o matrices is made up
of Clebsch-Gordan coefficients with constant fac-
tors apQ, p/q not depending on the projection.
The factors apQ, P'Q’ depend on constant factors
in the matrix @ and on the specific set of j-sym-
bols. Thus, the quantities D(1 1) formed from
products of two « matrices and from products,
for example, of twelve a matrices differ only in
the particular values of the coefficients apQ, p'Q’-
Any matrix element can be immediately written if
we give the number of matrices in the product,
the representation, and the method of combining
the angular momenta.

To each matrix element there corresponds a
simple graphical rule. Thus, for the successive
products of two matrices (2.8) and three matrices
(2.9), we have Figs. 1a and b. The process of

QP Qi PrQy APRQp; P1Q AP Qs P

(2.9)
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writing symmetrizers by using graphs is standard
and does not present any difficulties.

If the separating out of irreducible symme-
trizers is not done in sequence, any j-symbols
can occur. Thus ag ok @y in canonical form
corresponds to Fig. 2.

FIG. 2.

The 9j-symbols appear explicitly in the matrix
element. However, for the investigation of rela-
tivistic equations it is sufficient to consider ex-
pressions corresponding to successive addition of
angular momenta, in terms of which all others
are expanded corresponding to any other law of
addition; i.e., it is sufficient to know the coeffi-
cients Wy. Moreover, for this investigation one
needs only a very restricted set of the Wy coeffi-
cients. In considering these coefficients we must
remember the symmetry rules for the Racah co-
efficients:

W (abced; ef) = W (ba dc; ef) = W (cd ab; ef) = W (ac bd; fe)

= (— D)MW (ebcf; ad) = (— 1) W (ae fd; bc).
(2.10)
In addition, if e and f are defined uniquely by the
assignment of a, b, ¢, d, the corresponding W; is
equal to unity. For example,

Wi (22125 13)5) = W1 (Y222 e 11) = 1.

Then in investigating the products up to six
matrices and equations with a maximum spin of
%, we need to know altogether 25 W, coefficients.

The symmetrizers which can be formed from a
specific number of o matrices transforming ac-
cording to a single representation differ from one
another in the coupling scheme. Thus from three
matrices one can in general form four linearly in-
dependent symmetrizers transforming according
to D(%Y%). In their coupling methods we distin-
guish coupling schemes which are determined by
how the angular momenta add (the graph) and the
order of coupling, which is determined by the ar-
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rangement of signs on the added angular momenta
(cf. reference 6). The transition from one coupling
scheme to another is accomplished by means of
transformation matrices. To investigate equations
(1.1) it is sufficient to choose one coupling method

(((712) Ja2fs) rosia)irzsa « - - » (2.11)

i.e., one method of successive addition of angular
momenta. Since the matrix transforms according
to the representation D (% Y%,), each of the suc-
cessively added angular momenta is equal to 1/2.
Therefore, the symmetrizers differ only in the
quantities jig, jipg, Jio34- Their assignment com-
pletely determines the symmetrizer for which we
introduce the notation

(2.12)

F (j1s]12f1234- -3 ].;2].;23].;234' L)

In the notation (2.12) we write a complete set
of basic symmetrizers for the products of two,
three, and four matrices:
two matrices:

F(; 1), F(;0), F(©0; 0); (2.13a)

three matrices:
F (13/g; 13)5), F (13/3; 1')5), F (13/5; 0%/y), F (1}/g; 1Y/5),

F (I')3; 0Y3), F (0/5; 1'/5), F (0%/5; 0'/5); (2.13b)
four matrices:
F (13/,2; 13/,2), F (13/,2; 13/,1), F (13/,2; 131/,1),
F (13/52; 0'/51), F (13/52; 11/0), F (13/52; 0%/50),
F (131,15 13/,1), F(13/,1; 13/,1), F (13/,1; 0Y/21),
F (11e15 134,1), F (13,15 1¥/,1), F (1}/315 0Ysl),
F (0Y/51; 134,1), F (0515 1/51), F (0515 0'/y1),
F (1315 13/:0), F (1315 11/,0), F (0'/21; 1%/50),
F (13,15 01,0), F (1Y/21; 0Y/50), F (0515 0%/50),
F (13/:0; 11/,0), F(1/50; 0Y/50),
F (0Y50; 1%/,0), F (0Y/50; 0Y,0). (2.13c)

For the representation D (mnnm ) we have here
written only D (mn). The symmetrizer F for
D (nm) is obtained by an obvious permutation of
the arguments.

The U(a)-algebra is determined by the rela-
tions between the matrices F. According to Ref.
2, that part of the matrix F is equal to zero which
refers to representations not contained in S x S.
Thus for S =D (1001) + D (%, %) we have
F (1%, 1%,) = 0. To find the remaining commuta-
tion relations by use of the graphs, we write the
corresponding coefficients in the matrix elements
of the symmetrizers, which transform according
to the same representations, and compare them to
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one another and thus find the required relations.
Thus, for D (% %%%), if the constant coefficients
in the matrix « are equal to unity (Duffin-Kemmer
equation), we have F(1%; 1Y%,) =v3F (1%,; 0Y,)
etc. for all products of three matrices.

In order to find the complete set of commutation
relations we must see how the relations between
symmetrizers with a larger number of matrices
are consequences of the corresponding formulas
for symmetrizers with a smaller number of
matrices. Thus, when

F (135 13/5) =0 (2.14)
the symmetrizers
F (13,2, 19[32) = F (13/:2; 1%[,1) = F (I3/21; 1%/,2)
= F (13,1; 13,1) =0 (2.15)

correspond to the multiplication of F(1%; 1%})
by a from the right; the result of multiplication
from the left is also equal to zero. In this case
we have in place of

F (12 fref)iresials (G )ieidiesiad) — (2.16)
a different order of coupling:
F (iu(eis)iesiainsals 1o )il Pizsad)- (2.17)

By the use of the transformation matrix, which has
been discussed in detail by Yutsis, Levinson, and
Vanagas®, quantities of the type (2.17) can be ex-
panded in the basis vectors (2.16). Using the
properties of the transformation matrix® we obtain
for functions of the type

D*(jraf12s)) = @ (ja (12 ir2i8)i12s])»

" the relations

D% (o)) = 2 Wi (jijeiiss jief2s) P (1ed) (2.18)
i13
D (fasf234f)
= Z Wi (jiesiia Jrasiess) Wi (iieiiesiss fr2i23) @ (izfesl)s
F1of12s (2.19)
D* (jgajasafesas)) = ) 2 W1 (j1fesaliss fizsaf2sss)
J12f12si1oa
X W1 (j1j2sf1234 65 J128) 24)
X Wiy (i1feiresiss frefas) @ (frefresirzeal)- (2.20)

The quantities FX are then obtained in an ob-
vious way:
F*(igafs joui’) = 20 Wi (uleiiss jrofes) Wi (ajaffas jrzies)
jlzflz
X F (rsfs juaf’)- (2.21)

Using these formulas we find from (2.14) the
relations

L. A. SHELEPIN

1 2 2 1 2
F00=-3—Fo1 —l—-‘—/—3—F02 —I—l/—?’—Fos:?Fm —]-V—S—on
2 2 6
+I/§F30=Z9—(F12 + Fa1) —I—V—96—(F13 + F31)

2V5 (Foy + Fag)+ o+ Fit +2 Fas +2 Fis = 0, (2.22)

where the subscripts 0, 1, 2, 3 replace 1 ¥, 2;
1% 11%1,0%1.

After having determined the consequences of
the commutation relations between symmetrizers
with a smaller number of matrices, comparing the
symmetrizers which remain independent we find
additional commutation relations between them
(cf., for example, formula (4.4) later on).

Later, in Sec. 3, in the classification of repre-
sentations with respect to charge conjugation, it is
important to know symmetrizers when the order
is changed to the reverse order; i.e., it is nec-
essary to know the expansion in basis vectors of
quantities of the type

CD’ (j45j345j2845j) = (I) ((((j5j4) j45j3) j345j2) j2345j1j)'

The appropriate formulas are obtained by using
the transformation matrices:

" (o) ) = (— DD (j),
D (josf) = 2 (— 1)%—j W1 (jsiefjas jesirz) @ (jrzf)s (2.24)

ilz‘
@ (jsajosa) = 2 (— 1)2_—i W1 (jsajeiins jesaire)

] 1 Zj‘lzi

(2.23)

X Wy (jajsijrzs jsajres) @ (jrziresf)- (2.25)

The quantities F* are found in a manner similar
to (2.21).

The method developed above makes it possible
to obtain the complete system of commutation re-
lations. In various cases, their determination is
considerably simplified by considering various
symmetry conditions and physical requirements
on the equations.

3. SYMMETRY LAWS AND PHYSICAL
REQUIREMENTS

In the theory of relativistic equations, in addition
to the requirement of relativistic invariance, vari-
ous symmetry laws and physical requirements play
an important role, among them invariance with re-
spect to reflection, charge conjugation, time re-
versal, Lagrangian symmetry (the existence of a
bilinear nondegenerate Lagrangian function), defi-
niteness of the charge density or energy, presence
of various spins and mass states. Various ques-
tions are related to these requirements; for ex-
ample, concerning supplementary conditions, con-
cerning the infinitesimal group ring, and equivalent
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representations. Various physical requirements
impose particular additional restrictions on the
coefficients apQ, p’Q’ in the matrix a. In addi-
tion, each symmetry permits one to introduce a
distinction between identical representations and
thus to give an additional classification of the sym-
metrizers constituting the U (a)-algebra. In the
following we consider symmetry with respect to
reflection, charge conjugation, and Lagrangian
symmetry.

The reflection operation corresponds to the
transformation

D(PQ)— D (QP). (3.1)

For equations which are invariant with respect to
reflection we have

Upo. prgr = T Ogp; gp (3.2)

We note that, for quantities F corresponding to
(3.1), there must be one and the same type of coup-
ling. If P and Q are different, the representation

tions which are invariant with respect to this oper-
ation,

Cpo; prgr = E g por (3.5)

Using a function F* with the reverse order of
addition of angular momenta, we can write the
charge-even function D (jj’), as

F(sja- -y tiae - J') +F (Gafa v+ - fs nfae - - J), (3.6)

and the charge-odd function D (jj’)_ as

F(jsje oo fs Jafar o0V —F Gafa -+« 03 fujae + - )4(3.7)
Using the notation we have introduced and the

formulas of Sec. 2, we give the four independent

symmetrizers D (1/2 1/2), consisting of three
matrices;

F* 1Yy 11/3),, F* (04 0Y),,

F*(13/2; 13/9)_, F~(1%3; 0Y2) _.
The relations
F+ (02 OYY9)_ = %—F* (Y2 OY9)_ =— F*(1Y/2; 1Y/9)_,

of the full Lorentz group consists of two representa- F* (1}/2; 0Y), =2 V3IF+ 1Yz 1Y) . — F+ (0% 0Y),]

tions of the proper group:

Fidae o is ffy o 1) FGidyer i3 diiae 1) (3.3)

If P and Q are identical, we can have two types -

of representations: tensor or pseudo-tensor. For
example, among the four symmetrizers D ( 1/2 1/2),
consisting of three matrices, we have three vector
symmetrizers

F (15 1Y), F (0135 0Y/s),
F (1335 0Y5) ++ F (0Y/25 1Y/3) = F* (1%/; 0Y/3)
and one pseudo-vector
F (1/y; 0Y9) — F (0%/55 11/) = F~ (1%/3; 0Y/,).

We denote even representations by D*(P; P),
and odd representations by D (P; P). Then it is
not difficult to carry out a classification of the
symmetrizers of the U(«a)-algebra if we remem-
ber that products of two even or two odd repre-
sentations give only even representations, while
products of even by odd representations give odd
representations; products of two representations
of the type (3.3) give equal numbers of even and
odd representations. Thus, for S=D (1 %% 1)
+D (Y% 00 ¥,) we have

L =D 2112) 4D (2002) +D* (/2 %z) +D~ (*/2%/s)
44D (/22 Y2 ¥s) 3D+ (11) +3D- (11) 5D (1001)

+4D* (Y2 Y/2) 44D~ (/2 /2)+2D* (00) + 2D~ (00).
(3.4)
The operation of charge conjugation is associated
with a transformation of the matrices. For equa-

are valid.

For the classification of the symmetrizers of
the U(a)-algebra with respect to charge conjuga-
tion, we consider the matrix elements apQ; p/Q’-
The non-diagonal elements apQ; p'Q’> %P'Q’; PQ
correspond to twice as many equal representations.
Half of them are even. To the diagonal element
apQ; PQ. since under charge conjugation there is
a change in the order of addition of the angular
momenta to the reverse order, there corresponds
a factor (— 1)2P17P (- 1) Q 4, where P,Q,
are the angular momenta characterizing S in
§'x 8. The factor A is equal to + 1 for tensor
representations and —~ 1 for spinor representations.

According to the above rules, we give the
U (a)-algebra with a classification according to
reflection and charge conjugation for the following
equations:

1. Dirac equation, S =D (Y% 00 %):

L =D (1001)_ +D* (Y2 ¥/s), 4D~ (2 Y/s)_
+D*(00), +D- (00),. (3.8)

2. Duffin-Kemmer equation (spin 0), S =D( 1/21/2)
+D(00):

L =D*(11), 4+ D (1001)_ 4 2D*(00),
+D*®e Y2, +D* (M2 V). (3.9)

3. Ginzburg equation (spin Y%, %),
s=D(1Y%Y,1)+2D (¥ 00 %):
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L = D@112)_4 D(2002), +D* (%2 ¥s), +-D~ %/ ¥3) _
+3D*(11),+2D* (11)_+ 2D~ (11), +3D- (11)_
+3D (¥2 Y2 2 ¥2), + 3D (2 Y2 Yz ¥3)_ 4 2D (1001),
48D (1001)_ 4 7D* (Y2 /), +2D* (M2 Y/2)_
+ 2D (Y2 '2) .+ TD™ (/2 '/5)_ + 5D * (00), 4 5D~ (00),
(3.10)

For equations which are invariant under La-
grangian symmetry,

Opg; prgr = Egrpr. ope (3.11)

According to (3.2), (3.5), and (3.11) Lagrangian
symmetry is a consequence of symmetry with re-
spect to reflection and charge conjugation.

The metric matrix 7, by means of which we
form an invariant from the product y*ny, can be
expressed in terms of the basic covariants, if we
consider that its matrix elements have the form

a, (PPp — p|00). (3.12)

In treating the spin properties of relativistic
systems, the investigation of the infinitesimal
group ring constructed from the infinitesimal ro-
tation matrices Ij plays an important part.

The infinitesimal matrix Ij; satisfies the well-
known relations

(3.13)
(3.14)

These relations can be written in covariant form
in the tensor basis. For example, (3.13) has the
form

Uire 10 ) = — gijlns + Gulni + Grilit — Gril iy

[(1,', ]]'k] = g;jdp — Zirdj.

qu[am_‘ ]mc Ioi = 21im’

Iidim— Iiml e = 0, il i — Liliw = il ym— il ..

(3.15)
In the canonical basis the matrix I;; can be

written as Ig’o, Igi. The symmetrizers from I
and I, o are mac(lle up in a manner analogous to
the symmetrizers from « (Sec. 2). We denote the
corresponding quantities by Fy, Fig. Then the
conditions (3.13) and (3.14) take the form

Fr(bD).=0,  Fi(1;0)=1° F, (0;1) = I, (3.16)
Fra (12 "2%5), = 0, Fra(Y2'2), =0,

Fra(2s), = a’". (3.17)
The relations (3.16) and (3.17) enable us to deter-
mine the explicit form of the infinitesimal matrix
for ay transforming according to a given repre-
sentation S. The numerical values of the coeffi-

cients in the matrix elements of the matrix
110 ( 101 )

bp,0;; Pray (Prlprl | P:p)( Q0G0 | Qrgr) (3.18)

L. A. SHELEPIN

are determined from the relation
bp;a;; Praybprray pro, Wi (PP Ppl) Wy (Q 0Q.0; Qr0)

(3.19)
For the Duffin-Kemmer equation (spin 1) we have

= bpqsP 0

by = V612, b= 2. (3.20)
For the Pauli-Fierz equation
byyo o= V312, by, v, =V372,
by 1, =1, by 17, = b1y, 07, =0. (3.21)

Using formulas of the type (3.20) and (3.21) and
also the basic symmetrizers of the U («a)-algebra,
it is not difficult to find the expression for the in-
finitesimal matrix Ijj in terms of the matrices «
(cf. Sec. 4). Knowing it, we can find the supple-
mentary restrictions which are imposed by the
presence of definite spin and mass states. Using
the spin operator Z = — (I}, + I§; + I%;),* we sepa-
rate out the parts of the wave function with definite
spin (Z — £ (£ +1))y, and by using ¢ the part
with a definite mass state. The general appearance
of the formulas which describe the spin-mass
states of the system is the following:

[Z—8 (G + DIenZ—& & + 1) (02— m)

e (@E—md) = 0. (3.22)
The minimal equations for spin and for mass
states are special cases of (3.22):

Z—5E+DZ—EE+DI...=0, (3.23)

(3.24)

By virtue of relativistic invariance all these
formulas can be represented as a definite sum of
covariants. Writing formula (3.22) in covariant
form and expanding the left side into basic sym-
metrizers, and equating each of them to zero, we
obtain all the relations caused by the presence of
specific spin and mass states. Thus, from the
relation af — o) = 0 it follows that F (1 %; 1 %)
=0 and o4 + agajag + ajod =9

If we write (3.22) in canonical form, the corre-
sponding expansion can be obtained by means of
the usual Clebsch-Gordan coefficients. The treat-
ment of other physical requirements also is sim-
plified considerably in the present formalism.

4. EXAMPLES

As simple examples of the application of the
method described, we find the commutation rela-
tions and write the basis vectors for equations of
which the Pauli-Fierz equation is a special case,
and for the Duffin-Kemmer equation (spin 1) (cf.
also reference 4). In finding the commutation re-

(a2—m?) (a2 —m2) ... =0.
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lations it is very important to have a table of sym-
metrizers with an additional classification with
respect to reflection and charge conjugation. Such
a table, formed from the products of two, three,
four, and five matrices, enables one immediately
to find the commutation relations for particles with
maximum spin %, 1, and %,. For the investigation
of higher spins the table must be extended further.
In order to write down immediately the commu-
tation relations for equations with spin 1/2, 1, and
the generalized Pauli-Fierz equation, it is suffi-
cient to give the classification for products of no

Two matrices:

D (11):
D (1001):
D (00):

D* (1),
D (10)_,
D* (00).,

F 1,
F (1; 0),
F (0; 0),

[1]
[21;
13].
Three matrices:
D (2%2):  D*(/2%/3)4,
. D (3/3%2)ss For— V3 Foz, {F (1325 0%/a).,
D (3/a1/y 1/, 3/} + 1 +
Cla™ha*a D (3/33/2)-, V3 Foar+ Fos, {F (13/35 0Y2)},

D* (Y23/2)4s 5F11+ V3 F§,+ 3F s, {F (1135 1}/2)4}
D* (*2/2)4, 8Fuu— V'3 F§y 4 5Fm, {(F (042; 0Y/2)s}
D* (Y21)5)-, 3F1u— V3 F§, —3Fa, {F (145 1}/2)-);
D= (Y2 Y2)-, Fiy, {F (1%/2; 0Y/2)-3,
Four matrices:

D (}/21)2):

D (22):
D (21)4,
D (21)-,
D21)-,

D*(22);, Eoo,
—2Eqn+ V2 Epn+ V6 Eg,
V2 En+ 5Ee— V3 Eos,
V2En— Eee-+ V3 Eos,
D (20),, Eo, {F (13/22; 11/50),},
D (20);, Eoss {F (1%/22; 0%/20)4},

D (2112):

D (2002): {

( D* (1),
D (11),,

D* (11),,
D* (11),,

D(1): { D* (1),

D*(11)-,
D= (11)4,
D-(11)_,
D-(11)_,

—2Eu— En+3Es+ VZE,,
—2EL +VZE2 +V6ES,
V2 E2 +5E3 —V3ES,,
V2 E§3_ E§1+ ]/3 Efz ’

{F (0Y21; 13/51)-},
{F (13215 14:20)-)

( D (10)s, —2E1+ V2 Ess + V6 Ea,

| D(10),, —2E15+ V2 Ezs + V6 Ess,
D(10)., V2Eiu—+ 5Eu—V3Es,
D(10)., V2 Eis+5Es—V3 Ess,
D(0)., VZEu— Eu-+V3Eu,

| D10)., V2 Eis— Exs+ V3 Ess,

D*(00);, Ea, {F (13/:0; 11/:0)4},

D*(00)y, Ess, {F (0Y/20; 0%/50)4},

D+ (00),, ES,, {F (1Y50; 01/50),},

45
D~ (00),, 525. {F (11/50; 01/30)_},

D (1001):

D (00):

23’

{F (13/o1; 0Y21)43,

{F (13/21; 1/20)43,
{F (13/21; 01/50),},
{F (1}/21; 1%/:0)_3,
{F (1}/21, 01/50)_},
{F (0/21; 11/50)_},
{F (0Y/21; 01/50)_3,
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more than four matrices. In the& table, to save
space, for the products of three matrices the
functions F are written in the form Fjk, for four
matrices in the form Ejk. For three matrices the
indices 0, 1, 2 replace the pairs 1%,, 1¥,, 0Y,; for
four matrices the indices 0, 1, 2, 3, replace 1 %, 2,
1% 1, 1%1, 0%, 1. Below we give the classifica-
tion, where we have written the independent basis
vectors and given their order numbers in square
brackets. In the curly brackets, we give the origin
of the symmetrizer (to within a factor). ‘

[2I;
35
[4l;
51
[61;
[71.

{F (13/22; 13/52)4}, [1]:

{F (13/52; 13/21)4},
{F (13/22; 1/21)-},
{F (13/22; 0/21)3,

121
[3L
[4];
[55;
[61;

2Ey + Exs+ 3Ess — V2 ES,y, (F (0V21; 0Y21)4), (71
4En+8En—12E5+13V 2 ES, +V 6 ES; +2V 3 E

s

{F (13215 1/a1)4),
[8);

4Ey—4En+ V2ES,—VBEL+4V3Eg, (F (1l; 01a1)s}, (9);
VEES,—V3ES, (F (s 0s0), — F (a1 0ad), [10);
—2Ey +5En—3Ess—2 V2 ES,+ VB ES, +2V3 Eg,
(F (1015 1Y21)3,
(F (0Y/a1; O%/a)),

[11];
[12];
[13h;
[14};
[15];

[16];
[17%;
(181
[19];
[20];
[21];
[22];
[23];
[24];
[25].
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Here E§ = Ej + Eygs Eif = Ejgc — Egge

For the representations D (mnnm) we give the
formulas only for D (mn), since in the case of the
reverse order of indices the formulas are identical.
In the following the symmetrizer is denoted by the

symbol z(l), where i is the number of a matrices
in the proléuct and k is the number in square brac-
kets.

Using this table we enumerate the commutation
relations in canonical form for the Duffin-Kemmer
algebra S=D(Y%%) +D(1001). The symme-
trizers appearing in the U («)-algebra transform
according to the representation

L =D (2002), +D (3/2*/2*/23/2), +D (}/2/2 /23/2)_
+ 2D (1001)_ +2D*(11), 4D~ (11)_ 4+ D* My ¥2),
+D*(M22)_ +D" (M),
+ D~ (*21/2)_ 4 2D*(00), + D~ (00),. 4.1)

We set the coefficients in the matrix a equal to

Q10; Y e = Qox; Y2 e = b' Q11310 = Q1300 = C.

Then by the method described in section 2 we

obtain the commutation relations between the three
matrices:
M0, =0, &= —2¥3,
2 = —%—gbcz“). (4.2)

Using (2.18) — (2.21) we find basis vectors for
four matrices which do not go over into one another
by use of (4.2) or to the basis vectors for fewer
matrices:

2, A0 Al D 2. (®.3)

Applying the same method to them we find just
one more independent commutation relation for
four matrices:

(4.4)
Formulas (4.2) and (4.4) constitute the complete
set of commutation relations. Using formulas
(3.20) we obtain an expression for the infinitesimal
matrix in terms of the matrices a:

1 = V'6F (1; 0). (4.5)

For the ‘Pauli-Fierz equation the representation
is s=D(1%Y% 1) +D(% 00 Y%). Then
L =D (2112)_ +D (2002), 4 2D* (11), +D*(11)_

+D- (11), 42D~ (11)_ 44D (1001)_+ D (1001),

+D* (2%, +D" (l232)_ +2D (32223,

4-2D (}/2Y2Y23/s)_ +3D* (Y2/e), +=D* (Mall2)_

+ D~ (M22), +3D" (M2 /2)_ 42D (00), + 2D~ (00),.

(4.6)

We set the coefficients in the matrix « equal to

__5V3, @ _ 1 ©
2y = — =5 bezg’ — 5 b2

Ay,y; 1, = — Qa1 = 5, Ay 10 = Qi oy = 1o

— Qyy0; 1, = — Aoy v = By oy a0 = Qs o = %+(4.7)

L. A. SHELEPIN

For the Pauli-Fierz equation

a=V38=1/2, B=}/3/4. (4.8)

The commutation relations between the four
matrices for (4.7) are obtained in the usual fashion.
We have

249 =0, (@)

4) _ (2 4
2(2 ) — 0, b52h = Ay, ) +cp (Z'(] ' — Z%)),

4 (4)
ap" = ami,

k=238,9, 10;
l,m=3,4,5,6; 11, 12; 14, 15; 16, 17;

Zgnzgl) = 2(22), n = 18, 19, 20, 21;

20 = d[zéﬂ -+ d:.z(0>, =22, 23, 24. (4.9)
The constants appearing here are
Table I.
8¢ 333 Savf Y238 atyf
V3 5 Vi | _v3 | _t
s 6 ® -3 6 2
V3 1 V3 _ys |3
a4 18 -% 3 2 2
V3 1 - V3 1
as - o V3 6 2
1 V3 TR
% © z — 2 2
1 V3 1 K T &
ax 18 Ev3 6 6 12
1 V3 1
azs % — % 0 12 0
7V3 5 V3 _5V3 1
azq T 12 6 36 12
V3 5 V3 - 3
en 5 -% -5 -V | 3
V3 V3 1
e1 0 0 -3 2 -z
17 V3 3
€13 18 -3 0 5 0
7 3
e T VT 0 0 0
Ve A 3 5 | Y8
e31 -3 T Ty -V —-V2 2
V2 Vs V2
€33 '_b‘ '—5‘ 0 —/T 0
. 3V2 . Ve v
es Ve - —Vs < |72
6 _
ess - VT 212 0 0 0
1 1
a; ) —1 0 5 0
17 7 3 192
as T 7 > 2 2
7 1 5 3
% © 7 ! Tz P
1 1
aiop -Z —1 0 -2‘ 0
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Table II. Table III.
|
3y By ‘\ dayB ayf at B3y dy23 Siqy Sady ay3 ary
|
V3 | 1 V3 V3 5 | V3 - 3
W | T 0 P B “z |z V3| —%
. 3 1 7V 3 3 .
a3 0 % 0 0 0 ms‘% S —% %3 V3 %
. 3 V3 V3 1 V3 3 - 3 3
2 A VR 2 % |7 T4 a5 V3 — 3—]2/3 — —2— —3 A A ‘2/3
1 - 9 -
1 Y 2 1 5
en 5 0 3 5 0 ig > _5V3 __912/3 —% 5 912/3
3 ra 5 5
o |3 L e ™S HE IS T 2 S O T U OO 4
1 _ 9 ~ ‘ 2 2
o 0 4 0 VS 2 Aaiq '1/_—% 1 —_ _1_ Vﬁ 3
€2 P) P 2 a, — —1 _E. i 3
4 4 % 3 -7
’ ’ B ’ ‘a; ""1_9 —1 —1:-5- — 3 3 ._9_
4 — a; a; i a,b, ab apbs — ayb, 2 2 2 - 2
i—?&“"Lb ’ T by T Ty = % —4 —1 0 3 -3 3
6 6 7 10 , 3 1 9 3
A, VE., VT . V3 T 0 2 B B Bt
gn=—7, by= =8 +5=vp, by=50r +S-ar, 5V3 5 3
) 2 2 2 2V o 1 V3 = 3
] i w| 1 - =% |-ve| %
__ 1s V3 ©_ V3 1 2. V3 3
bo=—58 + S0, hg=5-PBr— 5 o (4.10) . — 0 % _@ 0 ___34_
A is the determinant formed from the quantities s ——2— 2V3 _E’T‘/g' _3 9 _Ys
eik (i, k=1, 2, 3, 4); An corresponds to A with 3 _ V3 5 V[g
one row replaced by the quantities bj(i =1, 2, 3, 4). | — 7% —-V3 % 7 —1 5

Then in Ajg the first row consists of the bj, in
Ayg the second row consists of the bj, etc; the
constants are

3 1 1 3
==Yl tap,  b—gap+ Ve
2 6 3 1

R i

The remaining constants are equal to the sum of
products of quantities from the first row of tables
1 — 3 by the appropriate coefficients, for example,
ag = (V3/6)6* + % 62 vB—. . . etc.

These formulas give a complete set of commu-
tation relations. Using the expressions for the
symmetrizers of five matrices, one can show that
no additional commutation relations arise from
them.

Using formulas (3.21) we obtain the expression
for the infinitesimal matrix in terms of a:

10— Shom 4 22w 4 220w 4 e,

5 €12 €13 €14
by e e13 14 2

A = by eg €23 €24

bs e3p es3 ey 1 ete.

= | 5 €22 €23 ¢
2 22 €23 €24

1 es €33 €34
0 e €43 €44

by eqz €43 €as

(4.11)

5. EQUATIONS WITH INTERACTION.
CONCLUSION

The method proposed permits one to make sim-
plifications also in the treatment of equations with
interaction and, in particular, to write immediately
any covariant quantity for a system of interacting
fields. As an example, we treat the description of
the most general Lagrangian. The Lagrangian of
a four fermion interaction (without derivates)
(P09 ) (pO¢ ) contains the invariants which appear
in the product

D (*/200%/3) X D (*200%/5) X D (}/200%/) X D (*/200%/5),
(5.1)

i.e., 10 invariants: five of the type D*(00), and
five of the type D™ (00).

To include interactions with derivates one must
remember that, because of the commutation of
components Vi with one another, all antisymmetric
combinations of the Vi are equal to zero. Covari-
ants can be formed only from the quantities
D* (mm),. To include first order derivatives we
must, in place of (5.1), consider the product

[D(00) + D (*/2%/2)12 D (/2 00 /)1 (5.2)
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Usually one imposes the requirement that the
coupling shall not exceed the order of the equation.
In the Lagrangian (yOVy)(9OVe) the derivatives
occur in front of different fields, but they may
give a second derivative in the equation. Varying
with respect to ¢, we have

VEOVY) 90 = (VHOVY) 90+ ($OVV )0

+ $OVH)VeO. (5.3)
It is necessary that there be no terms of the second
type. They are equal to zero if the quantity VV is
an antisymmetric combination. Therefore we must,
in the first factor of (5.2),

D; (00) 4 2D (3 Yz) + D (1) 4 D (1001) + D; (00) (5.4)

drop the covariants D (1 1), D, (00) as quantities
which exceed the order of the equation.

Thus for a four fermion interaction with deriv-
atives we can write 51 invariants. They are not
difficult to write, taking account of the different
symmetries. Such a treatment can be generalized
to any interaction. It should be noted that Racah’s
method is entirely applicable to equations which
are invariant with respect to three-dimensional
rotations.®

As we have seen, Racah’s methods permit a
significant simplification in the theory of relativ-
istically invariant equations, both in the obtaining
of the commutation relations, as well as in the
investigation of different physical requirements.
Undoubtedly, in a future development of the appli-
cation of Racah’s method to relativistic equations,
one will find further simplications. Possibly one
will succeed in finding a general form of the com-
mutation relations for a given  function which

L. A. SHELEPIN

completely classifies all symmetrizers according
to some group of maximal symmetry, in terms of
the y and the quantities apg psq’, and to write
immediately all the necessary traces of matrices
and to find a solution of a whole series of other
questions.

In conclusion, I express my deep gratitude to
Professors V. L. Ginzburg, V. Ya. Fainberg and
E. S. Fradkin for continued interest and discus-
sion of the results.

iG. Racah, Phys. Rev. 62, 438 (1942); 63, 367
(1943).

21.. A. Shelepin, JETP 37, 1626 (1959), Soviet
Phys. JETP 10, 1153 (1960).

3 I. M. Gel’fand and A. M. Yaglom, JETP 18,
703 (1948).

4 L. A. Shelepin, JETP 34, 1574 (1948), Soviet
Phys. JETP 7, 1085 (1958).

5G. Ya. Lyubarskii, Teopus rpynn u ee IpuMeHEHus B
¢usuke (Group Theory and Its Applications to
Physics) Pergamon Press, 1961.

8 Yutsis, Levinson, and Vanagas, MaremaTuuecknii
annapar Teopuu |[MOMEHTa KoauuecTsa Abuxenus|( Mathemati-
cal Apparatus of the Theory of Angular Momentum ).
GIPNL Lithuanian S.S.R. 1960.

TH. A. Jahn, Proc. Roy. Soc. ( London) A205,
192 (1951).

81. A. Shelepin, Reports at the XIIIth All-Union
Conference on Spectroscopy, 1960, Leningrad
(in press).

Translated by M. Hamermesh
234



