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Using dispersion relations, we give an elementary derivation of the inequality restricting the 
charge, which was found by Ruderman and Gasiorowicz. 2 The maximum charge corresponds 
to our notion of a composite particle. A field-theoretic nonrelativistic model is treated; it is 
shown that the physical ( renormalized ) charge tends to its maximum value when the bare 
charge increases without limit (for a fixed mass of the particle). The scattering then cor­
responds to the theory of the deuteron. In this same model, with an unstable particle, as the 
charge increases without limit the scattering tends toward zero. 

1. INTRODUCTION 

IF a system of two particles A and B is capable 
of transforming into a stable particle D, the in­
teraction A + B :;= D is characterized by a 
"charge" g. The mass of D determines the posi­
tion of the pole in the amplitude for scattering of 
A by B. 

From the definition of the physical charge g, 
the pole term is 

A= 

where EAB is the energy omitting the rest mass, 
and Q is the binding energy of D. On the other 
hand, as was first shown by Heisenberg, 1 the resi­
due at the pole of a bound state can be expressed 
in terms of the constant in the asymptotic form of 
the normalized wave function: 

\jJ (r) --+Ce-"' I 2n V2r 

for r-oo, where K =-./ 2mQ, 

(1. 2) 

(1. 3) 

This relation holds also when the state of the phys­
ical particle D is a superposition of the "bare" 
particle D0 and the "cloud" A + B, which for the 
case of an S state is described by the function 
l/! ( r ). 

If the interaction is local, expression (1.1) holds 
for any r > 0, and the normalization condition 
( ineluding the amplitude for the bare particle Do) 
gives: 

By using (1.3) and (1.1), Ruderman and Gasiorowicz2 

then obtained the inequalities 

(1. 5) 

(we give their formulas for the simplest case of 
an S wave and zero range of interaction). 

Exact equality in (1.5), upon which Landau3 in­
sists, corresponds to the case where the particle 
D consists entirely of A + B (so that J llf! l2dv 
= 1), i.e., D is a composite particle with local 
interaction of A and B. There do exist in nature 
weak interactions, whose charge is several orders 
of magnitude less than its maximum value. At the 
present time, theory is not in a position to predict 
the fact that there exists no interaction intermed­
iate in charge value between the weak and the 
electromagnetic interactions, on the one hand, and 
the strong interactions ( 71"- and K-mesonic inter­
actions) on the other. Thus Landau's statement 
should be regarded not as a theoretical derivation, 
but rather as a hypothesis. 

The inequalities (1.5) can be derived by means 
of dispersion relations, without using any pictorial 
representations of the cloud A+ B (cf. reference 
1 and the second section of the present paper). 

In Sec. 3 we treat the properties of a system 
with the maximum residue. In the real case of 
two particles whose interaction is described by an 
attractive potential U ( r ), the inequality (1.5) is 
violated. The residue A is greater than K/m, for 
example in the case of the deuteron the residue is 
1.5 times greater than K/m. 

A proof of this and an explanation of the viola­
tion in the language of dispersion relations is 
given in Sec. 4. 

Finally, in Sec. 5 we give the results of a com­
putation of a nonrelativistic field model with three 
elementary particles A, B and D; for a given 
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physical ( renormalized) mass of D, we give the 
expression for the physical renormalized charge 
g, satisfying the inequality (1.5). For the case of 
a single channel D ~ A + B, and for increase to 
infinity of the bare ( unrenormalized) charge, g 2 

tends to its upper limit. The presence of several 
channels does not change this conclusion. 

In Appendix I we present the computations 
whose results are given in Sec. 5. In Appendix II 
we consider the case of an unstable particle D; in 
this case, when the bare charge goes to infinity, 
the pole (which is on the second sheet of the com­
plex energy plane) goes out to infinity, and the 
scattering amplitude tends to zero; in the limit of 
strong interaction, unstable particles do not have 
to be considered. 

2. DISPERSION RELATIONS 

Let us consider the elastic S-scattering of 
spinless particles A and B; in order to fix the 
notation, we write some familiar formulas: 

•h s-+ _1_ (- e-ikr .+- S (k) eikr') as r ->- oo. 
'f· 2ikr ' ' 

A= (S-1)12ik, h = -1 I A. (2.1) 

If we assume that A is an analytic function in 
the complex E plane, with a cut along the positive 
real axis E > 0, with poles for E < 0, and with no 
singular points at infinity, then from the unitarity 
condition Im A = k I A 12 it follows that h is an 
R-function4 and has the form 

since it is easily shown that, for example, the 
functions En, 1/(Tn + E)n where n ~ 1, and 

(2.2) 

ln ( E - E0 ) are not R-functions. In Eq. (2.2), a, 
(3, Rn and Tn are real and, in addition, (3, Rn 
and T n are positive. 

On the negative real axis 

v'-- R 
h (E) = ex- r 2m IE I + ~E- ~ T n _,:' E • (2.3) 

If h ( E0 ) = 0, where E0 is real and negative ( E0 

= - Q ), then to this E0 there corresponds a pole 
of A: 

(dh)-l 1 
A =- ,dE E=-Q E + Q. (2.4) 

It is obvious that 

dh I _ 1 /--n:l 1 "V Rn , /Til 
dE E=-Q- V 2Q + ~ 1 .LJ(Tn-E)2 > V ZQ,(2.5) 

and consequently the residue of A at this pole is 

IResAIE=-Q<V2Qim =xlm. (2.6) 

Thus the residue of A at the pole corresponding 
to the bound state is negative, and its absolute 
value is below an upper limit which depends only 
on the position of the pole. • 

From Eq. (1.1) we see that the dispersion rela­
tions give a definite upper limit for the interaction 
constant, 

(2. 7) 

This upper limit depends only on the masses of the 
particles A, B, and D. It is easily shown that the 
presence of inelastic processes only lowers this 
upper limit. 

3. PROPERTIES OF A SYSTEM AT THE 
MAXIMUM OF THE RESIDUE 

For a given location of the pole, i.e., for a 
fixed value of Q, the maximum value of the resi­
due is reached for (3 = Rn = 0. Consequently, at 
the maximum of the residue, using the fact that 
h (- Q) = 0, the expression for h reduces to 

h =ex+ i V2mE = V2mQ + i Y2mE = x + ik, 

k= Y2mE. (3.1) 

This expression for h corresponds to the classical 
theory of Bethe and Peierls for the neutron-proton 
triplet scattermg, in which the whole scattering is 
determined by the binding energy of the deuteron. 
In other words, at the maximum of the residue we 
get an expression which corresponds to the scat­
tering by a singular potential well of small radius 
and large depth, at whose boundary, for r = r 0, 

r 0 - 0, we get the condition 

d In r\jJ I dr = - x 

for the wave function. 
Actually, we have from (2.1): 

A= __ 1_ = _ Y2mQ-iV211iE 
x + ik 2m (E + Q) ' 

(3. 2) 

1 
r; = 4nj A 12 = 4n k•+x2 . (3.3) 

According to the expression (3.3) for A (E), the 
residue at the pole E = - Q is 

Res A=-Y2Q lm= -xlm. (3.4) 

From (1. 3) it follows that 

I C l~ax = 4nx. (3. 5) 

This value of I C 12 is distinguished by the fact 
that if we substitute it into the asymptotic expres­
sion for 11/J 12 and integrate over all space we get 
unity: 
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(3.6) 

It is obvious that for a local interaction I C 12 

cannot in actuality exceed the limit corresponding 
to (3.5). It is however not a trivial point that this 
assertion is already contained implicitly in the 
arguments leading to (1.5) and (3.4). 

4. POTENTIAL SCATTERING AND DISPERSION 
RELATIONS 

In the preceding section it was shown that the 
maximum possible value of the residue of A cor­
responds to scattering by a singular (i.e., essen­
tially local) potential with a bound level at a given 
energy E = - Q. Let us now conside·r a potential 
well of finite extension r 0, which has a bound level 
with this same energy E = - Q. Outside the well, 
where r > r 0, the wave function can be written in 
the form of (1.2). But inside the well it is obvious 
that 

(4.1) 

Consequently, normalizing the function, we get 

\C\2 >4nx. (4.2) 

Thus, for scattering by an extended potential well, 
the result (2. 7) which is a consequence of the dis­
persion relations, is violated. 

From this it is clear that in the preceding argu­
ments, which led to (1.5) and (2. 7), the assumption 
of analyticity (absence of singular points at infinity) 
implied locality of the interaction. Nonlocal inter­
action necessarily results in such behavior of the 
functions A and h at infinity which violates the 
relations of Sec. 1 and 2. We note that in a rela­
tivistic theory the scattering amplitude is given on 
a plane with two cuts; on the right cut the sign of 
the imaginary part of the function coincides with 
the sign of the imaginary part of the argument, 
while on the left cut the sign of the imaginary part 
of the function is not determined. As a result the 
scattering amplitude cannot be an R-function, and 
inequality (1.4) may be violated. In particular, 
this inequality is violated for the deuteron. 

5. INTERACTION WITH AN INTERMEDIATE 
PARTICLE 

Let us consider in more detail a model of scat­
tering according to the scheme A + B - D - A' 
+ B', with a given mass of the particle D. Bas­
ically such a model is close to the familiar Lee 
model. 5 The only difference is that, since we are 
not considering antiparticles, we must require a 

consistent nonrelativistic treatment of the prob­
lem. 6• 7 One then introduces into the theory the 
mass p, and charge f (interaction constant) of 
the "bare" particle D0, and the concept of the 
wave function a of the bare particle D0• In such 
a model the only divergent quantity is the bare 
mass p,, and one can in an elementary fashion 
carry out the renormalization of the charge and 
mass, and compute the scattering A + B - A' + B' 
as a second-order process. 

The computation is presented in Appendix I; 
here we give only the results.* We fix there­
normalized mass of the physical particle D ac­
cording to (1.1), so that the position of the pole in 
the scattering amplitude as a function of the en­
ergy E of the particles A + B is fixed. The re­
sult expressed in terms of the bare charge f is 

h = x + (2n I mf2) Q + i V2m£ + (2n I mF) E. (5.1) 

This form of h agrees with the general formula 
(2. 2). 

We get the corresponding A (E) by separating 
out the pole at E = - Q: 

A = __ mf2 I 2n 1 (5 2) 
1+m2{ 2 /nCV2mQ-iV2mE) E+Q" • 

We obtain the residue by making the substitution 

V2m£-+ i V2mQ = ix for E _.- Q (5.3) 

in the denominator. We have 

Res A = - mfl2n (1 + m2fl2nx2). (5.4) 

We then see that the model with the D particle 
actually leads, in agreement with (1.5), to 

\ResA\-+x;'m=\ResA\max as f2->oo. (5.5) 

(To save space we write f2 in place of I fl 2.) 

The scattering amplitude A as a function of the 
complex variable k = .J 2m E in formula (4. 3) has 
another pole in the lower k halfplane at 

(5.6) 

This second pole does not fall on the sheet in the 
complex E plane which we are considering. 

The wave function of the physical particle D 
can be written as a superposition of the bare parti­
cle D0 and the cloud A+ B. The normalized func­
tion has the form 

*In Appendix ll we give the formulas for the case of an un­
stable particle (cf. reference 7). In that case A has tw• com­
plex conjugate poles on the second energy sheet, and no pole 
at all on the sheet considered here. There is then no limit in 
which the formulas go over into the familiar expressions for the 
singular scattering from a virtual level (i.e., into formulas 
like those for the singlet n-p scattering). 
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so that the constant C, which characterizes the 
asymptotic behavior of the wave functions, is 

C = _ mfV2 , 
Y 1 + m2[ 2/2:rtx 

' C 12 - 2m2f2 4 R 4 
I - 1 + m2f"J2nx = - :nm es , ' (5. 8) 

in agreement with (1.3). 

The renormalized coupling constant (charge) g 
characterizes the interaction of A + B with the 
physical particle D, unlike the bare charge f 
which characterizes the interaction of A+ B with 
the bare particle D0• We find for g: 

g = f /Y-1 + m 2f2/2:rtx < V2:nxj m, (5.9) 

where equality is reached for f- oo. In a local 
Hermitian theory, If 12 > 0 and this limit for g 
cannot be exceeded. 

Formulas (5.5)- (5.9) make clear the physical 
meaning of the maximum value of I Res A I and 
the coupling constant g, which we obtained earlier 
from the dispersion relations. These limiting 
values are attained when the bare constant f in­
creases without limit. Then the fraction of bare 
particle D0 in the physical particle D tends to 
zero, and in the limit the physical particle D 
"consists" entirely of A + B. Thus the limiting 
value of Res A corresponds to the transition to a 
composite model for the particle D, consisting of 
locally coupled particles A and B. 

As we see in particular from (5.1) and (5.2), in 
the limit as f2 - oo, the theory of the scattering 
as a second order process A + B - D - A 1 + B 1 

gives results which are identical with those for 
potential scattering by a singular potential with a 
fixed position of the discrete level at E = - Q. A 
measure of how close one is to the limit is the 
closeness to unity of the fraction of A + B in the 
amplitude for the physical particle D; at the same 
time the fraction of D0 in D tends to zero. Es­
sentially the particle D0 as such drops out, and 
only plays the role of a carrier of the local inter­
action coupling A and B into the physical particle 
D. 

The condition for being close to the limit can 
be expressed as 

(5.10) 

Thus we see that the closer the pole (i.e., the 
smaller the value of Q ), the sooner (i.e., the 
smaller the value of f) we get the limiting rela­
tions characteristic of the composite model. 

APPENDIX I 

SOLUTION OF THE EQUATIONS FOR THE CASE 
OF A STABLE INTERMEDIATE PARTICLE 

We try to find a wave function of the form 

<l> = o:D~IO> +'ljl (r) A+B+IO>. (I.1) 

We choose as the zero of energy the rest energy 
of the particles A and B: (rnA + IDB) c2• The 
Schroedinger equation for a stationary state with 
energy E has the form 

Eo: =p.a +f'ljl(p), (1.2) 

E'ljl (r) =-(112m) ~'ljl (r) + fo:6 (r). (1.3) 

The quantity pis introduced in (1.2) as a cutoff 
radius; after mass renormalization, we let p - 0. 

We find a solution corresponding to a bound 
state with energy E = - Q = - Ko/2m: 

'ljl (r) = Ce-xr I 2n V2r, 

~'ljl= x2'1jl-(4:nl2:nV2)C6(r). (I.4) 

Substituting in (1.3), we obtain 

C =- fm 112o:. (I. 5) 

Strictly speaking, if we take 1/J ( p) in (I.2) to be 
completely general, so that 

~'ljl (r) K (r) dv, ~ K (r) dv = 1, (' K(r) dv= ~ 
.) r P 

we should accordingly change the form of the 
source term in (I. 3), replacing o ( r) by 
ot(r- p)/47rp2 or by K(r)[ot(r- p) is the one 
dimensional Dirac function, and not the three-di­
mensional o ( r) for which J o ( r) dv = 1]. How­
ever it is easy to see that these corrections are 
of higher order in p than those retained in (1.2) 
since, for example, when we replace o ( r) by 
o 1 ( r - p) /47rp 2 the solution has the form 

'ljl (r) = Ce-xr j2:rt Vir, r > p, 

'ljl (r) = F(e+xr- e-xr) I 2:rt V2 r, r < p. 

We substitute this solution in (I. 3), in which o ( r) 
has been replaced by o i/47rp 2 and use l/! ( p- 0) 
= l/! ( p + 0). We find 

~'ljllr=p = [(d'ljl I dr)p+o- (d'ljlldr)p-0]61 (r- p). 

Expanding in powers of the small quantity Kp, we 
find that there are no corrections of order Kp, 

while we neglect the correction of order ( K p ) 2• 

This gives the result (1.4) and (1.5), which is the 
solution of (I. 3) with o ( r ). 

We expand l/! ( r) in powers of p and drop terms 
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~ p. Substituting in (I. 2), we find 

- Qrx =- ('xN2m)a = [l-rz- (fmrz/2n) (lip- x), (1.6) 

11 = fm/2n p - fmx/2n - x2/2m. (1. 7) 

Normalization of the bound state, a 2 + j II/! !2dv 
= 1, gives the value of % (where the subscript b 
denotes a bound state ) : 

(I. 8) 

The complete expression for the wave function is 
given in (5. 7). 

We now go on to the scattering problem. We 
look for a solution of Eqs. (1.2) and (1.3), with 
E = k 2/2m, in the form 

<t> = rzD:I 0)+ 2Jkr (-e-ikr+Seikr)A+B+!O). (1.9) 

Substituting such a lf! [cf. Eq. (1.1)] in (1.2), we get 

k2 f S- 1 f (S 1) (I 10) 2m (X= r~rz +2ik -p- + 2 + . . 
Equation (1.3) gives* 

0 = (rrJmik) (- 1 + S) o (r) + fao (r), 

rz =- (n/fmik) (S- 1). (1.11) 

We substitute the value of a from (1.11) and 
the value of p. from (I. 7) into (1.10). Then the 
terms in p- 1 cancel, which means a renormaliza­
tion of the theory for p- 0, p.- oo, but the re­
sults concerning scattering tend to a limit which 
is independent of the cutoff radius as p- 0. At 
the same time the bare mass p. of the bare par­
ticle Do is eliminated from the equations, and the 
result contains the quantity K which depends on 
the energy (mass ) of the physical particle D. 

After an elementary computation we find 

(1.12) 

from which we get the limiting formulas (5.1) and 
(5.2). 

We determine the coupling constant g of the 
particles A and B to form the physical particle 
D by taking the product of the coupling constant 
f to the bare particle D0 and the amplitude a of 
the bare particle D0 in the physical particle D. 
Using (1.8), we get (5.9). 

APPENDIX II 

SOLUTION OF THE EQUATIONS WITH AN UN­
STABLE INTERMEDIATE P.(\.RTICLE AND COM­
PARISON OF THE SOLUTIONS WITH THE CASE 
OF SINGULAR SCATTERING. 

We shall assume that the nonstationary Schro­

*The argument for the use of (I-.3) with 8(r) is also valid 
for this case; we drop corrections of order k2p2• 

dinger equation has a solution which has an ex-
. · d d · -iEot 'th ponentlal time epen ence, Le., ~ e w1 a 

complex E0, characterizing the fact that the spa­
tial part of the solution describing the particles 
A and B contains only an outgoing wave, i.e. 
1/! ~ r-1eikor. Then ko also turns out to be com­
plex. For such an exponential solution, even 
though it is not stationary, we can again use Eqs. 
( 1.2) and (1.3). 

The general behavior of the solution is the same 
as for the case of a stable D. We assume that the 
properties of the physical unstable state and E0 

and k0 are known ( E0 = kij /2m), and by using the 
equations we express the nonphysical value of the 
bare mass p. in terms of the physical complex E0, 

the charge f and the cutoff radius p. We then go 
on to the scattering problem, i.e. to the problem 
with arbitrary real positive k, with incoming and 
outgoing waves, and find the scattering amplitude. 
We use the value of p. expressed in terms of E0, 

f, and p; as before, the terms in 1/p vanish, the 
computation gives a definite limit as p- 0 and 
f.l.- oo, 

However we must make two remarks. The re­
sult for our case cannot be obtained by formally 
replacing K by - ik0 in the corresponding formula 
for a stable particle, since the bare mass p., even 
though it is an unphysical quantity, contains a 
term in 1/p, so that p.- oo when p- 0; on the 
other hand, f.1. must be real in order for the Hamil­
tonian to be Hermitian and to guarantee unitarity; 
the formal replacement of K by - ik0 in (1. 7) vio­
lates the reality of p.. 

The second remark is purely methodological. 
It is simply that it is convenient to choose k0 = v 
- iw as the starting quantity, and express the an-
3wer in terms of the positive real quantities v and 
w. 

So for an unstable state, 

'ljJ (r) = Ceivr+wr 12nV2 r, E0 = (v 2 - w2) I 2m- vwi I m. 

(ll.1) 

We substitute (II.1) in (1.3), after which the terms 
Eolf! and - (~/2m) 'If! again cancel and we once 
more obtain the relation (I.5) between C and a. 

In analogy to (1.6), we have 

'ljl(p) =- (fmrxj2n) (1 jp + w + iv). (II. 2) 

Substituting (II.2) in (1.2), we obtain 

11 = E0 + (f 2m 12n)(1 I p + w + iv) 

= ( 02- w2) 12m- vwi I m + (f2m I 2n)( 1 I p + w + iv). 

(II. 3) 

In contrast to (I. 7), this equation is complex. Since 
f.1. is real, by treating the imaginary part of (11.3) 
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we immediately get 

(II. 4) 

The problem with a stable particle D was 
characterized by two parameters Q (or K) and f. 
At first glance, it seems that the problem with an 
unstable particle is characterized by three quan­
tities: v, w and f; but the relation (II.4) leaves 
us with two parameters. To shorten the formulas 
we shall express f in terms of w in all succeeding 
work. In particular 

v 2 - w2 f 2m 1 f2m v2 + w 2 w 1 
f.! = ------;;;;z- + 2n p + 2n w = -ztn + m p · (II. 5) 

Now let us turn to the scattering problem. 
Equations (1.10) and (1.11) are still valid, the only 
change being that we use (TI.5) for p, and express 
f in the answer in terms of w according to (11.4). 

Elementary computations give 

ik (I + S) I (I - S) = (k2 - v2 - w2) I 2w, (II. 6) 

S = (k- v- iw) (k + v- iw) I (k- v + iw) (k + v + iw). 
(II. 7) 

The (unction S, and consequently the scattering 
amplitude also, has two poles in the k plane, be­
low the real axis at k = ± v - iw. There are no 
poles in the upper half of the k plane and on the 
first sheet for E. We also give the function 

h = ik + k2 I 2w - ( v2 -t- w2) I 2w 

= i Y2mEt+ 2nE I mf2- nv2 I m2f2- m2f2 I 4n. (II. 8) 

For E < 0, all the terms in (11.8) are negative, 
and h has no zeros. It is curious that the model 
gives no pole terms in h. 

It is obvious that for a lf; of the form of (2.1), 

d lnr'ljJ I dr = ik (S +I) I (S -1). (11.9) 

Consequently the expression (1.12), which refers 
to a stable particle in the limit as f2 - oo, gives 

dIn r'ljJ I dr = - x, (II.10) 

in accordance with the classical Bethe-Peierls 
theory. In the case of an unstable D, the expression 
(II. 6) gives 

d ln r'ljJ I dr = v2 I 2w + w I 2 - k2 I 2w, (11.11) 

which, for real v and w and positive w, cannot be 
transformed to the form 

dIn r'ljJ I dr = x1, (11.12) 

which would correspond to scattering by a singular 
potential with a virtual level (like the singlet neu­
tron-proton interaction). In other words, for the 
case of an unstable particle the computation gives 
two poles in the k plane which are located sym-

metrically with respect to the imaginary axis, and 
below the real axis. 

A singular potential with a virtual level corre­
sponds to a single pole on the imaginary axis and 
below the real axis, at k = - iK 1 [ cf. Eq. (II.12)]. 
Even if we could make the two poles for the un­
stable particle fuse and appear at the same point 
k = - iK, there would be a second order pole at 
this point, and the formulas would still not coin­
cide with those for the singular potential, where 
the pole is of first order. 

In the case of a stable particle, both poles lie 
on the imaginary axis and do not coincide, so that 
one of the poles can be moved to infinity while the 
other remains fixed; in the case of an unstable 
particle this cannot be done because of the condi­
tion of symmetry of the poles with respect to the 
imaginary axis. As we see from (11.4), w - oo in 
the limit as f2 - oo; substituting in (II. 7), we get 
S = 1 for any finite k and v. Thus the theory with 
an unstable particle has no reasonable strong 
coupling limit. This constitutes the difference be­
tween it and the theory with a stable particle, which 
in the strong-coupling limit goes over into the 
theory of the deuteron. 

In the present work the relation of the limiting 
value of g to the particle mass and to the concept 
of a composite particle has been investigated on 
an elementary nonrelativistic example. The se­
cret hope of one of the authors is that perhaps, by 
using the dispersion relations,_ it may be possible 
in the future to succeed in giving a sensible formu­
lation of the theory of composite particles (of the 
Fermi-Yang type8 ) in the relativistic case. 
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