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We propose a method for approximate evaluation of the thermodynamic functions of a partially
ionized gas, taking into account deviations from ideality. We obtain an equation of state and
an ionization formula which is appreciably different from the Saha formula.

].. A large number of papers have been devoted to
a discussion of the equation of state of a totally
ionized gas. There is, however, no satisfactory
theory to describe the state of a partially ionized
gas. We shall consider one possible derivation of
an approximate equation of state, using as an ex-
ample hydrogen at temperatures of the order of
several electron volts and pressures of the order
of tens of atmospheres.

Let a uniform plasma of temperature T contain
within a volume V three components: neutral hy-
drogen atoms, electrons, and ions. Since the
plasma is electrically neutral,

iy = Meg, (1)

where ngy and nj, are the average electron and
ion densities, respectively.

The effects of the interaction between particles
in the plasma lead to a change in the atomic energy
levels and also to the so-called ‘‘cut-off’’ of the
atomic partition function, manifest spectroscop-
ically by the vanishing of Fraunhofer lines corre-
sponding to relatively high values of the principal
quantum number. The discrete states near the
continuum vanish for two reasons. First, because
the broadening of the levels caused by the interac-
tion between the atom and the charged component
of the plasma or the other atoms may turn out to
be comparable with the spacing of the levels, so
that levels with relatively high values of the prin-
cipal quantum number overlap. Second, the action
of the quasi-static microfield of the plasma on the
atom causes ionization of the upper atomic levels.

Generally, one must take both these effects into
account when evaluating the partition function. If,
however, the electron density exceeds about
1017 cm~3, the second effect is dominant (strong
electrical microfield) and one can neglect the
first one. Margenau and Lewis! have, for instance,
studied this problem in detail in their survey ar-
ticle.
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We shall consider the influence of the screened
electrical charges on the atom. One can describe
this influence in the adiabatic approximation by the
perturbation of the atom by an electrical field F:

F= () =eXrr (I +ur)exp(—xn),  (2)

where k = r8kT/3 )'1/2 istheinverse Debye radius
(in atomic units) and r; the average distance be-
tween the ions.

Hoffman and Theimer? obtained the statistical
distribution of the field. If the ion and electron
densities are not too small, one can use for the
evaluation of the field distribution the so-called
“‘nearest neighbor’’ approximation which takes
only the influence of the nearest ion on the atom
into account. The probability of finding a perturb-
ing ion at a distance r from the atom is then given
by an expression of the form

dP (r) = 4nnexp {— ng)
—4nn § r'?exp [~ %] dr’} ridr, (3)

where U (r) is the potential energy for the inter-
action between the ion and a hydrogen atom and n
the ion density in the plasma.

When the Stark effect in a strong electrical
field is evaluated one determines the value of the
critical field an 0 for which the spectral line cor-
responding to an initial state of the atomic elec-
tron with principal quantum number m, vanishes.?
A classical calculation of the threshold for ioniza-
ti%?o gives the following value for the critical field
Fy ™

’ Fi* = e/16mjal, (4)
where a; is the Bohr radius.

A comparison with the quantum-mechanical cal-
culation and with experiment (see reference 3)
shows that an 0 can be approximated with fair
accuracy by an expression of the form
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Fo = e/8mias. (5)

If we take the screening of the perturbing ion into
account, we get for the field acting upon the atom

(6)

where r is the distance between the atom and the
perturbing proton.

Comparing Egs. (5) and (6) we get for the quan-
tum number at which the partition function must be
cut off:

F(r) =er?(l 4ur)e™,

my = 27" (rfag) "’ (1 4 wr)~ """, (7)

It is necessary to note that the electrical field
inside the plasma can be different from the field
used in the proposed model. It is thus necessary
to compare the theory with an experiment on the
vanishing of spectral lines in a plasma, and we
shall do this below.

The partition function of the atom as a function
of the distance r between the atom and the per-
turbing ion,

Z(r) =2 D) g.exp [— E, (n/kT], (8)
n=1
contains E,, the energy of the atomic levels in an
external electrical field, and g, the statistical
weight of the corresponding levels. One can show
that for electron densities less than 10® cm™ we
do not introduce a serious error if we write Z (r)
in the form
Z(r) =2 2 n*exp [— I, (r)/kT],

n=1

I(r) = Io (1 —1/mi(r)),

(9)

(10)

where I, = e¥/2a, = 13.53 ev (ionization potential
of hydrogen), I, =I(r)/n’. We have assumed
here that the energy levels of the hydrogen atom
are unperturbed and that the cut-off occurs at

n = mg.

We? take the energy of the m; level as the zero
point of the energy, i.e., we assume that Em, is
the boundary of the discrete and the continuous
spectra of the relative motion of the electron and
the proton. This corresponds clearly to an effec-
tive lowering of the ionization potential [see Eq.
(10)]. We assume then that upon going over into
the continuous spectrum the electron moves in a
potential caused by all the free charged particles
in the plasma, i.e., in the Debye potential. We
note that this assumption is not an obvious one and
needs further justification. A rough estimate shows
that this assumption introduces an error of the
second order. We shall return in a later paper to
a detailed study of this problem.
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If we average (9) over the distribution dP(r)

given by Eq. (3) we get
z =S Z(r) dP (r).
1]

To evaluate the potential energy U(r) of the inter-
action between an ion and an atom for r ~ a; (3,
is the Bohr radius) we use the well-known solu-
tion of the Schrodinger equation for the molecular
hydrogen ion.Y We can then neglect the screening
of the perturbing ion. However, when 1/k > r >» a;
the potential energy of the interaction between an
ion and an atom is evaluated by using the Stark-
effect perturbation theory. When r > 1/k the po-
tential U(r) = 0.

2. We write for the free energy of the neutral
component in an external field

Fo = — NgkT In [((MET /2nh2y eV Z/N],

(11)

(12)

where Z is given by Eq. (11), M is the proton
mass, Ny is the number of atoms, and V is the
volume of the system.

In the Debye approximation we have for the free
energy of the charged component

Feh = Fig— 2V alkTV (N + Ni)%, (13)

where Fjq is the free energy of a perfect gas of
electrons and ions and Ng and Nj are, respectively,
the numbers of electrons and ions. We have not
taken into account in Eq. (13) terms quadratic in
the charged component density since the logarith-
mic term tends to zero for hydrogen (see refer-
ence 5), and the other terms give a small contribu-
tion.

The condition of chemical equilibrium

g = W 1 e (14)

(where ug, pj, and pe are respectively the chem-
ical potentials of the atoms, the ions, and the elec-
trons) leads, if we use (12) and (13), to the follow-
ing ionization equation:

nna = Z1g? (mkT/2mh%)’% exp {4e® (2nne)'/(KT)"}, (15)

where gé = 4. Equation (15) is the analogue of
Saha’s ionization formula (see, for instance, ref-
erence 6). In the derivation of the Saha formula
one does not take into account that the free parti-
cles form an imperfect gas and the ionization po-
tential is essentially put equal to the perturbing
potential, i.e., one assumes that only the ground
state of the atom gives a contribution to the parti-
tion function of the neutral component. The ioniza-
tion potential obtained in the present paper takes
into account the deviation of the electron and the
proton gas from perfect gases. It is necessary to
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change the ratio between the neutral and the
charged components as compared to the one given
by the Saha formula also because of the effective
lowering of the ionization potential and because
excited states of the hydrogen atom must be taken

into account.
The partition function Z is a function of the ion

density, i.e., it depends not only on the tempera-
ture, but also on the density in the plasma. Con-
versely, the ion density depends on Z, i.e., it is a
self-consistent problem. We obtain the equation
of state by differentiating F = Fgq + Fop with re-
spect to the volume, keeping T, Ng, and Ny fixed:

P = (na+ 2ne0) kT — 2V 2n/kTng + kTnak;
= — 0 1n Z/0In ng,, (PTG (16)
Using (15) and (16) we get an ionization formula
from which we can calculate the electron density

(and the degree of ionization) for a given temper-
ature T and pressure P:

Mo (1 4 &) = Z7g3 (mkT/2nh?)"s [PIRT —2ne0

+ 2 (2m)"¢® (neo/kT)"2] exp {4€® (2rneo): (kT):). (17)
For comparison we give here the usual Saha for-
mula for hydrogen:

ne = 3 &8 (mkT/2nh?)": [PIRT — 2neole="W/*T.  (18)

3. We consider now some effects which may
lead to an additional change in the atomic levels
and thus to a change in the partition function. If
because of the perturbation the electron makes a
transition into a state with a sufficiently large
principal quantum number (in our conditions ~ 6
to 10), the radius of its Bohr orbit will become
appreciable. The electron then moves slowly be-
tween the atoms and the position is nearly the
same as if a slow free electron moved through the
gas. The presence of other atoms will change the
energy of the excited state which we are consider-
ing on two grounds: firstly, the average potential
energy of the field in which the electron moves is
changed, and secondly, the bound proton will cause
a polarization of the atoms. The result of these
two effects is a shift in the level?

A = afing/2rwm — 10e%ans, (19)

where a is the magnitude of the effective radius
of the elastic scattering of slow electrons by a hy-
drogen atom and « the polarizability of the atom.

One shows easily that in the range of tempera-
tures and pressures considered both these effects
are small, i.e.,

|AEJE|<L1. (20)

Account of the dipole-dipole interactions be-
tween the atoms also leads to an insignificantly
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small correction. To estimate the contribution
from this interaction we can use perturbation
theory. It turns out that this effect is comparable
with the Stark effect only when

510718 ng/nli~ 1, (21)

but this condition is known not to be satisfied under
the conditions we consider here.
4. To estimate Z we use a rough model. Let

+ oo, r<r1
U(r) = {-—Uo, n<r<r,. (22)
0, r>rs
From Eq. (3) we then get
0, r<<n
dP (r) = {dPl (r), n<r <,
apr, (r), r>re

Pa= (7 exp {[1 —exp (57)] (72) + (2} exe [ (%)
P1 = exp (:—T") P2; (23)
In (23) r, is evaluated from the equation

dnnri3 = 1. (24)

However, r, is not the quantity that corresponds
to the most probable value of the field F. The
lower T, the greater the difference between that
value and r,. We estimate

z =SZ(r) dP (1)
0
for n; = 10" cm=3 (ry = 253.7) and kT = 1.1 ev.
Using simple functions for Z (r) we get approxi-
mately Z = 2.25 x 108,

On the other hand, if we substitute in (9) the
value ry= 253.7 we get Z = 2.15 x 108,

From the estimate which we have just given it
is clear that we can evaluate Z approximately
from the equation

1
)

%[l+n§exp{—£—(l—é)(l—%)} dex], (25)

0
2

Z=2Zr) =2 exp{é"r(l—

where m, is given by Eq. (7).
For actual calculations using Eqs. (16) and (18)
one can use the following expressions to work with

n2(l +A) = (A1T"/Z)|APIT —2n,

+ As(neT)) exp (AT nf/ T}, (26)
A2PIT = Za(l + }v) - 2715—143 (Ze/T)'/x, (27)
fla = [AsPIT — 20, + As GITYH (1 + M), (28)

where
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81:‘;‘ T, ev |10-%ngg(Saha)| 10-* ngy al:r;n T, ev  [10-%n,(Saha)] 10-1* ny
1 | 6.21.10 | 6,88.102 5 1,22 1,23
2 0.153 0.154 10 0,612 0.613
1 3 0102 0.103 ‘
5 | 64210 | 6.43.10 ! 0,484 0,862
10~ .10-2 : :
10 | 3.06-10- | 3.06-10 50 2 2:04 8.1
1 0.148 0.176 5 3.06 3.05
2 0.749 0.752 10 1.53 1.53
5 3 0.510 0.513
5 0306 0,306 1 0,688 1.021
o 9308 0308 2 11.74 14.83
. . 100 3 10.06 11.69
1 0.212 0,259 5 6.12 7.26
. 2 1446 1,595 10 3.06 2199
1 3 1:02 1,029
5 01612 0:613 1 0.976 1,57
10 0.306 0.307 2 20,13 23,02
: . 200 3 19.83 21.99
1 0.262 0.322 5 12.23 14.06
2 2.14 2129 10 6.12 7.04
15 3 1.53 1.59 '
5 0.918 0.919 1 1.95 2.89
10 01459 0.468 2 38.43 48.30
: . 500 3 47.69 53.46
1 0.303 0.378 5 30.52 31,21
2 2.78 3118 10 15.31 15,49
20 3 2104 2.09

A1 = 1,1869 -10%, Az = 0,6125,
As = 9,1281 1072, Aa=0,2738;

Ne = Mo 10-181 ’;L‘a =Na- 10-18:
where we now must express P in atmospheres
and T in electron volts.

In the Table we have given values for ng, cal-
culated from Eqgs. (26) to (28) for different pres-
sures and temperatures. The calculation was per-
formed on an electronic computer. We also give
for comparison the corresponding values for the
electron densities in a perfect plasma, calculated
with the Saha formula.

We must note that the Debye approximation used
here limits the validity of the theory to values of
the electron density and the temperature which
satisfy the well-known Kirkwood-Onsager inequality

en/kT <L 1. (29)

5. Yamamoto® has investigated experimentally
the vanishing of spectral lines in a plasma which
is caused by interactions in the plasma. The anal-
ysis of the experiment given by the author is in-
correct and we proceeded therefore as follows to
compare the results of the present paper with that
experiment. We calculated from Eq. (26) the elec-
tron density ne, for the values of P and T cor-
responding to the experiment and then for that

value of the density we used Eq. (7) to find the
value of mj. This calculation gave my ~ 8 (P
=1latm, T ~ 1.5 ev). The experimental value was
my = 7. We can clearly say that although such a
comparison with experiment is an insufficient one,
there is no discrepancy between the theory and
this particular experiment.

In conclusion I express my gratitude to D. F.
Zaretskii for a discussion of the results of this
paper.
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