SOVIET PHYSICS JETP

VOLUME 13, NUMBER 4

OCTOBER, 1961

SUPERFLUIDITY IN A FERMI SYSTEM IN THE PRESENCE OF PAIRS WITH NONZERO

ANGULAR MOMENTUM

L. P. GOR’KOV and V. M. GALITSKII

Institute for Physics Problems, Academy of Sciences, U.S.S.R.

Submitted to JETP editor October 25, 1960

dJ. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1124-1127 (April, 1961)

A picture is proposed for the superfluid state in a Fermi system when the Cooper pairs have
a nonzero angular momentum. It is shown that if the system does not have a total angular
momentum, the ground state will be isotropic. The Fermi excitation spectrum has its usual

form with an isotropic gap.

IN all the papers on the theory of superconductiv-
ity (cf., for example, references 1, 2, etc.) it is
assumed that the Cooper pairs® are formed in an
S state. But it is obvious that one can generalize
the Cooper phenomenon in a system of Fermi par-
ticles to the case where the attraction between a
pair of particles occurs in a state with nonzero
relative angular momentum. In particular, Pitaev-
skii* has shown that for a pair of excitations in
He® there is an attraction in the higher harmonics.
It is of interest to study the characteristics of the
superfluid state that develops in a Fermi system
at sufficiently low temperatures because of this
type of interaction. Such an attempt was made in
a recent paper by Anderson and Morel,® but their
results seem to us to be incorrect. In the following
we shall investigate this question, using a general-
ization of the method® proposed by one of us in the
theory of superconductivity.

Let the interaction between two particles have
the following form

Vip—p)= ; VP, (6) (1)

in the momentum representation, i.e., in the
neighborhood of the Fermi surface, the interaction
depends on the angle between the vectors p and p’
and is independent of their magnitudes. For sim-
plicity, we assume®? that the interaction is equal
to zero* when |v(p — py) |, |v(p’ —pg)| > @ and
restrict ourselves to the weak binding approxima-
tion.

Let us assume that the relation between the quan-
tities Vj is such that the Cooper pairs which are
formed have orbital angular momentum 7 and spin

*In our case, @ is of the order of the Fermi energy.

s.* As was done in reference 6, we then consider
the value at absolute zero of the average of a prod-
uct of four fermion operators < N |y @395 | N >
over the exact ground state for a fixed number of
particles. We shall assume that the total angular
momentum is zero in the ground state. The oper-
ators ), which annihilate, and ¥3y; which create
two particles, contain terms corresponding to the
creation and annihilation of bound pairs. At abso-
lute zero the pairs, which obey Bose statistics,
are in a state of Bose ‘‘condensation,’’ i.e. the
number of pairs in states with their momentum
equal to zero is comparable to the total number of
particles in the system. Therefore the matrix ele-
ment <N + 2 |[$*)* | N > can be replaced by a
c-number. In doing this we must remember that,
because of the nonzero orbital angular momentum
of the pair, the operator y*y* can create a pair
with any one of (27 + 1) values of the angular mo-
mentum projection, and consequently contains
21 + 1 components, corresponding to transitions

(N +2, 1, m|$*$*|N, 0>
from the ground state of the N particle system to
the ground state of the (N + 2)-particle system
with angular momentum projection m along some
direction. In the light of these remarks it is clear
that the generalization of the method of reference
6 to the present case consists in introducing 21
+ 1 functions Fpqg(x —x’) and Fpeg(x —x'):

Frap(x — %) = <N +2, 1, m|T ($a (%), 95 () | N, 0>,
Frmap(x — x') = (N, O| T (Yo (%), 5 ()N +2, 1, m)

*In accordance with the Pauli principle, even [ is possible
for s =0, odd [ for s = 1. We shall omit the spin in the follow-
ing discussion, since it can be included in a trivial fashion in
the final formula (12).
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in place of the functions F and F* of reference 6.
We shall therefore, in particular, assume that in
the expansion of the average of a product of four
Y-operators, the term containing the product of
the functions F and F* has the form

(T (e (1) P (D DY B) ¢ (4)D
— X Frnap (1 — X2) Fpogs (X3 — Xa)

As we shall see later, we thus obtain a consistent
picture of the superfluid state of the system.
Repeating the derivation® of the equations for
the Green’s function
Gop(x—x)=-i< T(zpa(x)sz;(x')) > and for
each of the 27 + 1 quantities Fy,, we get the fol-
lowing system of equations for the Fourier com-
ponents of these functions:

0—8G(@ —iNAdn(p) Frn(p) =1,

(@ +8 Fn(p) +iks(p) G(p) = 0. (3)

Here £=v(p — py), the symbols é, etc, denote
the matrix form of the spinor indices of the corre-
sponding quantities, and the products AF* and
A*G are the ordinary matrix product. The quan-
tities Ay and Afy have the following meaning:

An () = @)V (0 — p) Fr (p) 5 do,

&5 (p) = @m* (v 0 — ») £ (0) @p do. (4)

Since tPe total angular momentum of the system
is zero, Gqp(p) is isotropic, and has the form

Gap (p) = 8asG (p),
where G(p) is mdependent of the direction of p.
As for the matrices Fm and Fm, from the com-
mutation relations for Fermi operators we find
for t =1t':

FmaB (l'— r, 0) = _Fmﬁll(r’ — T, 0), (5)
Foag(t — 17, 0) = — Fga (r' — 1, 0),
{Fap (t — 1/, 0)}* = — Fpnap (r —1', 0). (6)

According to (2), the functions ¥}, and Fp,
correspond to creation and annihilation of pairs of
particles in a state with angular momentum l and
projection m. It is therefore obvious that Fm(p)
and Fm (p) have the structure of the correspond-
ing spherical harmonic, i.e., they are proportional
to

T2+t (—ImD!' Ve pm ime
Vin 0,9) = [“ ] BF @ €™
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where P;n( 0) are the associated Legendre poly-
nomials. This assumption is justified later; on
this basis we can write

ma{% (p) F (P) Itsszlm (9 (P)
Frag(p) = — Fr(p) 3Yin (6, @), (M

where the sign is chosen in agreement with Eq. (6).
The matrix I reflects the dependence of the wave
function of the pair on the spin variables. It is
obvious that when the angular momentum [ in
which the pairing occurs is even, it follows from
(6) that IaB =-Iga i.e., the particles are in a
singlet state. In the opposite case, the spin of the
pair is unity and IZB = If’ga. In both cases we shall
assume that I? B = 0

Using the addition theorem for the Legendre
polynomials

Py (v)

I ' m m r im(ep—e’
:§:'+;ZII;!P‘ (0) P (6) &™), (8

we find from (1), (4), and (7),

Amaﬁ (p) = — Am’i:Bylm (07 (P),
(9)

Amag (0) = Al 38Y 1m (6, 9),

. 4 mp, dw ;
8= (rr %) (o | deFn(p, o) (10)
and similarly for Ap,.
Substituting (7) and (9) in (3), we find
Fn(p) = — ia0G ()0 +8), G(p) = 2EE,
P
B
m (p)__l 03— 2 1) (11)

= Ve + |A|2 has a gap |A|

where the spectrum €
equal to

= 2| A pLU—ImDl pm gy

2
A= 2+ [m)!

Since G(p) is isotropic, all the IAmI2 are
equal, and according to Eq. (8),

|AE=2]An 2@l +1) (254 1)P; (6 = 0).

Substitution of (11) in (10) gives for the value of
the gap:

| A| = 20 exp {— 2n® (21 + 1) /mpo |V, |}. (12)

Thus if the pairs are formed in a state with angu-
lar momentum I, the gap size is determined only
by the interaction component V;. If an attraction
of a pair of particles through the interaction (1)
occurs fQr several harmonics, then as we see
from (12), it follows from energy considerations
that pairing of the particles will occur with the
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angular momentum for which the value of
[Vzl/(21 + 1) is largest.

The Fermi energy spectrum is isotropic and
has the usual form."? In addition, in a system of
uncharged fermions in the superfluid state, there
is an acoustic vibration branch. Therefore the
specific heat of such a system at low temperatures
is

C- B R ) B
The term in T3, which comes from the acoustic
branch, is important only at the very lowest tem-
peratures, because the range of temperatures
within which the superfluid state exists is expo-
nentially small.

In reference 5, the spectrum

gp = [E® + | Anf (P (9))*1%

was found. This is physically absurd since it gives
an anisotropic spectrum in an isotropic system, to
say nothing of the fact that it gives a zero gap at
the points where P%n( 0) = 0.

In conclusion we note that, within the frame-
work of the isotropic model, when the interaction
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has the form (1), it is difficult to think of an ex-
periment for determining the angular momentum
value for which the pairing of particles in the
superfluid phase occurs.

The authors express their gratitude to L. D.
Landau and L. P. Pitaevskii for value comments.
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