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A method is indicated for the reconstruction of the energy gap D. ( n) as a function of direction 
in an anisotropic superconductor on the basis of measurements of sound absorption a (n) in 
the low-temperature region. The method is based on the simple relation between the level 
lines of D. ( n) and a ( n) on a stereographic projection of the Fermi surface. 

IT was shown earlier1 that ultrasonic damping 
as ( q) in an anisotropic superconductor in the di­
rection n = q/q is determined by the asymptotic 
formula 

In [(lis (q)/ws (q)] =- t;.<::,}n/T, (1) 

where D..~ln is the minimum value of the energy 
gap D. (n) in the vicinity of a stereographic projec­
tion of the Fermi surface perpendicular to n. 
Equation (1) is applicable in the temperature re­
gion determined by the inequality 

1 < Tk!T < (2/II) In (vp/c), (2) 

where VF is the Fermi velocity, c = sound 
velocity, a =coefficient of anisotropy, equal to the 
ratio of D. (n) on the Fermi surface to the mini­
mum value of D.. 0• 

The purpose of the present work is a detailed 
analysis of the problem of the possibility of recon­
struction of the function D. ( n) according to the 
given measurements of as (q), and the demon­
stration of a simple experimental procedure for 
reconstructing the gap. We shall assume that the 
type of Fermi surface is known from other experi­
ments. In what follows, the Fermi surface is as­
sumed to be singly connected. We shall also 
assume that the lattice possesses radial symmetry. 
For -simplicity, we introduce the notation A (n~ 
= f (n). mm 

We consider a great circle on the sphere C (n), 
perpendicular to the direction n. Let P ( n) be the 
point on C ( n) at which A ( n) takes its minimum 
value f (n ). Then the level line rf(n) of the func­
tion D. (n) passing through P(n) is tangent to the 
circle C (n). From this it is evident that ra is 
the envelope of a family of circles C (n) for 
which f ( n) = a. In this way a method is given for 
constructing the function D. ( n) in terms of f ( n). 

However, in this case certain peculiarities can 
arise which we shall consider in examples. 

1. Let D. ( n) have a total of two minima in 
diametrically opposite points which we shall take 
to be the poles of a spherical system of coordinates. 
We shall assume that D. ( -8-, cp) is a monotonic func­
tion of J- ( 0 < J- < 1r /2 ) for fixed cp. We shall also 
assume that a certain level line ra of the function 
D. (n) is not convex. Then there exists a circle 
C (Da) which is tangent to ra at two points P 1, 

P2 (Fig. 1). On an arbitrary circle which is tan­
gent to ra on the non-convex cut P 1P2, the mini­
mum of D. (n) is less than a. It is then evident 
that one cannot define the function D. ( n) on the 
segment P 1P2 of the curve ra. The set of such 
segments for all r a forms a region in which 
D. (n) cannot be defined ("white spot"). 

FIG. 1 

We consider two families of circles tangent to 
ra "on the left" (Pt> and "on the right" (P2). 
It is obvious that these families are tangent to the 
eire le C ( na). For the function f ( n) this corre­
sponds to the fact that its level line r a has an 
angle point at na. 

2. Let there exist four absolute minima (in 
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FIG. 2 

two pairs of diametrically opposite points ) . Then, 
for certain values of a, the level lines r a are 
split into four unconnected closed curves (Fig. 2 ). 
There exists a circle C (na) tangent to both these 
curves. In this case, just as in the previous, there 
are two families of circles tangent to r a which 
are joined by C (na). Just as in case 2, this leads 
to a "white spot" for the function b. (n), and to 
angle points for level lines of the function f ( n). 

Thus, there are angle points of the level lines 
for the function f ( n). If f ( n) does not have these 
singularities, then b. (n) is defined everywhere. 
Now let the function f (n) be known. We shall take 
the level line Ya of the function f ( n). For each 
point of n of the line Ya we construct a circle 
C (n) and find the envelope of the resultant family 
of circles. According to what has been pointed out 
above, this is also the level line r a of the function 
b. (n). 

In experiment, the level line Ya will be a cer­
tain broken curve consisting of segments of large 
circles. For each segment of the circle it is nec­
essary to construct its center on the sphere. 
Joining all the points constructed in this fashion, 
we obtain an approximation of the level line r a 
of the function b. ( n). 

It is necessary to give separate consideration 
to the case in which there is an angle point on Ya· 
In this case, for sufficiently detailed measurement, 
the two neighboring segments of circles on the line 
approximating Ya intersect at an angle which is 
strongly different from 1r. The two points on the 
line ra corresponding to them will be sufficiently 
far removed from one another. According to what 
has been observed in connection with the examples 
considered above, it is not necessary to join such 
points, since they form the boundary of a "white 
spot.'' 

FIG. 3 

What has been said above needs to be made 
more precise. For experiments close to the 
angle point, the line Ya will be the characteristic 
situation schematically drawn in Fig. 3. In this 
case, it is necessary to draw the line through the 
experimental points so that only a single angle is 
obtained that differs strongly from 1r. Evidently, 
after the initial measurements, it will be necessary 
to carry out more detailed measurements close to 
the points which can be shown to be angle points. 

As has been shown, 1 for superconductors with 
a Fermi surface of the corrugated plane type, 
Eq. (1) is found to be invalid even at temperatures 
satisfying condition (2) in that region of directions 
of sound propagation which are not parallel to any 
normal to the Fermi surface. In this case, the fol­
lowing formula holds: 

(3) 

This means that f (n) is constant in some region 
on the sphere. Reconstruction of b. (n) in terms 
of f ( n) is carried out in this case also by the 
method described above. 

The situation becomes complicated if the 
Fermi surface is not singly connected. In this 
case, to reconstruct b. (n) by means of f(n), it is 
necessary to apply the procedure that has been de­
scribed, but it is not possible to show to just which 
of the unconnected parts of the Fermi surface the 
level lines that have been found belong. 

1V. L. Pokrovskii, JETP 40, 898 (1961), Soviet 
Phys. JETP 13, 628 (1961). 

Translated by R. T. Beyer 
185 


