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A set of integral equations is obtained for the partial photoproduction amplitudes. It differs
from that previously found in that besides the partial amplitudes for scattering of pions on
nucleons it also contains the partial amplitudes for nucleon pair annihilation into two pions
and the photoproduction of pions on pions. These amplitudes are related to the partial am-

plitudes for scattering of pions by pions.

].. Dispersion relations in energy and momentum
transfer simultaneously (double dispersion rela-
tions) were proposed by Mandelstam?! for transi-
tion amplitudes. Thereafter Chew and Mandel -
stam? developed a method, applicable at low en-
ergies, for reducing the double dispersion rela-
tions to single dispersion relations for partial
amplitudes. Further development of the Mandel-
stam representation was accomplished by Cini
and Fubini® and Ter-Martirosyan.!

Because certain complications arose (see Ap-
pendix 1) when the Chew-Mandelstam method was
applied to an analysis of meson* photoproduction
on nucleons, it became of interest to discuss this
process in the framework of the Cini—Fubini—Ter-
Martirosyan method, after generalizing it to take
into account the spin of the interacting particles.

In Sec. 2 we discuss the kinematics of a proc-
ess involving two nucleons, a meson and a photon.
In Sec. 3 we write in invariant form the amplitude
for meson photoproduction. In Sec. 4 we derive
one-dimensional dispersion relations for the me-
son photoproduction amplitude from the two-dimen-
sional relations. The resultant one-dimensional
dispersion relations differ from those obtained
previous1y5 by an extra term. Because of this
term certain expressions must be added to pre-
viously obtained dispersion relations for the am-
plitudes, as well as for the partial amplitudes:t
these expressions are found in Sec. 5.

From the dispersion relations for the partial
amplitudes one obtains easily integral equations
for partial photoproduction amplitudes. The lat-
ter differ from those found previously® in that

*In what follows we understand by the term meson the pion.
1The expansion in angular variables of the amplitude for
nucleon pair annihilation into a meson and photon needed here

is given in Appendix 2.

they contain in addition to the meson-nucleon
partial scattering amplitude also the partial am-
plitude for nucleon pair annihilation into two me-
sons and the photoproduction of mesons on mesons.

The partial amplitude for nucleon pair annihila-
tion into two mesons may be determined by making
use of the integral equations formulated by Frazer
and Fulco;® the partial amplitudes for meson pho-
toproduction on mesons can be obtained from the
integral equations derived by Gourdin and Martin.”
Thus, in principle, a complete solution of the prob-
lem in question is possible.

The resultant expressions are rather compli-
cated. In order to better explain their structure
we give in Sec. 6 the main expressions for the
simplest case when the charge of the particles
and the spin of the nucleon are assumed to be zero.

2. Let k, q, p; and p, be the momentum four-
vectors of the photon, meson and nucleons respec-
tively. We consider the processes

Y +N1 - N2 +m,
w4+ N1 - N2+, I

Ni + N2 >m 4. III
Let us introduce the invariants
s(pr +KR?  se=(m+q?% t=(@m+p) (2.1)

In the barycentric frame of process I, these ex-
pressions can be rewritten as:*

s = (po + ko)* = W2 = (Er + |k[})? = (Ex + Enmp,
se = M? 4 p2 —2ExE, — 2|m|q] x,

t = 2M? — 2E,Ex + 2 |p1||p2| %, (2.2)

*We assume in what follows that ab = agh, —a-b, p* = M?,
q =t
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where x = cos 6§, 6 being the angle between the
photon and meson momenta, Ejp = vk2 + M2,
Ey=vq?+u?, EM=vVq?+ M?, where M and p
are the mass of the nucleon and the meson, and k
and q are the momentum of the photon and the
final meson.

In the barycentric frame of process III we find

Sc = M*-| p*—2E,E; +2|pllq' |y,

§=M*+pn*—2E,E;—2|p|d |y, (2.3)

Pqﬁ* {75 (PTPS—prg), i= 1;

— 515 [Y4(p8 — pf) — vB(p2 — p2)], i=3;
Here p is a variable describing the charge of the
produced meson (p =1,2,3).

The coefficients T’IJ are functions of the energy
s, the momentum transfer t, and the isotopic
spins of the meson and nucleon.* The latter de-

pendence may be made explicit by writing
Tis, t) = 05 TV + 0TV + S [nwulTP.  (3.3)

The coefficients ’I‘{ possess the following symme-
try properties under the exchange s — sg, t —t:

Ti(s, s0) = niTV(sc, 9), (3.4)
1 1 -1 1

n=| 1 1 —1 1], (3.5)
1

4. The double dispersion relations for the am-
plitude T{ (s, sg, t) are of the form:

/ it T e At
T;(s, e, t) = O; +n2(M+N2ds 4§2 dt 90 =7
o] [e] ’
Al (s, ¥
L ag (o tmbe
(M+p)? apt (S‘.—- Sc)(t —-t)
[ee) + ’
Al (s,
+£—2 S ds’ dsc’——,—‘“(s,—s‘)—. (4.1)
Mbup nbpp (T —8)s— s0)
Here
0f = rli(u? — 0 + RUM? — 5) +nl RUM? — s2),

R'}, r'} are quantities characterizing the one-nucleon
and one-meson contributions.

We restrict ourselves to the low energy region
where it is legitimate to ignore inelastic processes.
Then the double dispersion relations may be re-
duced®* to approximate single dispersion relations
(at fixed t):

*Expressions for the transition amplitude in the barycentric
frame ate given in reference 5.

— 5 Ts [7% (P} -+ p§) — 7% (p2
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where y = cos ¢, ¢ being the angle between the
directions of motion of the initial and final par-
ticles, E, = vp? + M2, Eqr =vYq'?2+pu?, where

p and g’ are the momentum of the nucleon-anti-
nucleon pair and the final meson.

3. The transition matrix element for the photo-

production of mesons on nucleons can be written
in the case of pseudoscalar coupling as follows:®

(RIY> = i (2)* (koqopropeo) 28 (p2 + g — pr— k)

X Z T¥ u(py) PF(k, pr, pa, 1) (py) ks (3.1)
+ pg)]r i = 2;
— 1 (7T7® —vPy?), i =4 (3.2)

Tﬂ(s, H= 0'{:-{-% Q ds' Im T} (s, 1) [S,f_s ! ]
(Mp)? fe %

{ immie, s, )52,

ap?

where O;J = O{ + C{ (1+ n-}), with the CJi being

slowly varying functions of s, sg, t, which may

in first approximation be taken as constant, and

the HJ are amplitudes for the process III.* The

relatlon (4.2) is apphcable as long as s — M? < 4My,
—M?2 < 4Myu, t = 9u2.

5. The above dispersion relations for the ampli-
tude for the photoproduction of mesons on nucleons,
Eq. (4.2), differ from those obtained previously® by
the presence of two additional terms (an integral
term and a one-meson term). When these terms
are taken into account the dispersion relations for
the amplitude in the barycentric frame may be
written as

1

P m

4.2)

ReU;=(...... )

Into the brackets one should substitute the expres-
sions given by Eqs. (6.8) — (6.9) of Logunov, Tav-
khelidze and Solov’ev or Egs. (9.1) — (9.4) of Chew,
Goldberger, Low and Nambu,? whereas

(6.1)

=cl(t ) +5P | 75 (@ Im B,

ap?

-+ o1 Im Bs + ai4 Im By, (5.2)
C’(I +n) + = PX t l(GSIImBl
ap.?
~+ a3z Im Bz +ass Im Bz -}-ass Im By), (5.3)

where the Bj are amplitudes of process III in the
barycentric frame (see Appendix 2), and

*To avoid misunderstanding we note that the H’; are the
same amplitudes as the T’i but taken in the physical region of
process III.
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ann = 0 a - Mw 1
11 = U, 12 = (W—M)kom’
a1s — 1 [WZ—MZ—ZM’\& —l]
BTk 2(W— M) (E + M) ’
_[WE—M2—2Mv: . | Mv(k'k) 1
au=—| " gw—m E+ g
s = =M _ 1

0= T R R Tp ] 2T T ZR(pl

. 1 [1_(W—M)M]

438 ="21K[(E + M) 2E ’

gy = {(W—M) M

iE "’[

ol e

The expression for flz may be obtained from
that for U, by replacing everywhere W = M by
W * M and -1 by +1, and the expression for U,
may be obtained from that for U; by replacing
everywhere —(W-M) by (W + M).

The dispersion relations for the partial ampli-
tudes are similarly modified:*

Re M{Y) = (...) + M.

Into the brackets one must substitute expressions
determined by Eq. (28) of Solov’ev,’ whereas

zzz%wj

m=11'=0

(5.4)

M =00+ 2P | ar [Puf

ap?

oo
xIm bﬁ,’J'} =M+ Lp ‘& dt'}_sgpm Im bpr; (5.5)
. . +:p
W, = { . ©o 2+t ]
eli,l; _Slt’—tp"[ MYiGFD) P (y)
T a Vi+D)@i+1D
3 . X ’ j j ’
si??z; - _31 F—Pu [_a'fz - i Pi1(y)
2 1 ’ 1 1 b
a ‘/11:1 P’()+ (e ,]_:—1 Pi—l(!/)},(5.6)
o 2 +1 2j +1
™, = \_**_p, | f oA 3
8Ii,l: _Slt'—tph[ d'/2](]+1)Pf(y)+°‘14]‘(i+1)Pl (y)]’
+1
N, = Vi@i+1)p
8;:',)!' - _Slt [ %2 71 Pita(y)
ey VIS g )]
P V- kY o _
+ /sl/ (v + 14( 0V Pii (y)

Here by’ are the partial amplitudes for process
I, o = a/Kj, Kj being coefficients connecting
the amplitudes Aj with the Uj, and Tpm are the
coefficients that accompany blr’j in the expansions
(A.10).

*At that the coefficients by’ are related to the coefficients
b;’; that appear in Eq. (A.12), as follows:

27y gy = by 27

y
14,7 = by

21 s—1
27y, =by,, 270,y i=by,.

N. F. NELIPA

By making use of the unitarity condition Im by,j-
may be expressed in terms of the partial ampli-
tudes for the processes of nucleon pair annihilation
into two mesons and photoproduction of mesons on
mesons.* The indicated amplitudes may be deter-
mined by making use of the integral equations de-
rived by Frazer and Fulco® and Gourdin and Mar-
tin.” In other words, the expression for the addi-
tional integral (5.5) in the dispersion relations for
the partial photoproduction amplitudes may be con-
sidered as known. Consequently one obtains for
the amplitude for photoproduction of mesons on nu-
cleons integral equations that differ from the ones
obtained previously® in the structure of the inhomo-
geneous term, which contains, in particular, a con-
tribution from 77 scattering.

6. As can be seen, the resultant expressions
are rather complicated. To better understand
their structure we show below the main expres-
sions in the form that they take when it is as-
sumed that all particles are neutral and that the
nucleon has spin zero (the spin of the photon is
taken, as before, to be unity, and the meson to be
pseudoscalar). In that case in the expression (3.1)
for the amplitude of the process only one function
(Ty) will be different from zero.

In place of the dispersion relations (5.1) we
obtain

ReU (W, %) = Q + P S dw’

Mp.

x g + prrpr—mm—zn) Im U 7', w),
where 6.1)
Q =r<W‘iM2+W2-M:_4Mv1>+AU,

v, = lkl(ﬁ)z;lﬂx)

AT =Cl(1 + ) + & ﬁ
au?
—a quantity characterizing the contribution of
process III.
In the static limit (M — «) one gets with the
help of Egs. (5.4) in this model the following dis-
persion relation for, for example, the partial am-

plitude E;: :
1 1
e’ +e) e%q’

Re E; (¢) = N4fqP§(

where E; is the amplitude for meson production in
the P state by an electric quadrupole photon, N
=M"+M{, e=W-M, € =W —M. The corre-
sponding integral equation is written as: ¥

0031 Im B

Im E, (¢') de’,
6.2)

*See Appendix 3.
fHere one should keep in mind that Im E, = E;h* where h
is the meson-nucleon scattering amplitude.
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Xi(e) = N’ +;—§ode' [,3_1——_76
>

1
+s'+e—i5

where

]xl () b (), (6.3)

X1 = E1/ €y, N’ = N/¢€q.

The solution of this equation has been given by
Omnes® [Egs. (5.3) — (5.9)]. The situation is anal-
ogous in the approximation under discussion for
the other multipole as well.

APPENDIX 1

We consider first the case when the mesons
are produced only in s and p states (i.e., we
limit ourselves to photons with energies close to
threshold). Then the nonvanishing coefficients
M;j in the expansion of the amplitude Tj(s,x) in
the angular variables x can be written as

2 ¢,
Mox(9) = 5 S Ti (s, %) dx,
-1
if the mesons are produced in s states, and as

(A.1)

+1 +1

. 41 1
M (3) = — 5 \ Taxdx T%S T, dx + S T, dx,
_:1 —1 —1
4:1 , 1—&—1 1—:-1 ,
Mz (s) = & Tydx, M (s) = gg T, dx + + S Txdx,
—1 —1 —1

(A.2)
if the mesons are produced in p states.

Here
My =M;_— My, Mg=(+1) M, + IM,,
Mp =Ei, Mu=E., T,=—WT1/K,,

T,=3WT,/2iK,, T;z —4WTy| (W — M)K,.
The coefficients Mji(s) and Ez.(s) depend on the
energy only and constitute the amplitudes for meson
photoproduction with relative orbital angular mo-
mentum [, by magnetic and electric multipoles re-
spectively, when the total angular momentum of the
system is I +Y,.

We make use of the double dispersion relations
(4.1) to deduce the analytic properties of the ampli-
tude Mj; in the complex s plane. After substitu-
tion of Eq. (4.1) into Egs. (A.1) and (A.2) there will
appear in the latter equations denominators of the
form s;—sg, s’—s and t’ —t.

The vanishing of the denominator s’ —s gives
rise to a series of branch points on the positive
real axis of s; the first one of these branch points
isat s=(M + u)z (see the figure). The vanishing
of the denominators sg—s¢ and t' —t with x =1
results, after Eq. (2.2) is taken into account, in
the equations:
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-3 )
U (o) }

s, 45 (52 + M2 — M* — sjp? — 25, M?)
+ M2 (— SSM? - 2M* - siu® — M2p2) = 0,
S s () — 2M? —p2) - piM2/ )+ ME — M2 = 0,

(A.3)
For x = 0 these equations become instead:
§% + 2 (s, — M2 —p?/2) s — M* + M2u? = 0,
S 2( — M2 —p22)s - M — M2 = 0. (A.4)

The singularities due to the pole terms appearing
in Eq. (4.1) are obtained by setting in the above
equations s§ = M2 and t’ = p?.

An analysis making use of Egs. (A.3) and (A.4)
shows that the partial amplitudes are analytic func-
tions in the entire s plane except for a cut along
the real axis from (M +p)? to = and from M? to
— o and also along the circumference of the circle
C (see the figure). The existence of singularities
lying in the complex plane considerably compli-
cates the situation.* The analytic properties of
the partial amplitudes My; for other values of !
will be the same provided that the expressions for
them contain no coefficients with W = Vs , which
introduce additional branch points.

APPENDIX 2

We give here the angular expansion of the am-
plitude for the process y + 1 — N + N, which was
used in deriving Eq. (5.5). The matrix element
for this process is given by
(ny [R|NN> = -2£ i (2m)*0 (pr +p2— k— q)(ploqol'zopzo)q/2

X 2 Hiu (p2) P (kup1,pe,y) 0 (pr)euks, (A.5)

In order to obtain ?f‘ﬂ it is necessary to replace
Py gy —p; in the appropriate expressions (3.2) for
PaP,
! since in the barycentric frame we have on the
one hand ¥
udrv = — 2ikoE (K’ e),
u®:v = E-! (p1k) (o lek’]) -+ E-* (k'e) (o [kk'])
+iE-*Mko (k'e),
uD = — E™ (pok) (alek’]) + E7* (K'e) (o [kk'])
+ iE7*MFk, (K'e),

4@y v = 22 (K'e) + 2o lek) — gz (K ©) (3 [K'k])
+ oA (alkel), (Aa.6)f

*An analogous situation occurs for meson-nucleon scatter-

ing.*®

TAt that P, ,=®, ,, ®, =P, + P,, &, =P,-P,.
HkkT =k xk'.
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and on the other hand!® (we have dropped the fac-
tor preceding the sum )

Y i (k o[k’
<J‘[Y|R]NN>-—lI(I|e)B1"( [ |e]) 2
o [ke o [k’k]) (k" 7
(I[kll) B3 l ( [kiz ;)k(l e) B4) (A' )

we find by substituting Eq. (A.6) into Eq. (A.5) and
comparing the result with Eq. (A.7) that

—Bi/|plke = 2EHS — MHS/E — 2H'/ E,

’

By = — H; (k' k) /E +2 (k' k) Hi/E (E -+ M) + koH3|p|,
Bs = — 2H}|k|, Ba/p*|k|=—HS/E
—2HS/E (E + M). (A.8)
Determining from here Hf we get
_ Bty Bs(t, y) _ MB4(4, y)
B (t9) = 3gp, TpT — ZEE+ MTK] — 2Ep 1K1’
Bs (¢, y) EB4(t, y)
) = mrEsm = w0
_Ba(ty)  (KK)Ba(t, p) _ _Bs(ty)
Ha (t, 9) = 1578 — TR Ha (¢, y) 2|k|
(A.9)
where (see reference 10)
e 2 +1 o
2 B t, = b 1 :P N
iV 1 (4, y) [”(O)Vj(j+1) i ()
. TEDETD o
—iV28B, (¢, y) = brrtaj Kw“——(LL)Pi—-l(y)
2j + 1 2] + 1
b AP ) = b YIEED B ),
S A1
—iVZBs (t, y) = — brans )/ TELPI )
TF1
+ bl’—l.iV —’T— Pi(y),
14/27F1
— iVEBu(ty) = brsast V,’j1 Pl (6)
2)+1
— by J 1 Pi (y)+ bl—ll 1 I+1 (y)
1(1+ ) i+ ]/ (A.10)

Here j and I’ are the total and orbital angular
momenta of the final nucleon-antinucleon system.

APPENDIX 3
Expanding both sides of the equation

Im B (t, y) = (dy' doyTHsnnT i
10

(A.11)

in polynomial-matrices

N. F. NELIPA

Im¥b. () La(y) = 3 de dyFap () Lag (4) Gmn (£) Lmn (2)
(A.12)
and making use of the normalization condition of

the polynomial-matrices, we obtain

Im D) b (¢) Lix () = 450 D) Fim () Gomn () Lan (9), (A.13)

where Fgm and Gpp are the partial amplitudes
for the processes of meson photoproduction on
mesons and nucleon pair annihilation into two me-
sons. A comparison of the coefficients of iden-
tical Ljx and Ly, gives as a result an expression
for the Im bji in terms of the partial amplitudes
Fom and Gpp.
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