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The interaction of a nonrelativistic charged particle with an electron plasma in a magnetic
field is studied by quantum field theoretic methods. The dielectric constant, frequencies,
and damping coefficients for the longitudinal oscillations of the plasma in the magnetic

field are calculated to first order in e?. A general formula is obtained for the energy loss
of a particle moving through a plasma. The case in which the particle moves with a velocity
much greater than the mean thermal velocity of the electrons in the plasma is investigated

in detail.

].. It is the purpose of the present paper to study
the interaction of a nonrelativistic charged par-
ticle with an electron plasma in a constant uniform
magnetic field.

Because the Coulomb forces are long-range
forces, the energy losses of a charged particle
which moves through a plasma are determined by
remote collisions as well as short-range colli-
sions. The contribution of the short-range colli-
sions is usually found by the pair-collision method;
the effect of long-range collisions is generally in-
vestigated through the use of the kinetic equation
in conjunction with a self-consistent field. In some
cases the plasma is regarded as an optically active
medium and is characterized by a dielectric con-
stant. The energy losses of a particle moving
through a plasma in a magnetic field have been
computed by these methods by A. Akhiezer and
Fainberg (cf. reference 1), Kolomenskii,? and
Sitenko and Stepanov.? However, these methods
do not give an accurate description of the inter-
action of particles which are separated by dis-
tances of the order of the Debye radius, so that
the results are only of logarithmic accuracy.

In the present paper the energy losses of a
particle which passes through a plasma in a mag-
netic field are computed by quantum field-theoret-
ical methods. In this way we are able to obtain a
general formula for the energy losses and, in lim-
iting cases, to find the factors which appear in the
argument of the logarithm.*

*Quantum field theoretical methods have been used to study
the interaction of a particle with a plasma (no magnetic field)
in a paper by Larkin.*

2. The Hamiltonian of a system of charged par-
ticles which interact through Coulomb interaction
with an external particle which moves through the
system can be written in the form 3C + 3¢’ (t), where
3¢ is the basic Hamiltonian,

(1) = g I, (r, §) a, (r, §) dr,

ay (r, ) = @)\ |r— 2 jo (¢, 0ar', (1)
3¢’ is the interaction Hamiltonian, a, is the scalar-
potential operator and j, and J, are operators de-
scribing the charge density of the system and of
the incident particle; the operators are taken in
the interaction representation.

Using 3¢’(t), we form the scattering matrix

S =Texp{—i ‘i"%, (t)dt}. -

- 00

and determine the matrix elements, which couple
the different states of the initial system, i.e., the
medium plus the external particle. We character-
ize these states by the quantum numbers ¢« and n,
where o = (v, pz, q) represents the quantum num-
bers characterizing the incident particle in the mag-
netic field H, while n represents the ensemble of
quantum numbers which describe the state of the
medium with a given energy E, and a definite
number of particles Np.

We shall assume that the velocity of the inci-
dent particle V is large (e?v1 « 1) so that its
interaction with particles in the medium can be
analyzed by perturbation theory. In the linear ap-
proximation in 3¢’, the probability for transition
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of the system from a state «, n to a state «a’, n’
is given by

218 (En — Enr + 8a— 8x) Sdrdr’ |3y (1) 1ad <a | Jo (1) |

X <n'lao (1) | n)y <n |a, (1) |n', (@)

where 8y = &, p. =1 (v +Y%)m/M + p}/2M is the
energy of the incident particle, M is its mass and
1 = eH/mc is the Larmor frequency of the electron
in the magnetic field H (J, and 4, are operators
in the Schrédinger representation).

In order to obtain the total probability for tran-
sition of the particle from a state characterized by
energy $VPz to a state with 8y'pfz, we sum Eq. (2)
over final states of the medium and average over
initial states using the density matrix p,
=exp{B(Q +uN-3)} (B is the reciprocal tem-
perature, Q is the thermodynamic potential, N is
the operator describing the number of particles,

p is the chemical potential); we also sum over all
values of the variable ¢’ and average over all val-
ues of the variable q. In terms of Fourier compo-
nents we have

=2 dk ® (k &y, — 8, ) U

k), @)

vPz» V' D% VP2 V'D'z

where @(k,w) and Uup,, v'p-(K) are the compo-
nents of the Fourier functions

D (r; — ry; @) = 3] exp (B (Q +1Nu — En)) <0’ | 4 () | n)

X {n|ay(r)|n'y 8 (En — Ep +0), (4)

S —r) = S| Jy () ad<a |y (1) |a’d. (5)

P2 VP
z q, ql

The energy lost by the particle per unit time is
related to W by the expression

d
T dr E"pz = Z‘ (8“”2 - g“"”z) W"Pz’ VP’

v
VP2,

(6)

3. We now calculate the function Upp,,vpy(K).
In this calculation we make use of the e:ipression
for the matrix element of the operator Jy(r)

(a’| Jo (1) lay = e¥or (r) Yo (F),

where the ¥, (r) are the wave functions for the
particle in the magnetic field

VYo (r) = (2m)* exp (ipzz + iqy) ¢y (x — g/mm)  (7)

(¢p (x) is the wave function describing an oscil-
lator of frequency 7).
Noting that

©0

Smdﬁ exp (itmmy) ¢, (E+ 7)o (8—3)

= exp {—mnx”;yz}Lv (mn x“..;yi) .

®)
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(Ly(x) is the Laguerre polynomial ), we write
Eq. (5) in the form

(mx)?

Gk exp {i (2 — 7l 2}

% g yz}Lv (mq = ;’ yz)Lw (m'q ﬁ—g—yz)

Uy, v ) =€

X exp {— my
Taking the Fourier transform we have

vaz.v'p‘z(k) = ezmn (2“)_2 8 (Pz - P; - kz) Avv' (kt/V%),
(9)
where k; = \/k§{+k§ and

Aw (@ =\ dsdo@a VFL. (9 Ly (9) .

0
In order to compute the function ®(k, w) we re-
late it to the retarded Green’s function for a scalar

photon in the medium

D (ry—ryt, — 1)

— 0 (fy — t2) Sp {p, [a, (r1, £1), @, (ra, E)1},
6(¢)=0; 1 for t<0.

(10)

11)

For this purpose we use the spectral representation
of the components of the Fourier function D

p (k, ©)

D(k’“’)=gm

—00

do’,
where

p (k, ©) = D) [exp (B (Q +1N,—En)}

— exp{B (Q +pNw —En)}]

X <n|ao (K) |n'> <n’ | o (K) |n> &

X(En — Ear—pNy 412Ny + )

— ”?Lexp (B(Q + Ny — En}<nlay(k)|n’

X <n' | dq (k) |nY 8 (En— En + o)

(we may note that the only nonvanishing matrix
elements for the potential a, are those between
states with the same number of particles: Ny

= Np-). Comparing this expression with Eq. (4)
we obtain the following relation for ¢

® (k, ©) = (e *— 1) p (k,— o)

12)

The function D (k, w) is the analytic continua-
tion of the temperature Green’s function 9 (k, k;):

= 2_2:‘_ (1 —e®)* ImD (k, ).

8

Dk k) =5 \ dvSp(odT=lay (k, ) ao (k, O)1} * (13)
]

[ay(k, 7) = eTHHN 5 (k) e~TC-HN) | and is related

to the temperature polarization operator % by the

expression
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D(k, ky) = — {k* — P (k, ky}~". (14)
Introducing the dielectric constant € (k, w)
=1+« (k,w), where
% (k, ©) = — E2P (k, io — 0), (15)
we write Eq. (12) in the form
D (k, 0) = k=2 (1 — ) Im ﬁ’i% (16)

Substituting Eqs. (9) and (16) in Eq. (6), we ob-
tain the following general formula for the energy
loss of a charged particle which moves through a
system of charged particles in a magnetic field:

d 2’ ¢ edo dk [ Ry
— i Evpz T (2m)? Z,'_Sml — ¢ B Skz Ay (—Vzm—ﬂ>
: % (k, ®)
X Immé(gv’pz _((gv',pz—kz—(l)). (17)

4. We now compute the electric susceptibility «
of a plasma in a magnetic field. Equation (15) re-
lates k to the reduced polarization operator
P(k,ky); this operator is calculated by means of
graphs. In the first approximation in e?

202
?(rl—rz; ky) = %29 (ry, 1y Pq)fg(rzy T, pa—Ra).
Pa
p4=2";’n, n=0+1, (18)

where the Green’s function for the electron in the
magnetic field 9 (ry, ry, py) is of the form

G(ry, ro; pg) = Zlya (ry)

€q = €y,p, =n (v + %) +p}/2m and the function
¥, (r) is given by (7) (we neglect the interaction
between the electron spin and the magnetic field).

Using Eq. (8), we write Green’s function for the
electron in the form

¥, (rz), (19)

_r
&, —H+ips

G (r1, T P) = g eXP {tmn atn gy 1—!/2)}

x N S dpzexp {ip: (21— 22)}
v=0_o
X exp {_ n (x1— x2)? 'z*; (51— y2)? }
(1 — x2)% + (y1 — Y2)® 1
XL\, {mn 1 2 z 2 } avpz——ll Fim . (20)

Substituting (20) in (18) and taking Fourier compo-
nents we have

2e?mn

gb(k» k4)= (2,02

T dpAvv (

Vamn )

% 12 1 1
Bolew, Bt ipatyp p, Rt i (pa— ka)
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The summation over p, is carried out using the
relation

2 e — b +ip) = h— e
Ps
where ng =nyp, = [exp {,B(e,,pz—u)} +1]1is
the Fermi distribution function. Taking account
of the relation between k and % (15), we obtain
the final expression for the electric susceptibility
of the electron gas in the magnetic field:

2e*mn 1

o 0)=— T w

[ee]

) k Myp, = M p, —k,
X Z, S dpzj\w' (V—?’ﬁ) £, o —i0" (21)

—&yp 1,

In a weak magnetic field (kf/2mn > 1 or k;p/
2mn > 1; p is the mean momentum of the plasma
electrons) the summation over v and v’ is car-
ried out by means of Eq. (A.2) of the Appendix.
We obtain the following familiar expression for
Kk (k,w)

% (k, 0) = — 22 1——8 dp "'y My =,

@2ny k2 sp—sp_k—o)-—to

where €p = p?/2m and np = [exp{B(ep -u)} +1]7L
In a strong magnetic field ( kt /2mn < 1 and

k{p/2mn < 1) we use Eq. (A.2) of the Appendix to

compute k (k,w). In this case we have when k

(22)

<p
Rex (k, 0) = — Ezcoszﬂ—- ngznzsinze,
I (k, ) = 02 EB20 fexp { B (co (1 —£2m0)
o (- ()
o [~ (e, @0

where  is the electron Langmuir frequency

Qr— SN 2”"’ 2, & dp:nsp,

m

and 6 is the angle formed by the vector k and the
magnetic field [the second equation in (23) is ob-
tained under the assumption that the electron gas
is nondegenerate: fu < 1; the first expression is
obtained under the assumption that w/k > p/m].

The poles of the function D (k,w) determine
the dispersion relation for the characteristic lon-
gitudinal oscillations of the plasma. From (14) and
(15) we have D (k,w) = — {k?e (k, w)}!; thus we
obtain the dispersion equation

ek,o)=1Lx (k, o) =0. (24)
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The oscillation frequencies and damping factors
w = wy 9 + iy 5 are then

Wy, = (Q2 +m) 5 SV (@ ) —4Q%? cos®d ,
o @amB)”ef | o _@nPsin?§ -
Yie = 3 8nk3 cosh v (0F  —m??

k2sin? §
2mB3n?

oo (= (ratg )1+

Bm 7’ O ,—M
x[exf’]_‘z \"kcosh )}

m (o, ,+ 1
+exp {“EZ“( T eos en) ]J}
in agreement with the results obtained in refer-
ences 5 and 6.

5. We now find the energy losses of a particle
which moves through a nondegenerate plasma
(Bu < 1) with a velocity V which is much larger
than the mean thermal velocity of the electrons in
the plasma. If /92 < m!/m (m! is the ion mass),
then the interaction of the particle with the ions in
the plasma can be neglected. It will be assumed
that the magnetic field satisfies the inequality Bn
< 1.

We divide the integral over k in Eq. (17) into
two regions: k< k; and k > k;, where k; is chosen
so that k<< ky < p (ko= eéNB is the reciprocal
of the Debye radius). In calculating the contribution
from short-range collisions (k > k;) the curvature
of the Larmor orbit of the incident particle can be
described approximately by the momentum p.
Using Eq. (A.2) we have

(25)

dEp) 3 2e2°< odo
(_7 ¢ @nyP ) | _ePe
% (k, ©) p? (rp—k)2? \
x Ya § dowtim 2800 (5 — O o),

1

(We assume that the unit volume in the number
space v, p; corresponds to the volume (2mmn)~!
in p-space).

The electrical susceptibility k (k, w) in this
region of wave vectors being considered is given
by Eq. (22); noting that k is of order k% /K%, we
can neglect this quantity compared with unity.
Neglecting terms of order p/mV, we have

2mMv

( dE, e2Q?
n .
ky (M + m)

4 >c= GnV

(26)

We now compute the contribution due to long-
range collisions (k < ky). If one of the following
conditions is satisfied:

n

. m n
sina <<€ M max )

. m
or sina > M max (@,
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(o is the angle between the velocity of the incident
particle and the magnetic field), then the state of
the incident particle can be described approxi-
mately by the momentum p. (The first condition
corresponds to motion of the particle along the
magnetic field, while the second means that the
curvature of the Larmor orbit of the particle is
small). Using (A.1) and (A.2) we have

(' dEp>s _

\" Tdt

[ee]

—00

wdw

1 — ¢he

xykS‘ dk S doy Im

0

et o (i =)

Noting that the main contribution in this integral
is given by the circuit around the poles of the in-
tegrand lying in the lower half plane of the com-
plex variable w close to the points w; , [cf. Eq.
(25)] we have

/dE,

—\@ )s (nez’

xé(w —n?— Q”—{-S}}}zcos?e)

X 6(cosoccose+sinocsinf)cos cp——%)

(6 and ¢ are the polar angles of the vector k).
Finally, carrying out the integration over dk and
dok, and neglecting terms of order p/mV, we have

(%)~ e e (e 8

where

e2Q?
4V

23

hi ) = W{yg (0 de—\ g() o],

22

(1 —2)
Vig—z)(z—2) (zs—2)

g()=

Fla, u) = W{\ (2) In zdz——gg(z) In zdz},
5 23

s LV o —adsint

2g=1-ul
27)

Since f;(a,u) = 1 (cf. Sec. 3 of the Appendix), the
energy loss of the particle due to long-range colli-

sions is:
i 5)
n n/

L2

/' dE
(=),
Adding this expression to Eq. (26) for (—dEp/dt)¢
we have
Q
)

= "_291{111

4nV (28)

2mMy?

dE 202 ,
p__EQ
~ = gy — 1 29)
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6. If the particle moves along the magnetic field
(sin @ « 1) then f(a,u) =Inv1 + u2 and the total
loss is given by

—dEp e
dt — 4nV

2mMV?
M+mVe o
This formula has been obtained (to within logarith-

mic accuracy) by Sitenko and Stepanov.3*
For a strong magnetic field (n > Q)

(30)

f @, u) = ¢sinta {% + m"’sj;“z“‘} <),

and the energy-loss formula assumes the form

dEp 2202 {l
T dt inV

2mMV? . sin? a n Q2sin2a . sin?a }
M+ m)n 4 4m? 4

(31)
If a heavy particle (M > m) moves perpendicu-

larly to the magnetic field (a = n/2), then

(32)

dE, ezm{ 4my? _i}

dt = 4V V2 4
In the case of a weak magnetic field (n < Q)

f=(a, /1) =1n(Q/n) and

e T
al 4nV

2mMy?

n m . (33)

This formula agrees with the energy loss formula
obtained by Larkin.

In conclusion the author wishes to thank A. I.
Akhiezer for a discussion of this work.

APPENDIX

1. We compute the asymptote of the function
Ayyr(a) [cf. Eq. (10)] as a — 0. Expanding the
Bessel function J,(2avs ) in a Taylor series we
have

A (@ = D) (=" a®* (&),

k=0
AR = Rds ste=sL,(s) Ly (5).

0

Taking account of the fact that

{dse=sLy(9) Lur (5) = S

0
and using the recurrence formula for the Laguerre
polynomials®

sLy( =— O +DLia (s +@v + 1L (9
— vLv(9),
(k)

we can find the successive coefficients A, and

*It has come to the author’s attention that Eq. (30) has also
been obtained by V. Gurevich and Firsov by quantum field-theo-
retical methods.’”
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compute A,,(a) to the required degree of accu-
racy. Keeping the first two terms we have

Awe(@) = 8+ @2 {(v + 1) By, s

—(2v 4+ 1) 84y + ¥Oyy, v} (A.1)

We may note that the expansion of the function
Ayyr(a) as a— 0 actually reduces (for v = 0)
to the quantity aZv.

2. We now investigate a sum of the form

B@ev+1)

k
%AW’(V—;::) F ('V, ‘VI) for -—*2—m—n—>l

mn
Using the asymptote for the Laguerre polynomials®

exp (—5)Lo () = Jo @ VSE +7a) + 0 (v,

we have

ky ¢ . 2mn 1
A (m) - ”"l§ pdpdo(kep) Jo (P10) Jo (PtP) = 57 1>

where A is the area of the triangle formed by from
the segments k¢, pt and p¢; if this triangle cannot
be formed, then A-l=0 [we use the notation ptz;
=2mn (v + 1/2), p£2= 2mn (v’ + 1/2)]. Noting that
the quantity A~! can be written in the form

1 2n

At =5 qu) d(p; —p, + k),
)
where ¢ is the angle between the plane vectors
p; and ki, we have
kl

B (7m) F 4

1 , . ”
— o Vapi (o;— p, + k) F (v, v)

V- = P?ﬂm‘n,
vi=pamn.  (A.2)

3. We compute the function f;(a,u) [cf. Eq. (27)].
In the plane of the complex variable z we take a cut
along the real axis along the segments (0,z;) and
(29, 2z3). The function g(z) is a single-valued ana-
lytic function in the divided planes; we define this
function such that g(z) > 0 along the upper edge of
the cut (0,z). The quantity f;(o,u) can be written
in the form

@ 0) = 5\ g (2) — i) de,

(9
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where the contour C consists of the two closed
contours C; and C, (cf. figure) and the integrand
vanishes at infinity. Using Cauchy’s theorem we
replace the integration over the contour C by in-
tegration over the infinitely remote contour C’.
Since the residue of the function [g(z)—-i] is
i[1-(zq + 2y + 23)/2] at an infinitely remote
point, we find f;(a,u) =1,
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