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The formalism of vacuum expectation values of products of field operatorst™

6 is used to

prove for quantum field theory a principle of the weakening of correlations analogous to
the corresponding Bogolyubov principle in quantum statistics. By the extension of these
results to the Green’s functions, a proof is obtained for the hypothesis of Freese about
the asymptotic behavior of Green’s functions at large space separations.

THE study of the properties of Green’s functions
in quantum field theory is an extremely difficult
problem. The question arises of approximating
them by Green’s functions of the lowest orders,
whose properties have been most completely stud-
ied. This question has been treated in papers by
Freese! and Falk.? Their conclusions are based

on the hypothesis that one can neglect the interac- '

tion at points separated by an infinite distance.

The present paper is devoted to a rigorous
proof and a refinement of the hypothesis of Freese
about the behavior of Green’s functions. In our de-
ductions we do not make the assumption that inter-
actions at large distances are small. In the state-
ment of the problem we start from an idea of Bo-
golyubov.? In his lectures on statistical physics
Bogolyubov has recently formulated a principle of
the weakening of the correlations between particles
for systems in the state of statistical equilibrium.
In our paper this principle is formulated for quan-
tum field theory and we give a proof of it on the
basis of the axioms of the theory.

Our conclusions are based on the study of the
behavior of vacuum expectation values of products
of operators. For this purpose we use the appa-
ratus of functions developed by Wightman, Killen,
and Wilhelmsson.4™® The behavior of vacuum ex-
pectation values for fixed equal time components
has been considered by Dell’ Antonio and Gulma-
nelli’ in a study of the spatial asymptotic condition
of Haag.%»®

1. THE PRINCIPLE OF WEAKENING OF COR-
RELATIONS

Let us consider a neutral scalar field which is
described by a Hermitian operator A (x). By hy-

pothesis the operator A (x) satisfies the conditions
of causality and of translational and Lorentz invari-
ance. It is also assumed that there exists a unique
normalized vacuum state | 0> and that there are
no states with negative energies.

Let us consider a set of points M consisting of
n+1 vectors x;, where x; = (X;, x}) and the scalar
product is defined in the following way:

2= () () () — (x0) -

Let us divide the set of points M into two sub-
sets M; and M,:

M =M, + M,, x. € My, Xg € M,;
B=i-+1,.., n+1.

Let the sets M; and M, be such that each of
them taken separately can be inclosed in some
sphere of finite radius. Let us now make these
spheres undergo a displacement relative to each
other. In doing so we shall assume that the con-
figurations of the points of the sets M; and M,
change only inside the respective spheres, and
that the time components of the vectors x;j are
arbitrarily fixed. The analog of Bogolyubov’s
principle of the weakening of correlations® holds
for this case.

The vacuum average

f(x, ... Xnp)

=OA(x) ... AX)A (Xip1) . . . A (xag) |0y (D)

a=1,2,.., i

separates into a product of vacuum averages
O[A (x1) « o« A(x)|0><O[A(Xipa) -« - A (x241) |0, (2)

if the set of points M; goes to an infinite distance
from the set M, in the sense defined above.
For the proof we make use of the results of
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Killen, Wightman, and Wilhelmsson.t™® We ex-
pand the vacuum average (1) in terms of a com-
plete system of intermediate states

vy Xny) = 2 exp {iZp*)Ex)
lzp>

X<0|A1l21><21|142|22>...

f(xgy -

{2n| Anyr103, (3)

where p{ZK) is the eigenvalue of the operator of
energy-momentum of the state |zx>, and more-
over

Er=Xp—Xnt1, {2—1 | AR (Xr) | 2>

=<2h_1 lA hl zk> exp {l (P(Zh) - p (k- 1)) “’C"}' (4)

Let us rewrite the relation (3) in the form
T e e Xnpa) =<0 A (%) . . . A (x)]0) (0|

XA (4i4) - . A ($ag1) | 05 + o, (5)
where
f= exp Jlizp(z")ﬁh} 0]A;| 2

121> 00z, > i 12>
x 21| As| 20> -+ K20 | Anta| 0, (6)

with the sum taken over all intermediate states
with the exception of the states |zi>, the sum
over which is taken starting with the one-particle
state.

It can be seen from the relation (5) that for our
purpose it is enough to prove the equation

lim R™f, = 0, (7)
R—c0
where R is the distance between the spheres that
were introduced above and m is an arbitrary posi-
tive integer.

Starting from the conditions of our problem, we
shall find out certain properties of the function f;.
If we denote the Fourier transform of the function
f; by G(py,...,Pn), then we can write

e S i,

n
X exp {i N pkgk}G (o1 - (8)

k=1
In virtue of invariance under Lorentz transforma-
tions the function G (py,...,Pn) is a function of
all possible scalar products of the vectors py,...,
Pn- In virtue of the condition that the energy is
positive the function G (py,...,Pn) is different
from zero only when all of the vectors pk lie in
the upper light cone, and furthermore the vector
p; must lie in the upper hyperboloid p1 = - @i
(p})? = a;; > 0, which is also in the corresponding
upper light cone. Here «jj is defined by the rela-
tion p1 = Qs under the condition that the vector
pj corresponds to a one-particle state.

o P)-

617

The fact that the vector pj lies in the upper
hyperboloid is due to the sum in Eq. (6) being taken
over states |z;> beginning with the one-particle
state. What we have said can be written in the fol-
lowing way:

G(prv-- Py
=G ppp ) I 0 ()0 (—an);
h=1, h+i
17, , Pr
O P =?[“’WJ'

We can now write the relation (8) in the form

f1=i"g L S I danG (—aw, ...\ —au, . . ., —aw)
(3%} R, l1=1
x Abts (Br; aw), (9
where
ﬂ
AL (B an) = (2 )3,, S . .Sdpl ... dpa
n N n n
xexp{i D p&} I1 8w, +a,) [0 (). (10)
k=1 h<i=1 k=1

The quantities a7 are zero, except that «jj > 0.
It can be seen from Eq. (9) that for the proof of
the equation (7) it is enough to establish the relation

lim R™ASY (Br; aw) = (11)

R—o0
In this connection one also has to justify the pas-
sage to the limit under the signs of integration in
Eq. (9).

Thus the proof of the principle of the weakening
of correlations has been reduced to the study of the
asymptotic behavior of the singular functions of
Killen and Wilhelmsson.® We can study the asym-
ptotic behavior of these functions only in the region
where they exist. Therefore it is also necessary
to show that the passage to the limit R — « occurs
in the region of existence.

2. PROOF OF THE RELATION (11)

Kiillen and Wilhelmsson® have obtained the fol-

lowing representation for the function AY)(£;ay7):

n
DY"2 1] 8 (Dan,

A( ) E 5 a =
rl»rl( k5 Qhi) (2 )3(4—4)( ,<k,-5

M.n

Ap A’ al’k,) As (yx, axx) H ] (alh)

A =1 k=5
Yu = Xx + 2 2 DA 0ank Xn,
A=1 R=5
D = Det|an|<0 (1<i, k<4,
Dy = Det|axl (1 <<i, k<3 (12)
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The function A{" has the form

) 2. __ 1 1
Ay’ (G aw) = W}T—De
4
x (—D) 6 (Do) 6 (a3,—ana) |0 (@ 7; (13)
h=2
| = 1(1) +1(2) 1(1.2) — @iv C‘D tdtH(()l) (t) . (14)

2 VELO
Tia(t) = (2 — Q*—P VT —SF8VTe (> — Q),

Q=1, P=2(i—1), S=%(—3L1,+2I),

T=2(14—60312 + 313 81,1, — 61.),

Lo=Sp [(AX)";, k=123, 4. (15)

Here A and X denote the matrices | ag;| and
I &= &l

In the passw.ge to the limit R — « the distance
between points that belong to the same set, M; or
M,, remains less than some constant, which is
fixed by the radius of the corresponding sphere.
The distances that increase will be those between
pairs of points, one of which belongs to the set M;
and the other to M,. The function ASY,(£k; akg)
involves only one such pair of points: £j = xj
—Xj+1- In the passage to the limit the difference
between the coordinates of the points increases in
proportion to the quantity R. Consequently, we can
introduce a new quantity £§, by setting £ = (REf,
£}). By the theorem of Hall and Wightman® the
function A (£k; akz), and consequently also the
quantities Q, P, S, T, are functions of the scalar
products &j - £;.

For the further argument it is convenient to
introduce the quantities

g= Q/R* p=P/RY, s=S8/R%, ©v=T/R, t=Rt
(16)

The relations (14) and (15) then take the forms
wa _ (2mp 1 ¢ FarHY (RE) 17
M=l w0
S.()=[(t*—q2—pE VIR —t23F 8V 2 (12— g).
(18)

Direct calculation of the integrals (17) is extremely
complicated.

Let us first find out the properties of the func-
tions q, p, 8, T, starting from the conditions of
our problem. When expressed in terms of the ma-
trix elements (AX)ij the functions Iy have the
form

Ik (AX)?Z +Rk’ k = Iy 21 31 4; (19)

V. P. GACHOK

where Ry contains all the other terms, and
(AX)[[ = aligi : 'él “{‘azg Ei : §2 _i‘ LER ] +a¢~,~§?
oo tak E

For the further argument it is convenient to write
this relation in the form

(20)

(AX),, = a8 +r1. (21)

where the function r; contains all the remaining
terms.

Calculating the functions Q, P, S, T by means
of Eq. (19) and subsituting the expressions for
these functions in Eq. (16), we find

g = ast + Ri/R,
p=Ry/R, s=Ry/R, v=R,/R.

It follows from the relations (23) that in the
limit R — « the functions p, s, T go to zero. Ac-
cording to Killen and Wilhelmsson® in this case
the function AY); reduces to the function

(22)
(23)

A (25 ) = — e HO Va2) [ Vaz, z=—8. (24)

This fact can be interpreted in the following way.
In the limiting case R — = the correlation between
the sets M and M, can be interpreted as a corre-
lation between the two points X; and xj,;. The
correlation between them will then naturally be
described by the correlation function A{? = A{"?
(&i; ajj), which depends only on the differences
of the coordinates of these two points. The func-
tion Af") is the boundary value of a certain ana-
lytic function which is regular in the entire com-
plex plane of the variable z with the exception of
a cut along the positive real axis. By the condi-
tions of our problem aj; > 0, and for sufficiently
large R the vector £j is spacelike. This means
that we are studying our function on the negative
real axis, which is in the region of existence of
the function A§+). This gives us the right to cal-
culate this function at the point R = «.

Taking into account the behavior of the Hankel
function H{" in the upper half-plane, we find the
relation

lim R™AS (¢, a,) = 0.
R—00

Thus we have proved the relation (11).

It is interesting to extend our arguments to
other cases, for example to the case in which the
set M is divided into three or four subsets. In
these cases the study of the function A§’); reduces
to the study of the functions A{Y and A{", and the
proof can be carried through in analogy with the



BEHAVIOR OF GREEN’S FUNCTIONS IN QUANTUM FIELD THEORY

arguments of Dell’ Antonio and Gulmanelli.’
The case in which the set M is divided into five
or more subsets requires special treatment.
To justify the passage to the limit under the
integral signs in Eq. (8) one must show that the
passage to the limit in Eq. (9) is uniform in all
the agj. It is obvious that we can always take
( 5{)2 and R so large that all of the arguments
carried out above will hold for all ajj.
With this we have completely proved the re-
lation (2).

3. THE ASYMPTOTIC BEHAVIOR OF THE
GREEN’S FUNCTIONS

Let us consider the function
O T(x1yeeey Xna1) |0 =EO(x; — X5)...0(Xn — Xn 1 1)

X 0| A(xy)...A(Xn+1)| 0D, (25)

where the sum is taken over all possible permuta-
tions of the indices 1, 2,...,n + 1. Let us inves-
tigate the behavior of this function when the dis-
tance between the spheres introduced earlier be-
comes infinite. We regard the time components
as arbitrarily fixed. For our purpose let us apply
the principle of the weakening of correlations to
each term in the right member of Eq. (25). It is
not hard to see that all of the terms take the form
(2), because for sufficiently large distance between
the spheres the vectors of the sets M; and M, be-
come spacelike, and consequently in virtue of the

619

condition of local commutativity the operators
A(x4),...,A(xq) will commute with the operators
A(Xj41)s+.+5A(Xp,4g). In the limit the function (25)
takes the form

<OIT()C1, Xoyeeny x[)|0><0|T(x[+1,..., x,1+1)0>.

With this, we have proved the hypothesis of
Freese! about the asymptotic behavior of the func-
tion (25).

(26)
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