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The emission of low energy 7y quanta in ep scattering is considered. It is shown that the
first terms of the expansion of the amplitude in powers of the photon energy can be expressed
through the electromagnetic form factors of the proton. The differential cross section for the

process is derived in this approximation.

1. INTRODUCTION

TLHE study of elastic scattering of high-energy
electrons by protons and nuclei is, at present, a
basic source of information on the electromag-
netic structure of nucleons. The experiments
performed have made it possible to draw impor-
tant conclusions on the behavior of the electro-
magnetic form factors of nucleons FP" and Flz);n
as functions of the square of the four-momentum
transfer. Great interest attaches also to other
processes, the study of which will make it pos-
sible to obtain additional information on the form
factors F; and F,.12 In the present article, we
consider the emission of low energy bremsstrahl-
ung in ep scattering. It will be shown that the
first two terms of the expansion of the differential
cross section for this process in powers of the
photon energy are expressed through the electro-
magnetic form factors of the proton and their

derivatives with respect to the momentum transfer.

To obtain the amplitude of the process, we em-
ploy the general method of considering the radia-
tion of low-energy y quanta suggested by Low.3:
Following this method, we first consider that part
of the amplitude of the process which has a pole
at k = 0 (k is the photon momentum ). It is then
shown that the product of the exact renormalized
vertex operator corresponding to the radiation of
a real y quantum and the exact renormalized
propagation function of the nucleon is expressed,
according to Ward’s identity, to an accuracy of
terms of the order 1/k and constants, through
the charge, mass, and anomalous magnetic mo-
ment of a physical nucleon. On the basis of gauge
invariance, we then find the part of the amplitude
not containing the pole. In the concluding part of
the article, we derive an expression for the dif-
ferential cross section of the process.

2. AMPLITUDE OF THE PROCESS

The process of the radiation of y quanta in the
scattering of electrons by protons in the lowest-
order approximation in e, but with allowance for
strong interactions of the nucleon, is described by
the diagrams of Figs. 1 and 2. In the figures, q
and '’ denote the electron 4-momenta before and
after the collision; p and p’ denote the proton
momenta, and k is the y-quantum momentum. It
is obvious that the nucleon vertex part of Figs. la
and 1b is determined by the form factors describ-
ing the elastic scattering of electrons by protons
with a corresponding momentum transfer.

Fig. 1

Fig. 2

We write the S matrix in the form
S, 4, k; p, §) = — (2m)*i (M2m2/2kopopoqode)  €u
X (To+TH8( +q +k—p—g), 1)

where M and m are the masses of the proton and
electron, €, is the polarization vector of the pho-
ton, py = —ipy, qp = —iqy, etc, and TIE and TII}
represent the respective contributions of the dia-
grams of Figs. la, b and 2.

For T}‘ we have

-, nl- 1 .
T}L=”(q)[131’uml€’]’v
. 1 . = N
+ien T zen]u(q) v(p)ielFy((p" — P)*) 1

— 5 WM F5 ((p'—p)?) 6ue (0'—P)el v (p) (P'—p) 2. (2)
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Here up, Fy, and F, are the anomalous moment
(in nuclear magnetons) and the electromagnetic
form factors of the proton; oy, = (1/2i)(yuyp
=YpYu). The spinors u aild v are normalized
by the conditions uu =1, vv =1.

We shall now consider diagrams of the type in
Fig. 2. We separate these diagrams into two
classes A and B.> In class A we include all dia-
grams in which the vertex with the emission of a
real quantum is connected with the remaining part
of the diagram by a nucleon line. In class B we
include all other diagrams. We write T’I} in the
following way:

TII*I = —u(q)ieyyu(q) 7 v/:x + Tﬁx @—q2 Q)
TS
14

p and T}}“ describe the contribution of diagrams
of classes A and B. For T{}“ we have the follow-
ing expression:

Th =0 (p') liely (0, p' + k) S(p' + k) iely (p' +k, p)
+ el (p', p—k)s(p—Fk)ielu (p—k, plo(p). (4

Here S and I' are the exact renormalized propa-
gation function and electromagnetic vertex oper-
ator of the proton.

We are interested in the radiation of low-energy
v quanta. We therefore expand the operators oc-
curring in (4) in powers of k and limit ourselves
to the first two terms of the expansion. We con-
sider first S(p—-k)TI'y(p—k, p)v(p). The general
expression for the propagation function can be writ-
ten in the form

S(t) = LiytG () + MF ()1

The values of the functions G (t2) and F (t?)
and their derivatives F’(t?) and G’(t?) at t® = — M?
are, as is known,® related in the following way:

F 4 2M2 (F'— G) = 1.

(5)

F=a, (6)

Expanding S(p—k) in a series in powers of k,
using (6), and retaining the first two terms of the
expansion, we obtain
S(p—k) = — @pkF) {(—iyp+ M) F

- iykF —2pk (— iypG" + MF")

+ 2pkM2F(— iyp + M) [2G'/M?

+ F'—G" + (F*— G?/F]}. (7

The operator I';(t’, t) has the transformation
properties of a 4-vector and, under charge conju-

gation, transforms like a current vector:
CT,(t, HC=—T] (—t, —1'). (8)

We thus obtain the expansion of I'y, in a series
in powers of k:4»®
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Tu(p—k, p)=Tu(p, n)

- &kparpn (p, P)/Ope + PRM~2Gy (p*)0, 003
+ % MG, (p?) Opoke—+Gs (p®) M~20r:krpepy.

9

The first two terms of this expansion are expressed
through the functions F and G and their deriva-
tives by means of Ward’s identity:

T (p, p) = — i0S7(p)/0p,.

The terms in (9) containing G; and G do not
make any contribution to S(p —k) Tu(p—k, p)v(p)
in the required order, since (—iyp + M) oy,0ppV (p)
= 0. Using also the relation

+ 5 Gi (p?) Me005D2ke Y55

(10)

(— itp + M) eurespaketsso (p)
= (— itp + M) (— M) oyekev (p)
and discarding, by the Lorentz condition, terms
proportional to k,, we obtain, to an accuracy of
terms of the order 1/k and constants, the follow-
ing expression:
Sp—HkTu (p—Fk p)o(p
= — (2pk)~— 2ipy+ (— irp + M) ok,
X(F — 1+ Go— Go)/2M + i(vk)Y,] v (p).

(11)

(12)

If we consider the scattering of a proton by an
external constant magnetic field, then it can be
shown, by means of (9), that the quantity F~—1
+ Gy — G4 is equal to the anomalous magnetic mo-
ment of the proton up.‘r’ It is obvious that expres-
sion (12) can also be written in the following form:

S(p—RyieT(p— &, p)o(p)

4

S HG—HTM as)

(ie'l'pu + Wy 21_;4‘ ‘599k9> v (p)-
Hence S(p—k)iel"“(p—k, p)v(p) is expressed
through the charge, magnetic moment, and mass

of a physical proton if we consider only terms of
the order 1/k and constants.

We note that the exact expression (13) obtained
by us is of the same form as the corresponding ex-
pression obtained in the lowest-order approxima-
tion of perturbation theory for a point proton with
a Pauli anomalous magnetic moment. Similarly,
it can be shown that, in the approximation we are
considering,

v (p') ieTy (p's p' 4 k) S(p" - k)

1

=0(p) (ieYu + e Zl—Aej%ko) i (14)

For what follows, it will be convenient to intro-
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duce the invariants .
Mi=—(p—k)? = M® + 2pk,
Mi=—(p' + k2= M2—2pk. (15)

With an accuracy to terms of the order 1/k and
constants, we have the relations

(— iy (p— k) + M)/ 2pk
= (— iy (p — k) + M) /2pk — 1/2M,
(—iy(p" +k) +M)/2pk
—(— iy () ) - M)/ 20k + 1/2M. (16)
Noting that
1(p—k [—it(p—k
+ Myl = iMy[— iy (p— k) + M4,
[— iy (p" + k) +Mly(p” +k)
= iMy [— iy (p' + k) + M, 1)

we obtain the following expression for T",}“:

A =pnls 0, s 1 . ie
Tw=v0v(p )[Lel'v (p',p—k) =BT M (‘er+2—MPp°uka)

s 1 1 . ’
+ (le“{p—i-% l*pcupkp) e iel'y (p" +k, P)J v(p)

+ v (p) {Liely (p".p —F)
— ielV(p', p —k)lier,/2M} e (p)
+ o(p") {(iey,/ 2M) Liel'y (p" + &, p)

— el (p” +k, p)yo (p), (18)

where

DO, 0 = ayy 4+ b0, (' — )p + cOu (' + Do (19)

This operator is obtained from the general expres-
sion for the vertex part I'jy(t’, t) by putting iV —t2
in place of the operator yt on the right and iv —t’2
in place of the operator yt’ on the left. In formula
(19), the quantities a, b, and c¢ are functions of
—t%, —t'2, and (t’'—t)2, where a and b do not
change when t is replaced by t’, while ¢ changes
sign. We note that, for t? = t’2 = — M2, the func-
tions a and b are equal to F1[(t'—t)2] and

- (up/zM) Fol(t’ —t)2], and the function ¢ van-
ishes.

We now consider the contribution to the ampli-
tude from diagrams of class B. The contribution
of TL—Q’“ of these diagrams, as k — 0, tends to a
constant, while the limit does not depend onthe way
in which k tends to zero.3 The last two terms in
(18) also have this property. We denote the sum
of these terms and T,f}” by Mf,"u’; by Mi}l} we
understand the sum of the first two terms:

5717
MG = o (") [T (o', p— )
1 . i .
oy sy v (fﬁ’» + o MuOepke )
+ (ier'f‘;_;l Ppoppkp>
1 S
X PFRTM el (p" + &, P)} v(p). (20)
Owing to guage invariance,
ku(TL +T3) = 0. (21)
It is readily seen from formula (2) that k“TlIt = 0.
Hence it follows from (20) and (21) that
kM) = — kuMY) == ev(p') Liel" (p', p — k)
— IS (p" + k, p)] v (p). (22)

By the law of conservation of energy-momentum
(p’—p +k=q—q’), the operators I“,’, occurring
in (20) and (22) can be written in the form
(k =q-q")
I5(p', p— k) = a (M2, M? +2pk, %27,
b (M2, M2 - 2pk,
+c (M, M® 4 2pk, %*)0uw(p'+p— k),
O +k p)=aM*—2p'k, M %37,
+ b (M —2p'k, M2, %?) O,x,
+c(M?—2p'k, M?, %% 0y (p" + p + k).

%% OyK,

(23)

The absence of a pole in Mf,z) as k— 0 allows
one to use (22) for a single-valued determination
of M} accurate to constant terms. Indeed, ex-
panding Mf}ﬁ in a series of k and retaining the
first term of the expansion, we obtain

M® = —ev(p’) LiedTS (p’, p — k) ! Ok,
+ iedl'S (p' -+ k, p)/ Okyll,_,0 (P). (24)

Retaining the corresponding terms in the expansion
of M{}) in k, we find, by means of relation (23) that
in the sum M{}} + M{%) the derivatives with respect
to the masses drop out, and we finally obtain the
following expression for TI_ILI:

Ty = —w? () ievu (@) © (p) {[ ieFr 6) 1.

— gtk 68 oun, |

1 . ie
—_— i I, s
M k) + M (“’YP " om e “"Pk“)

iy (p—

1

+ ( ieYy +2l—,ewppcppkp) TOERFM

x [ieFy () Yo — gyjtoonaFs () |} 0 (p). (25)

In obtaining this formula, we used the above-
mentioned properties of the functions a, b, and
c. Hence the amplitude for the process of radiation
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‘of low energy y quanta in ep scattering is entirely Here 6; is the angle between q and q’,
expressed through the electromagnetic form factors 0 5 0

of the proton with an accuracy of terms of the order doy = o cos® 3 [4‘72 (1 + i sin® 22 ) sin® 1] -,
1/k and constants. We note that formula (25) agrees
with the expression obtained by the dispersion
method in the one-nucleon approximation.®

2 — 2‘ — 261 _]_ 2 e1
’p=at| = 4q2sin® 5 [l Msx 2}

Expression (27) for do, is quite obvious; it is
determined by the polar term of the amplitude. The

CONCLUSION method employed by us actually permits one to find
In conclusion, we derive an expression for the the next term of the expansion doy. After rather
differential cross section for the emission of low lengthy calculations, we obtain (all quantities are

energy bremsstrahlung by means of the amplitude taken for w =0)

we have found [formulas (1), (2), and (25)]. As the

independent variables, we choose the energy of the  do; = (2 w {A2 xk[ 1( M2 L u2> —2/‘2%2] ——A2“kf %’
incident electron qg, the energy of the y quantum

w, and the following three angles: the angle 6 be- — 24,44 p(%k) (fLM?*—2%?)

tween the directions of the momenta k and q, the , v g\,

angle 6’ between k and q’, and the angle ¢ be- + hpqg +pq) (Ag — Ap) [(We +q7z> (p’k -+ ph)
tween the directions of the normals to the planes P’ p oy o

(k,q) and (k,q’) (laboratory system). All the o <?>’_k+ W>(qk T 9k —4(p—4q) ]

remaining variables should be expressed in terms
of the independent ones; the cross section should
then be expanded in a series in w.

Since the obtained amplitude is valid only to an

—2 (A — AD* 1 [(0d) (k) + (p@) (k) + 7 (pb) *|

— (k) (Ag— Ap) Ay [4(2FFy 4 2 (2 ) FoFie

accuracy of terms of the order 1/w and constants, By )2 N e B e 4]
we should retain only the first two terms in this + (m F 2) ) (pq) (pq’) cos 2 +Ifx
expansion. -
Hence T (Ag— Ay [ 4(2FuFre
/ 2 B 2 .
do = doyfo +doy. @0 o(be VEF s (3R )% 4 1) (00) (00) con

We obtain the following expression for doy:

doy = mdo’ L, = a ()" 262 [((_;Zk__i + fxt (%2 f):l o —0)} g, [wiqoMz < 2‘70 sin? & )] L—o

qk
4dnk 1
X dQudodQy + s | e (Ag— Ap) Ago + (Ag— Ap)? —
(_ o —>]2‘m=0d9kd‘0d0p- @7 R GnE [ ) q p) A4 q L
1] 2 2a,
1 in® % ) @? do dQ; doy + 55
Here dop is the elastic scattering cross section X ( S‘ ) + P km]’ © d€ dop -+ (2m)?
for electrons of energy q, on protons, and « , '9) @'k M cos §°
= e?/ar = 1/137. The factor in front of do; [<l + Pl K ) ((q k) (p k)‘ + (p'k)? qk ) + (k)% q,

formula (27) represents the probability of the ra-

3 3 . M2 'k ’ ‘B
diation of a photon when ele.ct.ror.ls are .scatte?ed ( ——— — %’k— (p,g)s + (pk) (p, ) EZZ))(;‘Z’C))Z
and goes over, for nonrelativistic particles, into w
the general expression for the probability of dipole oM 9 1% el 4odQuds,.
radiation:* (qk) (p'R)  (p'k) (qk)] do ¢ = | _,

Here
a 1 1 2do
B 1 (4 — @onl — 5o [0 —p, 0] ¢ o= d,
= b " e Ag=q'[(R)—q/(gh), Ap=p'|(p'R)—p](Pk),
where n is a unit vector in the direction of flight f=Fi+poFa f1=Fi+4 (0pFs/2M)*
of the photon. .
In the case of ultrarelativistic electrons in % L
which we are interested, we have the following 90 lo=o
well-known expression for dop:’ —o [M (1 n %sinz %)]'1 sin“——- __(1 e 20 2 8 \
— 2 2
= [F?  (1pF2/ 2M)%3 PR
+ (E/2M2) (Fy +p,Fy)? tg? (01/2)] do,. @28)7 o

- Hence the differential cross section for the ra-
*q'-qnl=(q' -q') xn. ttg=ten. diation of y quanta in ep scattering is fully deter-
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mined in our approximation by the electromagnetic

form factors of the proton F; and F, and their
derivatives with respect to the 4-momentum.
Therefore the experimental investigation of the
radiation of low energy vy quanta would allow one
to obtain additional information on the behavior
of these important quantities.
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