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By using the generalized canonical transformation method, an expression is obtained for the 
moment of inertia of a nucleus which takes nucleon pairing into account. The result is essen­
tially the same as that obtained previously by Migdal using the Green's function method. 

THE moment of inertia of a deformed nucleus, 
when we take into account superfluidity (i.e., the 
Cooper pairing of nucleons), was calculated ear­
lier1 within the framework of adiabatic perturbation 
theory. As was shown by Migdal2 using the Green's 
function method, including the rotational energy by 
means of perturbation theory is not sufficient, since 
the rotation changes the Cooper pairs and thus gives 
rise to an additional term in the moment of inertia. 
In the present paper we shall show that a consistent 
application of the canonical transformation method 
leads to this same result. 

The nucleons in the deformed self-consistent 
field are described by the Hamiltonian 

v, 

where a~ 1 ( av1) are the operators for creation 
(annihilation) of a nucleon in the state v 1 = 1; 
Ev1 = E1 is the energy of this single-particle state, 
and A. is the chemical potential for the system. 

The nucleon pairing can be taken into account 
by introducing quasiparticles by means of the ca­
nonical transformation 

where v denotes the state which is the time re­
versed state to v (and has the same energy),* 
while the coefficients of the transformation satisfy 
the conditions 

U:; = Uv, V:; = - Vv, ue + ve = 1 (3) 

and are chosen so that the terms with aa and 
a+ a+ in the Hamiltonian go to zero after the trans­
formation. It is known that this requirement is 
equivalent to a minimization of the quasiparticle 
vacuum state (defined by a~0 = 0): 

Calculation of average values using the function 
(4) is equivalent to averaging independently over 
pairs of operators,* for example 

+ + + + + '. + 
(a1 a2 a2,a1,)0 = (a1 al')o (a2 a2'>o- (ai Gz)o (a2 ai')o 

+(a~ a~)o (a2'al')0, (5) 

where only the "diagonal" expressions 

(6) 

are different from zero. 
To find the moment of inertia, we look for the 

lowest state of the system with a fixed projection 
of the angular momentum on an axis perpendicular 
to the nuclear axis. To do this, we add to the 
Hamiltonian the term 

and then determine the Lagrange multiplier w 
from the condition <jx>= Jx. 

(7) 

When the term Hw is added to the Hamiltonian, 
the selection rule forbidding production of pairs of 
quasiparticles a+a+ is violated, and cannot be re­
established by simply changing the coefficients 
Uv and Vv in (2). To eliminate the terms in aa 
and a+ a+ in the total Hamiltonian H' = H + Hw, 
we make a further canonical transformation of 
more general form :3 

v' 

(8) 

The coefficients fvv' are related to the rotational 
term Hw ( fvv' ,... w ) • They may be assumed to be 
small, and are included only in the first nonvanish­
ing order. From the condition for the transforma­
tion (8) to be canonical, and from the symmetry 
with respect to change in sign of w, it follows that 

(9) 

1¥0 = I[ (uv + Vva~ a~) I 0). (4) For these new quasi particles a v ( w) (corrected 
I vi 

- '+ *If lv> = lnljm>, lv> = (-1)1 m lnlj -m>. 

for rotation), the vacuum state differs from (4) and, 

-*Equation (5) shows that the canonical transformation 
method is equivalent to the generalized Hartree-Fock method.' 
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as we find from (8), it has the form 

{ i'lf ++) 'l'w=exp 2 L..; vv-ctv a;;-'J'¥o 
vv' 

r 1 'l , _,_ , 1 
= exp r:r~fvv' (uvav - V.,a;-) (u.,·a;: 1 V.,•av•)J qr0, 

vv 

We note that the function (10) is not normalized: 

('¥w,1fw)=exp (+~I fvv' \2). 
V'J' 

(10) 

To determine the coefficients fvv', we demand 
that the average value of the total Hamiltonian H' 
be a minimum in the state (10). Relation (5) is 
still valid for averages calculated with the function 
(10), but in addition to the diagonal quantities 

Taking the variation of <H> + <Hw> with 
respect to fi2 [and using (9) and (13)], we get an 
integral equation for determining f12 : 

(E1 + £2lf12- ~ ( 12/ G /2'1') (u1u 2 -+-- v1v2) 
1'2' 

1'2' 

- (11'1 G f22')) (utv2- VtUz) (ut'V2·- Vt•U2·) f1'2' 

=w(u1v2 -v1u2)<1/jx/2). (17) 

Using (17), we can rewrite (14) in the form 

<H> = 117o -1- + W2 ~ (u1v~- v1a2) (1/ jx /2) t:~w--1 (18) 

or, eliminating w by using (15), we get 

<H)= 117o -1- +J~j?f, 

(11) where the moment of inertia y is defined by the 

the nondiagonal expressions 

(a; a 2) = (u1v2- V1U2) f~2, 

(a7 a~) = (a2a1) = (U1U2 -j- V1V2) f:2 (12) 

are also different from zero. In (11) and (12) we 
have used the relation 

(13) 

which can be verified by direct computation. 
Calculating the average values of H and Hw 

using (11)" and (12), we get 

(H) = W'o -1- - ~- 2,; (£1 -1- E2) / f12l 2 

12 

- +) <I2i G 12'1') (u1U2 -:- v1v2l (u1'u2' -:- vrv2·) t:d1'2' 

-1-~ ~(<ll'/G\2'2) 

where W 0 is the term not containing f, and E is 
the energy of the quasiparticles; 

£1 =-- V (e1- 'J-..)2 ___c_ !l~, 
~ ~ ~ 
e1 =e1 - LJ((I2/G/21)-(12/Gil2))v~. 

(16) 

The quantity .t. (the gap in the quasiparticle spec­
trum) characterizes the pairing of the particles. 
The parameters u and v can be expressed in 
terms of .t.: 

ui = T[l -1- (Et- 'A)/ Ed. vi=+ [I-(~- 'A)/ E\]. 

expression 

?f = ~ (2/jx 11) (u1V2- V1U2) f 12W-1. (19) 
12 

It is convenient to write ?f as a sum of individual 
terms. From (17) and (19) we find 

?f = ?f<U -1- ?f<2) -:- ?f<a), 1<1 1 · 1 ')> 12 
I!L(l) - ~ ' lx ~ ' (u v - v u )2 
(f -LJ 1 2 1 2 ' 

12 Er + £2 (20) 

(21) 

- (11' / G L2')) (U1V2- Vrl/2)2 (Ur·Vz•- Vt•U2·) f1'2'W-1 . 

(22) 

Taking the rotation into account by means of 
adiabatic perturbation theory gives only the first 
term ?fw .1 This method is equivalent to including 
only the diagonal corrections to the average values 
(11), which naturally can be done without going be­
yond the scope of the transformation (2). The in­
clusion of the nondiagonal values (12) leads to the 
additional terms. The term ?f<2> (which coincides 
with that found by Migdal2 ) takes account of the 
influence of rotation on the pairing. The additional 
term ?f< 3> describes the change in the self-consist­
ent field of the nucleons as a result of the rotation. 
In the absence of pairing (.t. = 0 ), the term ?fw 
is equal t9 the rigid value of the moment of inertia, 
and decreases with increasing .t., going to zero 
for .t. - oo. The term ?f<2> goes to zero for .t. = 0, 
and reaches the hydrodynamic value for .t. - oo • 

?f<3> gives a correction of order A -1/3 to 'lf. 
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