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It is shown that the scattering amplitude for the scattering of a particle on the bound state of

two other particles can be expressed in terms of the parameters of the two-particle problem
and the energy of the bound state of the three particles.

SKORNYAKOV and Ter-Martirosyan! have de-
rived equations for the determination of the wave
function of a system of three identical particles in
the limiting case of zero-range forces. These
equations allow one to express the scattering am-
plitude for the scattering of a neutron on a deuteron
with the total spin S =%, for the system in terms
of the parameters of the two-particle problem.
Analogous calculations for the case S =Y,, how-
ever, have not been successful.?

For the total spin S = Y%, the wave function of
the system does not vanish when the distances be-
tween all particles become zero, as in the case
when S =%, It will be shown in the present paper
that the above-mentioned equations have a non-
unique solution in this case.* We shall also see
that the wave functions for different energies are
proportional to one another in the region where
the three particles are sufficiently close to each
other. We must therefore choose that solution of
the equations of Skornyakov and Ter-Martirosyan
which guarantees that the wave functions for dif-
ferent energies are proportional to each other in
the above-mentioned region. This requirement
allows us to choose a unique solution for an ar-
bitrary energy if the wave function for a single
value of the energy is known. For this wave func-
tion one can, for example, take the wave function
of tritium. The determination of this wave func-
tion requires the knowledge of the binding energy
of tritium. To solve the three-body problem with
short-range forces, we thus require one more
parameter in addition to the parameters of the
two-body problem, as for example, the binding
energy of tritium.

The idea that the non-uniqueness of the solution
of the equations of Skornyakov and Ter-Martirosyan
can be removed by introducing an experimental pa-
rameter is due to V. N. Gribov.

*This question was raised by Skornyakov.? He demonstrated
the non-uniqueness of the solution of equations of similar type
with the help of various examples.

In Sec. 1 of the present paper we explain why the
equation of Skornyakov and Ter-Martirosyan for
three identical spinless particles has no unique
solution. We also determine the behavior of the
wave function in the region where the distances
between all particles are close to zero. The
rigorous proof of the non-uniqueness of the solu-
tion of the equation of Skornyakov and Ter-
Martirosyan is given in the Appendix. In Sec. 2
we prove that the wave functions for different
energies are proportional to one another in the
region where the distances between all particles
are close to zero. In Sec. 3 we derive for the
wave function of three identical spinless particles
an equation with a unique solution. In this form
the equation of Skornyakov and Ter-Martirosyan
can be solved numerically. In Sec. 4 we consider
the same problem, but take into account the spin
and the isotopic spin of the particlés.

1. NON-UNIQUENESS OF THE SOLUTION OF
THE EQUATION FOR A SYSTEM OF THREE
IDENTICAL SPINLESS PARTICLES AND THE
ASYMPTOTIC FORM OF THE WAVE FUNCTION

It was shown in reference 1 that it is sufficient
for the solution of the scattering problem to know
the wave function in the region p,3 <r,, py> 1,
where py3 and p; are the Jacobi coordinates and
ry is the range of the forces. In this region the
wave function ¥g (py3, p1) can be written in the
form of a product of the deuteron wave function
@ (py3) and some function Ug(p;). In the prob-
lem of the scattering of a particle withrelative
momentum K, on a bound state of two other par-
ticles, the Fourier component xg (k) of the func-
tion Ug(py) is equal to

1e (k) = (2m)® (k — ko) + 4ma (k, ko)/(k2 — k2 — id);

0y

The square of the momentum k%, the energy of the

a (k, ko) = 21(2/ 4 1) a; (k, ko) P, (cos 0).
l
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system E, and the binding energy of the deuteron
o?® are connected through the relation (we assume
h=M =1, where M is the mass of the nucleon)

= 3/sky — a?. (2)

The functions aj (k, k,) satisfy the equations (b)
of the Appendix of reference 1.

We shall be interested in the equation for
a, (k, ky), since it is this equation which has a
non-unique solution. The index 0 of the function
ay will be omitted in the following.

The equation for a (k, ky) has the following
form:

a (kko) = 5 (11, (B) -+ @) Li (&, ko) + au(T, (B)

oo
ak, k) K N 3
+m)§k/2_k§—i6 £ (k, k) k', ®
where
N4 R RELRE F
Le(k, k) = g N g — 5

T, (&) = V[, k* —E

[vky(k) = 1]k, (k)| if (%) k* — E < 0; for the
choice of the branch of the logarithm, see refer-
ence 1]. We note that in the problem of the bound
state of the three particles

we, (k) = dnag, (R)/(k* — k), )

where k3 is given by formula (2) and E, is the en-
ergy of the bound state. The function an(k) sat-
isfies Eq. (3) without the free term.

As will be shown in the Appendix, the homoge-
neous equation corresponding to Eq. (3) has a so-
lution for arbitrary values of E. The solution to
this equation is well-defined except for a normali-
zation factor. Therefore, the solution of the in-
homogeneous equation (3) (if it exists) contains
an arbitrary constant. The existence of a solution
to Eq. (3) will also be shown in the Appendix.

Let us determine the asymptotic form of
a(k, ky) for large k. It is easily shown that, up
to terms which decrease as k=1, the function
a (k, ky) has the form

a(k, k) ~ 2 A (ko) k7, (5)

where the sj are the roots of the equation

1 —4L (s)/ V3 =0, (6)
with
N 2sin(ms/6)
L(s) = “scos(ms/2) " ™

The summation in (5) goes over all roots of Eq. (6)
which lie in the strip |Re s| < 1.
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To prove formula (5), we must substitute it in
Eq. (3) and use the fact that for large k the inte-
gral is essentially determined by the region of
large k’.

It can be shown that Eq. (6) has two roots in the
strip |Re s| < 1:

s== iso, So =~ 1.

Except for terms which decrease as k™!, the
asymptotic form of a (k, kj) is therefore of the
following form:*

a (k, ko) ~ A (k) kiss + Az (ko) k=i, (8)

We can also compute the next term in the asym-
ptotic expression for a(k, ky). For this purpose
we must separate the integral in Eq. (3) into two
parts, one of which includes the region of large
k’ and the other, the region of small k’. For
large k the integral over the region of small k’
and the free term decrease as const-k™l. How-
ever, the asymptotic form of a (k, k;) cannot con-
tain such terms, for their substitution in the inte-
gral in Eq. (3) would lead to the appearance of
terms in the asymptotic expression which decrease
as const-k~!1n k for large k.t Therefore, the
terms proportional to k-1 coming from the free
term of Eq. (3) and from the integral over the
region of small k’, and similar terms coming
from the integral over the region of large k’, must
sum out to zero. Thus, except for terms which
decrease faster than k=1, only the integral over
the region of large k’ gives a contribution to the
asymptotic form of a(k, ky). It is easily shown
that, with this accuracy, the asymptotic expression
for a(k, ky) is

a(k, ko) = Ay (ko) @ (R, 55) + A (ko) @ (B, —s0),  (9)
where
(10)
(11)

@ (k, s0) = k™ [1 + B (so)/kl,
B (so) = 20/V 3 [1 — 4L (isy — 1)/V/'3).

In principle, one of the two arbitrary constants
A(ky) and Ay(k,) is determined by the other when
this solution is joined to the solution in the region
of small k. Thus it is already clear from the form
of the asymptotic expression for a (k, ky) that the
solution of (3) depends on a single arbitrary param-
eter. The asymptotic expression for 2 (k, k,), the

*Since a(k, k,) does not vanish as k - o, the derivation of
the equation for yg(k) given in reference 1 is not very con-
vincing. Nevertheless, these equations are correct.?

1The absence of terms of the form k™ Ink in the asymptotic
expression for a(k, k,) can be rigorously shown with the help
of the formulas derived in the Appendix.
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solution of the homogeneous equation corresponding
to (3), is evidently of the same form.

The asymptotic form of a (k, k) for large k
determines the behavior of the function Ug(py)
for small p;. Then we have for p,3 ~ ry and
ry < py < (|E|™V2, o7, kgt)

WEe (P23 P1) ~ Po (P2a)

(1+d491)]- (12)

[, sing cos §
X[d 555 (1 + dapy) +ds =

where £ =sg1n(pyV|E|) and ¢g(py3) is the deu-
teron wave function. The constants d;, d,, d3, and
d, are functions of A; and A,.

In the following we shall require the leading
term in the asymptotic expression for the wave
function in the region

f0< 923<(IE!—%v a_lr kO_l)’
reLer < (IE|™, a7, k).

To compute this term, we must substitute the

main term of (12) in the integral of the equation
which determines the wave function of the system
in terms of the Green’s function and use the fact
that the principal contribution to the integral comes
from the region where all three particles are close
to one another. The calculation shows that in this
region the wave function is proportional to the
expression

e (pos, 1) ~ ldy (ko) sin  +ds (ko) cos E] Q (pas, 1),

(13)
where
E=soIn(VTE[R), R=3 (o3 + P} +p%) = 0% + 502
1 siem L ¢ (pn 1 slpi)
Q(P23’ P]) T 010 f(P1>+ P2 P13 f(Pz) + P3 P12 f\ Pa/Y

where pyy, py3, and py3 are the distances between
the particles and py, py;, and p; denote the distance
of a given particle from the center of mass of the
two others. The function f(x) is equal to*

4/3 — x?

f(x) =sh3 T —9 ()] & (x) = arc cosfzrry.

2. CHOICE OF SOLUTION

In order to select the correct solution from the
set of solutions to Eq. (3), we may avail ourselves
of the assertion, which will be proved below, that
the wave functions for different energies are pro-
portional to each other if p; and p,; are small.
In particular, the wave functions of the continuous
spectrum ¥g (p,3, py) must be proportional to the
wave function of tritium ¥g (pg3, py):

*sh = sinh.
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Ye (23, p1) = C (E) YEe,(pas, £1)- (14)

Condition (14) determines uniquely the arbitrary
constant in the solution to Eq. (3). Indeed, it fol-
lows from (14) that for k — «

a (k, ko) = C (E) ag, (k). (15)

For a given function an(k), Eq. (15) can be sat-
isfied only with a definite value of the arbitrary
constant entering in the solution to Eq. (3). If the
binding energy of tritium E, is known, we can find
the function an(k) from the solution of the homo-
geneous equation corresponding to Eq. (3) for
E= Eo.

Let us prove Eq. (14). The wave functions
YE (P23, p1) and ¥E (pg3, py) are orthogonal, i.e.,

V¥ (oo £1) Ye. (paon p) dPpmdp1 = 0. (16)

This integral can be written in the form of a sum
of an integral over the region R < R;, where R?
= pl, +(%) p% andanintegral over the remaining
portion of space. We shall assume here that R,
and the range of the forces r, both go to zero in
such a way that ry < Ry. Then the integral over
the region R < R, will go to zero. The other in-
tegral can be transformed into an integral over
the surface R = Ry with the help of the Schrod-
inger equation:

(E—Eo){ Ve (pas, #1) Ve, (prss 1) Pprs 1
9
— R*(dQ[ ¥, (b, p1)3g Y (P £2)

— YEe(pas, P1)£‘FE.. (pas» pl)”k—»o’ (17)

the integration in (17) goes over the angles in the
six-dimensional space formed by the vectors
(P23, V4/3 py). Substituting the expression (13)
for the wave functions in (17), we find that the
right hand side of (17) does not depend on R for
small R and is proportional to the expression

n

[dy (ko)ds (Eo) — ds (ko) dy (Eo)] BdQ @ (ny3, ny), (18)
where n,3 and n, satisfy the relation nj; + (%)n? = 1.
We see* that the right-hand side of (17) goes to
zero for R — 0 only if
dy (ko) ds (Ey) — dy (ko) dy (E)) =0, (19)

*If one attempts to verify the orthogonality condition for the
wave function with the help of formula (12) of reference 1, it
may appear that all solutions of the equation of Skornyakov and
Ter-Martirosyan are orthogonal to each other. However, this
result is the consequence of an illegitimate interchange of the
orders of integration. The correct procedure leads to a formula
which agrees with formula (18) of our paper.
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i.e., if the wave functions ¥g (py3, p;) and
YE,(pa3; p1) are proportional to each other.

3. WAVE EQUATION FOR A SYSTEM OF THREE
PARTICLES WITH A UNIQUE SOLUTION

We shall show now how one obtains an integral
equation by which a (k, k) is determined uniquely.
Let us introduce the function

o (k, ko) = a(k, k) —C(E)ag, (k), (20)

which, according to our earlier discussion, has the
property

ko (k, k) — 0  for k — oo. (21)

The function w (k, ky) satisfies the equation

3 ok k) __ LE(kk)km , ,
S (0 T g o kde, @2)
where
5 ClBag,®)
fe ) = — 5 aa +Lelk ko)
2 Lp(k, k') k2 ,
+ng,;ff——'5£(k)dk (23)
0

It has been shown in Sec. 1 that Eq. (22) has an
infinite number of solutions. We must find that
solution which satisfies condition (21). It will be
evident from the following discussion that the con-
dition that Eq. (22) have such a solution determines
the constant C (E) uniquely.

It follows from (22) that for k — =

C o, kk
o (b, k°)~ﬁ{l 4= S /%(TO)— dr’ —l——C(E)
0
®° __4(Eo+0a%/3 ’ 24
0& [k,z k2 —id k'2—~4(Eo+a2)/3]dk. @4

On the other hand, the asymptotic form of w (k, kg)
does not contain terms which decrease as k~!. The
right-hand side of (24) must therefore be equal to
zero. It follows from (22) and (24) that w (k, k)
satisfies the equation

S0k, ko)/ (1), (k) + a)= (k)

2T L k) —Le b1, )
[
where
3 C(E)ag (k)
@z (k) = B (ko) L (&, ko) — g ——g
by 2 a k) k2 .
P\ g re B
_ 2C(E) kg 4(E +a2)/3
B (ko) = — Sab-,(k)[ T ~ 4G T3 ] dk-

0
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Equation (25) can be used for the determination of
w (k, ky), since it does no longer contain any non-
decreasing solutions.

Let us now determine the constant C (E).
this purpose we multiply both sides of (25) by
a(k, ko) k? (k2 —k%—i6)7!, where & (k, k,) is the
solution of the homogeneous equation corresponding
to Eq. (3), and integrate over k from zero to in-
finity:

For

3§° © (k, ko) T (k, ko) K dk :§° le®ak k)
BJ[Tk,(k)—I—a] (—r—id) ) K —k—id
n ii"a‘(k, k) 12 dk‘i"w (K, ko) L (k, &) k'® di’ (26)
TSR — Ry —id ) B2 — k2 —id

Since w (k, ky) vanishes for large k while a (k, kg)
is bounded, we can change the order of integration
in the second term on the right-hand side of (26),
which evidently leads to

§° Fe(k)a (k, ko) k2

k=0.
K — k2 —id d

(27)

0

From (22) and (27) we obtain the equation for
the determination of C (E):

ag, (k) Lk, k) k
C(E)S[ST (k)-l—a*Tgkz 6E(k)dk]
0
a(k, ko) k? 3w a(ky, ky)
———————k2_k3‘i_ib dlaz_W ga . (28)

From formula (28) we can obtain a relatlon be-
tween C(E) a.nd the coefficients Ai(ko), Az(ko),
AI(EO), and Az(Eo) in the asymptotic form (9)
for a(k, ky) and an(k)

3na
16

d sh (msy / 6)

(ko, ko)
dsy soch (msy/2)

- (4, (Eo) A5 (k,)

= 2C (E) =

— A, (Ey) A, (ko)1 (29)*
Formulas (25) and (28) therefore give the solu-
tion to our problem.

4. EQUATIONS INCLUDING SPIN AND ISOSPIN
OF THE PARTICLES

The preceding discussion is immediately gen-
eralized to the case of particles with spin and iso-
topic spin. We shall give only the results of the
investigation of the equations of Skornyakov and
Ter-Martirosyan, since all calculations are triv-
ial generalizations of the corresponding calcula-
tions for a system of spinless particles.

To determine the wave function in the case of

*ch = cosh; sh = sinh.
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real nucleons, we must, according to reference 1,
solve the following system of equations for the
two quantities a4 (k, ky) and a, (k, kq):

[Tha (k) ‘5ij - R,','] a; (R, k)
R — k2 —i8
- c2 (ke '
_LE (k, kO) nz+ T § mM”a] ((k, kn) dk N (30)

where

a 0 B2 — 4
{Rl[} - <0 as) ) 0 = (E {-af)
where E is the energy of the system, ozt is the
binding energy of the deuteron, and ozs is the en-
ergy of the virtual singlet state of the deuteron;

1 3
= ). ma= ()

Summation over repeated indices is understood in
formula (30) and all following formulas.

The wave function of the system in the bound
state of the three particles is determined by the
quantities by(k) and by(k), which satisfy the
equations (31) without the free term for E = E,
where E; is the energy of the bound state of the
three particles.

Just as in the case of spinless particles, we
can show that the equations (30) have a non-unique
solution. For large k the asymptotic forms of
aj(k, ko) and b; (k ko) and the asymptotic form
of the solutlon aJ (k, ko) of the homogeneous
equations corresponding to the equations (30) are
determined by a formula which is analogous to
(9) with the same s(, and we have, up to terms
which vanish as k — o,

a; (k, kO) = Qg (k, kO),

by (k, ko) = by (k, ko), a1 (k, ko) = Gy (k, ko).  (31)

As before, it is necessary for the orthogonality of
the wave functions for different energies that
aj (k, ky) satisfy for large k the condition

a; (k, ko) = C (E) b; (k, ko).

By the method discussed in Sec. 3 we can trans-
form the system (30) to a system which has a
unique solution. For this purpose let us introduce
the function

(32)

o; (k, ko) = a; (k, ko) — C (E) b; (k), (33)
which has the property that
ko; (k, ko)) — 0 for k-— oc. (34)

The function wj(k, ko) satisfies the equation
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[Tk, (k) 6[; - Ri]-] a; (R, ko) — o)
R0 =9k
2 ¢ ke
+T§ k,g—;g‘-—— ILg (B, k)
— Lg (k, ko)] Mjjoo; (B, ko) dk’, (35)
where
o [k, (8) ;5 — Ry b; (B)
Q(k) = B, (ko) L (k, ko) — kz—lk% -—libl
9 Lg (&, &) k72 ,
+?C(E)§ s — Mujby (k') k',
2
B: (ko) = — — C(E)
45 (E, +03)

] Myb;(kydk.  (36)

[ee]
x| [
SR — k-— 8 K (E ol

The constant C (E) is determined by the equa-
tion

@ (ks ko) C(E)§° (ks ko) B2 [ (1, (B)S;; — R;) by (k)
2a, )R —R3—id K — k2 — i3
o & Lk, kYR
— 24 k'ZE—-k = Miib: (k)dk] (37)
[

I express my deep gratitude to V. N. Gribov for
suggesting this topic and his constant attention, and
also to A. A. Ansel’m and Yu. V. Petrov for their
interest in this work.

APPENDIX

In order to demonstrate the non-uniqueness of
the solution to Eq. (3), we rewrite it in the follow-
ing form:

A
a(k, ko) = D (B)+ SK (&, k') a (¥, ko) dk’

+SK (k, k') a (&', ko) dE’,
A
where K (k, k’) and & (k’) are the kernel and the
free term of (3), and A is an arbitrary parameter.
We shall assume in the following that

A>> (ko, V'|E|, ).

To prove the non-uniqueness of the solution to
(A.1), it is sufficient to show that the solution to
(A.1) for k > A can be expressed in terms of the
value of a(k, ky) for k< A:

r
a(k, ko) = %KI (B, k") a (k', ko) dk’ - @1 (k) + Co (k, ko),
0 (A.2)

(A.1)
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where the kernel K(k, k’) and the function &;(k)
can be computed in principle, C is an arbitrary
constant, and ¢(k, k;) is some solution of the
homogeneous equation:

¢ (k, ko) = \ Kk )@ (K, ko) di’.

I8

(A.3)

Indeed, substituting (A.2) in the second integral on
the right-hand side of (A.1), we obtain an integral
equation for a (k, ky) for k < A. The limits of in-
tegration in this equation are finite, and the equa-
tion is therefore known to have a solution. We
conclude that there exists a solution to (A.1) which
depends on a single arbitrary parameter, if Eq.
(A.2) is satisfied.

Let us prove formula (A.2). We rewrite (A.1)
in the following form:

o]

"

a (e k) =y (0) +\ A (b &) a (k' ko) b
A

4 S K, (k, k') a (K, k) dk',

A

(A.4)

where @,(k) is the sum of the two first terms on
the right-hand side of (A.1),

Ak, k) = K (b, k') — Ko (&, k'), (A.5)
N & RARE R
Ko (b K) = — g In 5o~ - (A.6)

For large k and k’ the kernel A(k, k’) goes to
zero faster than K (k, k).

For convenience, let us replace the variables
k and k’ by y=A"'k and y’ = A~'kK’. Then (A.4)
takes the form
a@) =00 +{ M v) e @) dy’

1

wLm vy ity

4
_* AT
+n]/§§ y vy t—yy (A.7)

ay’)dy’.
The functions &;(y) and A (y, y’') go to zero as
A— o,

In solving (A.7) we shall regard the first two
terms of this equation as being responsible for
the non-uniqueness. For the solution we make
use of the Mellin transform. Let us introduce
the function

(9 =\ yar ) dy,
0
where a;(y) =0 for y<1 and a,(y) =a(y) for
y > 1. Then

(A.8)

ico

8 y—sa(s) ds.

-=-{00

@ (h) =g (A.9)
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The contour in formula (A.9) is supposed to pass
possible poles of the function a (s) on the left.

To obtain an equation for 2 (s), we multiply
both sides of (A.7) by yS~! and integrate from
one to infinity. Then

~ = 1 Ya(s’ ,

A =Bl + 55 gmﬁ%;s)ds :
where L(s) is determined by formula (7) and
@) (s) is the sum of the first two terms on the
right-hand side of (A.7) integrated in the indicated
manner. Equation (A.10) is valid for Re s — —0.
The function 2 (s) must go to zeroas |Im s| — «.
Otherwise the integral (A.9) has no meaning.

The solution to (A.10) can be readily obtained
by known methods. It turns out that the homo-
geneous equation corresponding to (A.10) has a
decreasing solution. It can be conveniently writ-
ten in the form

(A.10)

~ s—d 1 e Inx (s') ’
a (s) = me)(p (Z—M_EOO s—s ds)'
2 — g2 4
0

where the quantity s, is defined in Sec. 1 and d is
an arbitrary parameter satisfying the condition
|Red| > 1. It canbe shown that in this case the
expression (A.11) is independent of d.

The function « (s) is analytic in the strip
| Re s| < 1. The branch of the logarithm in (A.11)
is chosen in such a way that log k (s) — 0 in this
strip when |Im s| — « . The general solution of
(A.10) is written in the form of a sum of some
particular solution of the inhomogeneous equation
and the function aj(s) multiplied by an arbitrary
constant:

~ ~ (s D, (s') ds’
G =Ca o+ 59 | L

(s —s)(s —d)ap (s') [1 — 4L (s") | V3]
(A.12)
It is easily verified that a change in the parameter
d leads to a redefinition of the constant C.
Let us apply the inverse Mellin transformation
to (A.12). Instead of (A.7), we obtain then

2
—ioo

aW) =u® +26) +\8,6 ) e@)dy,  (A13)
1

where u(y) is the solution of (A.7) with A}\(y, y')
=0, and @X(y) and AX(y, y’) are certain known
functions with the property
V185 @, 97 1dy" -0
1
Since, moreover, the functions u(y)

) (y) — 0, (A.14)

for A — .,
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and €4(y) are bounded, Eq. (A.13) can, in prin- 2G. V. Skornyakov, Report at the Conference on

ciple, be solved by the method of iterative approx-  the Problems of Nuclear Forces and the Properties
imations. This leads to formula (A.2). Since u(y) of Systems with a Small Number of Nucleons, Lon-

contains an arbitrary constant, the solution of Eq. don (1959).

(A.13) will, obviously, also contain an arbitrary 3V. N. Gribov, JETP 38, 553 (1960), Soviet Phys.
constant. JETP 11, 400 (1960).

The asymptotic form of a (k ky) can be ob-
tained from Eq. (A.13). The resulting expression
is in agreement with formula (9).

1G. V. Skornyakov and K. A. Ter-Martirosyan,
JETP 31, 775 (1956), Soviet Phys. JETP 4, 648 Translated by R. Lipperheide
(1957). 78



