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The convective turbulence of a rarefied plasma in a magnetic-mirror system is analyzed 
theoretically. The turbulence arises as a result of plasma instability. The results which 
are obtained are in satisfactory agreement with the experimental data of Ioffe, Tel'kovski1, 
Sobolev, and Yushmanov on plasma lifetime in a system of this kind. 7 

1. INTRODUCTION 

THE magnetic-mirror system1 represents a pos
sible means by which high-temperature plasma can 
be contained. In its simplest version, a magnetic
mirror system consists of a region of uniform 
magnetic field H0 with mirrors at each end, i.e., 
regions of stronger magnetic field Hm. A schema
tic diagram of such a system is shown in Fig. 1. 

If the magnetic field is strong the Larmor rad
ius of the particles p is much smaller than any of 
the characteristic dimensions and the adiabatic in
variant J-1. = Mwo/2H ( M is the mass of the parti
cles, w is its transverse velocity) may be con
sidered constant with a high degree of accuracy. 
For this reason a field configuration of this kind 
represents a good trapping system for particles 
for which sin a= w/v > H/Hm where u is the 
longitudinal velocity while v = ( u2 + w2 )112 is the 
total velocity. 

However, the problem of containing a quasi
neutral plasma is quite difficult. In a magnetic
mirror system the magnetic field falls off in the 
radial direction and, because it is diamagnetic, the 
plasma is expelled from the central region toward 
the walls. As far as the motion of individual par
ticles is concerned, this instability manifests it
self in separation of the charges and the appear
ance of an electric field which causes particles of 
both signs to drift in the radial direction. 

If the plasma pressure is much smaller than 
the pressure of the magnetic field, only the con
vective or interchange perturbations lead to insta
bility;2•3 these correspond to the interchange of 
neighboring lines of force without perturbation of 
the magnetic field. In these perturbations the 
electric field is irrotational and the field potential 
is constant along the lines of force. Hence, if 
there is good electrical contact with the end elec
trodes perturbations of this kind are impossible 
and a low-pressure plasma will be stable. 

FIG. 1 

The concrete details of a given experiment de
termine whether or not an electrical contact ex
ists. For example, in the pyrotron, described by 
Post, 4 in which hot plasma is produced by adiabatic 
compression of a cold plasma which is injected 
from outside, contact is apparently realized by 
virtue of the rather dense cold plasma (this ques
tion is discussed in a paper by Post et al. 5 ). Under 
other conditions no contact may be formed. Pre
cisely this situation obtains in the system described 
by Ioffe et al. 6• 7 The experimental finding that the 
plasma is lost from this system primarily in the 
direction transverse to the magnetic field verifies 
the fact that no electrical contact is realized. 

2. QUALITATIVE ANALYSIS 

In the experiment of Ioffe et al. 6 a hot plasma 
(ion energy, approximately 1 kev and density, ap
proximately 109 em -a ) is produced by accelerating 
ions in a pulsed radial electric field of the order 
of 1 kv/cm; the field is applied between the cham
ber and a cold pinch located along the axis of the 
system. Qualitatively, the way in which the sys
tem becomes filled with hot plasma may be de
scribed as follows. Following the application of 
the high voltage, the outer layers of the cold plasma 
are set into rotational motion. This rotational mo
tion, however, is unstable. The centrifugal force 
causes the plasma to be "splashed" violently 
toward the periphery of the system; since this ef
fect is characterized by high electric fields, the 
"splashing" results in an increase in the energy of 
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the individual ions. As a result the system be
comes more or less uniformly filled by plasma 
with high energy ions; it has been shown experi
mentally that this process is completed in a time 
of the order of 10- 20 J.lSec. 

After the high-voltage pulse ends, plasma rota
tion ceases and a quieter phase, characteristic of 
the motion of a diamagnetic plasma in a magnetic 
field that decays in the radial direction, is ob
served. The characteristic time for this motion is 
considerably greater than the ion time-of-flight 
between the mirrors ts ~ 5 J.lSec. Hence, an equi
librium distribution of ions and electrons can be 
set up along the lines of force. 

We consider an individual tube containing plasma, 
ABCDE. Since the electrons remain cold (the 
electron temperature T e is of the order of 10 ev) 
we can write Te = 0; the, from the electron equili
brium condition it follows that cp, the electrical 
potential along each tube of force containing plasma, 
is a constant. The potential can not be negative; if 
it were, the excess electrons would be rapidly re
pelled from a given tube towards the ends, which 
are at zero potential. Thus, an individual tube of 
force can have a potential different from zero only 
if there is a charge due to positive ions at its ends, 
the regions AB and DE, where the electron density 
vanishes. 

This charge, however, cannot be arbitrarily 
large because if the ion charge increases the elec
tric field repels ions toward the ends and then they 
can be contained only by virtue of the increase in 
magnetic field from the value Hs at the boundary 
of the tube to the value Hm at the mirror. It fol
lows that the potential cp satisfies the following 
condition: 

O<rp<(Tfe)(Hm/Hs -1), (1) 

where T is the ion temperature, i.e., % of the ion 
mean energy. 

This relation allows us to understand why there 
may be no electrical contact with the ends under 
the conditions being considered. Because there are 
large fluctuations in the electric field during the 
ion acceleration stage, in a plasma produced in 
this way there are no ions which are reflected very 
close to the mirrors. In other words, the boundary 
of the hot plasma is located at some distance from 
the surface of maximum magnetic field, that is to 
say, Hs r! Hm. Hence, cp can vary over some 

, finite limit (1) and this means that there is no con
tact with the end walls. 

A consequence is that there is a convective in
stability in this system: a tube with more dense 

plasma is expelled towards the walls as a result 
of the production of the azimuthal electric field, 
causing a drift v e = cH - 2 ( E x H) and when the 
tube comes into contact with the wall, ions are 
emitted and absorbed by the wall; these ions are at 
a distance of the order of the mean Larmor radius 
p from the wall. Because of the loss of ions, the 
plasma potential close to the walls drops to zero 
and the excess electrons escape to the ends along 
the lines of force. As a result, a layer of thickness 
p next to the walls will be at zero potential and the 
azimuthal component of the electTic field ( conse
quently, the normal component of the velocity) V e 
vanishes in the entire wall layer. 

It follows that an individual plasma tube cannot 
be lost to the wall immediately. The tube is slowed 
down* near the wall and as soon as its density be
comes lower than that of the surrounding plasma 
(because of wall losses) it is forced back into the 
system. Thus, each individual tube must come in 
contact with the walls and is forced back into the 
chamber several times before becoming completely 
detached from the plasma. The motion as a whole 
is similar to thermal convection in an ordinary in
compressible fluid: the role of the fluid is played 
by the tubes of force of the magnetic field while 
the plasma pressure acts as the temperature. For 
this reason we can make use of the semi-quantita
tive methods of analysis of ordinary convection. 

3. BASIC EQUATIONS 

For the conditions considered here, collisions 
between particles are unimportant so that an exact 
description of the ion motion is given by the kinetic 
equation without the collision term: 

at e 1 at at+ (vv) f + M {E ~ [vxH]} av = 0. (2) 

For convective flow of a plasma characterized 
by a plasma frequency which is much lower than 
the cyclotron frequency flH = eH/Mc but a charac
teristic length considerably greater than the Lar
mor radius p, the important terms in Eq. (2) are 
the last two terms. Hence, in the zeroth approxi
mation 

1 at 
{E +- [v>< H]} -a = 0, c v (3) 

whence we have f = F (v- v0 ), where v0 = H-2c ( E 
x H) = - H-2c ( V'cp 0 x H) while the function F has 

*The fact that a metal wall along the walls of force re
duces the normal component of the electric drift to zero, 
causing retardation of the plasma, was pointed out by L. A. 
Artsimovich. 
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an axis of symmetry with respect to the direction 
of the magnetic field. 

If we take account of the remaining terms, then 
in addition to the electric drift there are supple
mentary drift velocities which are different for 
different particles. As an approximation, however, 
we may assume that all ions move accross the 
magnetic field with the same velocity v0; cp 0, how
ever, is no longer the potential of the electric 
field, but some effective potential which takes ac
count of all forces acting on the ions. This approx
imation allows us to go from the kinetic descrip
tion to the hydrodynamic description. If we take 
cp0 = const along the lines of force a further sim
plification is possible and the motion of the individ
ual tubes of force becomes two-dimensional. 

In Eq. (2) we can write f = F ( v - v0 ), multiply 
by w = v - u · H/H, integrate over velocity, and 
average over the lines of force, thereby obtaining 
the equation for the transverse motion. We shall 
assume that the mirror ratio Hm/H0 is small and 
that the lines of force of the magnetic field are 
only slightly distorted. Then we can then neglect 
the curvature of the lines in the inertia terms, 
thereby obtaining the following equation for the 
transverse motion: 

Mn {a~o + (vov) vo} + VP + envcp- ~ [vtr<H] =Mng. (4) 

Here, 
H ~ (' dl 

n = Lo j :'Jdv H 

is some mean density over the tube of force, L is 
the mean length of the tubes of force, 

Ho('P_l_ 
P= yJ--gdl 

is the mean transverse pressure, the vector g is 
along the radius and is given by 

- _1_ (' Hh dl = _1_(' H;j• dl 
g- MnL J (p_1_ +PH) H 2Rr MnL J (P_i +PH) RH'/, ' 

H0 is the field at the center of the system, r = r ( z) 
is the distance from the line of force to the axis of 
the system, r 0 = r ( z = 0) is the distance from the 
line of force to the axis in the central plane, dl is 
an element of length of the line of force, R is it~ 
radius of curvature, and 

Pn = ~Mu2fdv, P_1_= ~Mtfdv 

are respectively the longitudinal and transverse 
pressures. 

The average field H which appears in Eq. (4) 
may be approximated by a constant so that Eq. (4) 
coincides exactly with the hydrodynamic equation 
for the two-dimensional motion of ions in a uni
form magnetic field in the presence of a gravita-

tiona! force Mg. This force, which takes account 
of the curvature of the lines of force, expresses 
precisely the average effect of the expulsion of the 
diamagnetic plasma from the field. We may note 
that the expression for g given above can be ob
tained from energy considerations, as has been 
done by Rosenbluth and Longmire. 2 

The ions can reach an equilibrium state in the 
longitudinal direction so that the ion distribution 
function depends explicitly only on v2 and 
p. = Mwo/2H. If the particle density is high enough 
the plasma is quasi-neutral and the ion density is 
regions AB and DE (cf. Fig. 1), where the elec
tron density vanishes, is very small. However, 
this region is entered only by particles character
ized by sin a= w/v < H/Hs; consequently, the ion 
velocity distribution contains no velocities within 
the cone defined by sin a < H/Hs. We approximate 
the ion velocity distribution by a Maxwellian func
tion (no velocities in this cone) and assume that 
the temperature T is a constant. For this distri
bution 

n=NVl-H/H., Pn+2pj_=3nT, 

Pn = nT(l- H/Hs)· 

In principle, we can calculate g for these rela
tions and find the connection between n and p for 
a given magnetic field, in which case the problem 
is reduced to an analysis of the transverse motion 
alone. 

To Eq. (4) we must add the electric field equa
tion 

~ljl = -4n:e(n-ne) 

and the ion and electron continuity equations: 

an;at + div (von) = 0, 

an.;at + VeVIle = 0. 

(5) 

(6) 

(7) 

Here we have neglected end leakage because it has 
been shown experimentally7 that leakage is re
sponsible for less than 20% of the total particle 
loss from the system; we assume that the electrons 
experience an electric drift Ve = cH-2 ( H x Vcp) 
only. Eqs. (4)- (7) completely describe the behav
ior of plasma in the system. 

4. STABILITY 

We first find the density at which the plasma be
comes unstable. We assume that 

4n:e2n/ MQ~ = 4nnMc2/H2 < 1. 

Under these conditions the inertia terms in Eq. (4) 
can be neglected and we obtain the following ex
pression 
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t 1 c [h~VIP] (8) 
v0 =- QH [hxg]t MQHn [hxVP]-J-- -H- • 

where h is a unit vector along H (i.e., the z axis). 
We take p = nT and asswne that T is a con

stant. Furthermore, for the curvature of the lines 
of force we can write g = Tr/MaR0 where a is the 
radius of the chamber and R0 is some mean rad
ius of curvature for the lines of force close to the 
walls. Substituting Eq. (8) in Eq. (6) we have 

an an , c h [ l 0 (9) (ji- Wo a:tt -i· H \]<p, vn = ' 

where w0 = T/MaRoQH is the angular drift velocity 
of the ions under the effect of the force Mg. 

Suppose that in the equilibrium state n = ne = no 
and cp 0 = 0. Asswning that the perturbations of 
density and potential n'' ne and cp' vary according 
to exp {- iwt + imJ }, from Eqs. (5), (7), and (9) we 
can obtain a single equation for cp: 

( ) 
A , , 4ne2m2 ffi0 1 dno , _ 0 w w -L mw u<p ~ --- - - <p - . 

' o ' MQH r dr 
(10) 

In the simplest case, where the density n0 is given 
by the parabolic relation n0 = N ( 1 - ro/a2 ), the 
solution of Eq. (10) isoftheform cp 1 = Jm(O!mnr/a) 
where amn is the n-th root of the Bessel function 
Jm. Then the oscillation frequency is given by 

W = _]_ mWo + m v]_ (J)~-:_ 2Q~wo/QHot!n, 
2 -- 4 

where ng = 4rre2N/M. From these considerations it 
is apparent that an instability arises only when the 
density becomes high enough to make ng greater 
than ..L a 2 w0QH. Under these conditions the in-

a mn . 'th th stability arises first for perturbations w1 e 
greatest wavelength, i.e. for m = 1 and O!mn = 0!11 

= 2. 83. The stability condition can be written ap
proximately in the form 

r~ >aRo. (11) 

where rb = T/Mng is the square of the Debye rad
ius. 

The stability condition assumes a similar form 
for other density distributions n0 ( r). In particu
lar, if n0 experiences a steep drop at a distance i5 
from the walls (which are assumed to be metal), 
the stability condition becomes rb > Roo. Since i5 
cannot be smaller than p, for a plasma density 
high enough so that rh < RoP there will be an in
stability for any distribution no which vanishes at 
the walls. This is precisely the situation which ob
tains in the experiment6 where rn ~ p ~ 1 em, 
while Ro is approximately 102 em. 

5. TURBULENT CONVECTION 

The condition rh < RoP together with the plasma 
neutrality condition, represent the criteria for 
convective motion on all scales of length to the 

minimum of approximately p. The equations of 
motion can be simplified for this particular case. 
For this purpose we subtract Eq. (7) from Eq. (6) 
and express the difference n- ne in terms of cp 
by means of Eq. (5). We thus obtain 

.!!.__ ~<p + veV (~<p)- 4:rre div (n (v0 - Ve)) = 0, (12) 
iJt 

where ve = cH-1 (h x Vcp ). For two-dimensional 
flow, however, Vcp = (H/c) curl Ve so that Eq. (12) 
can be integrated once, yielding 

av 4nec ] ' Vf 0 (13) af+(veV)ve-~n[v0 -Ve, xH-r- = , 

where f is an arbitrary function of r and J. 
As an approximation, in the first term of Eq. (4) 

we replace v0 by Ve and n by some mean density 
N, multiply Eq. (4) by 47rco/H2, and subtract from 
Eq. (13). We then obtain the approximate equation 

ave * * --1-(veV)ve-!-Vp =gn, al (14) 

where Ve "" v0 is the macroscopic plasma velocity, 
p* is an arbitrary function of r and J, and g* 
= 47re2g/M ( QH2 + nij ), nij = 47re2N/M. If we take 
account of the neutrality condition. n = ne and the 
condition 

divve=O (15) 

Eqs. (14) and (7) coincide exactly with the equations 
for an incompressible inhomogeneous fluid in a 
gravitational field of force. Hence there is a very 
close analogy with the familiar convection of an 
incompressible fluid. 

Since Eq. (14) does not contain a viscosity term, 
the convection described by this equation is of a 
turbulent nature. Thus, the problem of plasma 
lifetime in the system becomes essentially the de
termination of the coefficient of turbulent diffusion. 
We shall assume that the chamber walls are ex
actly along the lines of force. Let x be the dis
tance from the wall while q is the diffusion flux of 
plasma to the wall. In the region next to the walls 
the flux q may be assumed constant. Eqs. (14) and 
(15) contain only one dimensional parameter g* 
which appears in the form of a product with n. It 
then follows from similitude considerations that the 
turbulent state of the plasma must be determined 
only by the parameter g*q. But, from the quanti
ties g*q and x the dimensionality of the diffusion 
coefficient can be constructed in only one way, 
namely, 

D =A (g*q)'f,x'!, =A [4:rre2Tq / R 0M (Qi-t + .Q~)J'1' x'1•, (16) 

where A is a nwnerical factor of order unity. 
Knowing D, from the relation q = D - dno I dr 
= D dn0 I dx we find the distribution close to the 
walls n0: 
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n0 = N- 3q j A (g*q)'f, x'f,, (17) 

where N = canst is the density inside the chamber, 
i.e., at x ........ oo. 

The distribution given by Eq. (17) holds only 
when x > p = v'T/M!.1Ir At x = p we must impose 
a boundary condition. Let ~ be the fraction of the 
plasma lost in contact of the tube with the wall and 
let ns be the mean density (17) at x = p. The den
sity fluctuation n' due to the fact that the plasma 
tubes move back and forth at the wall is a quantity 
of order n' ~ 1/ 2 ~ns. In order-of-magnitude terms, 
the flux at the wall q is n'v' where v' ~ D/x is 
the velocity fluctuation. Hence, as an approxima
tion we can write the following boundary condition: 

q =-} £ns (Djx)x=p· 

Now, expressing ns by means Eqs. (17) we can 
find the relation between q and N and the plasma 
lifetime To: 

na2N ( nJ,+ng RoM ) •;, -r z-- = Ca -----
o 2naq , .Q~ pT 

C = J_ ( 2 + 3~)' '/, 
2 \ A1; • 

(18) 
The expression for To contains one unknown 

parameter ~. The quantity To is rather sensitive 
to ~, but it is an extremely complicated problem 
to calculate ~ because this parameter is directly 
related to the "roughness" of the wall; experi
mentally, the walls never coincide completely with 
the lines of force. For this reason, the tube run
ning along the wall does not lose ions over its en
tire length, but only at separated points of contact. 
In the remaining portions the tube potential (con
sequently, its velocity) is maintained for some 
period of time. Hence, to find ~ we must solve the 
complete kinetic equation, taking account of the 
longitudinal motion. In view of the complexity of 
this probelm and the lack of adequate experimental 
data on wall roughness we do not treat this problem 
and shall assume that ~ is a numerical constant of 
order unity. 

In the derivation of Eq. (18) we have not taken 
any account of end effects. According to Eq. (1), 
however, end effects impose certain limitations on 
the potential cp. As a result, the velocity v~ 
~ Ccp~ f;\H of a fluctuation of order ;\ cannot be 
larger than ( cT/;\H) ( Hm /Hs - 1 ). Hence, the 
turbulent diffusion coefficient D ~ < ;\'v > cannot 
be larger than 

cT ( Hm ) Dm = BH H";- I , (19) 

where B is a numerical factor of order unity. 
An estimate shows that (16) is actually much 

smaller than (19); however, if there is a diaphragm 
this relation may not hold. When plasma retarda-

I V, kv 45 30 20 10 

H, kg I ---- ----
T, kev 1.2 1.0 0.9 0.4 

Ej experiment 0.15 0.2 1 0.4 1.0 
theory 0.35 0.4 0.45 0.7 

6 experiment 0.16 0.4 
theory 0.45 0.5 

8 experiment 0. 7 1.5 
theory 1.0 1.1 

tion at the wall is not important and we modify the 
first approach by introducing velocity limitations 
due to end effects, the plasma flow loses its diffu
sion nature because the tubes do not close inside 
the chamber. For this reason Eq. (19) does not 
give the true diffusion coefficient; it can, however, 
be used for making estimates. 

6. COMPARISON WITH THE EXPERIMENTAL 
DATA 

In the table we compare the dependence of To 
(in milliseconds) on T and H as computed from 
Eq. (18) with the experimentally measured relation6 

for a mirror ratio Hm /H0 = 1.5. The calculation 
is carried out as follows: the radius of curvature 
R0 ::::; 3 x 102 em is computed from the experiment
ally measured magnetic field under the assumption 
of a Maxwellian ion-velocity distribution with the 
cone excluded ( depending on the cone angle a, R0 

can vary by 20%. ) The ion temperature is % of 
the mean ion energy, which is estimated experi
mentally from the rate of removal due to charge 
exchange. According to reference 6 the density N 
is 109 for fields of 5 and 6 kilogauss and 5 x 108 for 
a field of 8 kilogauss. The constant C is taken as 
20, corresponding approximately to A= ~ ::::; %. 
The chamber radius a = 22 em and V is the ac
celeration potential. 

The fact that the lifetime which we have com
puted is of the order of magnitude of the experi
mental lifetime for a completely reasonable choice 
of the constants A and ~ is an indication of the 
usefulness of the considerations developed above. 
However, the experimental dependence of T 0 on H 
and T is much sharper than the theoretical de
pendence. This result is probably due to the fact 
that the chamber in the experimental apparatus has 
a complicated shape with protrusions (Q in Fig. 1) 
which act as diaphragms or that ~ itself is not a 
constant but increases with diminishing To, that is 
to say, with increased intensity of the convective 
oscillations. 

The finding that convection is responsible for 
plasma loss from this system is also supported by 
probe measurements. 7 These measurements show 
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n' 

J 

FIG. 2 

that the currents to the wall probes are well cor
related along the lines of force, that is to say, the 
plasma actually escapes to the wall in complete 
tubes. Furthermore, the probe currents exhibit 
oscillations with a period of approximately 5 - 10 
JJ.Sec. If we assume that in the vicinity of the walls 
the ions rotate in azimuth with a velocity v0 = awo 
= T/MRo ~ 105 (and that the electric drift velocity 
is of the same order of magnitude) while the min
imum correlation length p ~ 1 em, the oscillation 
period is approximately p/v0 ~ 10 JJ.Sec, in agree
ment with experimental results. 

The dependence of lifetime on density N can be 
determined from the experimental dependence of 
To on time. 6 For example, using the experimental 
T = T(pt) curve for p = 2 x 10-6 mm Hg we can 
estimate the time for To to increase by a factor of 
e as 0.3-0.4 msec. But the mean lifetime for 
this interval (taking account of charge exchange) 
is approximately 0.15 msec. Thus, To increases 
in time in accordance with a function of the form 
To ~ N-112, which follows from Eq. (18) if Q5Qk 
< 1, as is the case if N < 109• 

7. CONCLUSION 

In spite of the numerous simplifications which 
have been introduced, our theoretical analysis is 
in satisfactory agreement with the experimental 
results and both lead to the conclusion that plasma 
instability arises in a system of this kind as a con
sequence of convection. In order to avoid instabil
ity it is necessary to have a magnetic field config
uration which increases in all directions as seen 
from the region occupied by plasma. One config
uration of this kind, which has only two mirrors, 
is shown in Fig. 2. This field consists of a meri
dian field, with lines of force of which lie in the 
planes of r and z, and an azimuthal field which is 

produced by a current I along the axis. If the force 
line A'B' C'D' of the meridian field has a negative 
curvature, as shown in Fig. 2, the field increases 
with increasing radial distance from this line. The 
field increases in the outward direction from the 
cross-hatched region at sections AB and CD in 
exactly the same way. 

If we now choose a current I which makes the 
azimuthal field small at the line A'B' C'D' but con-
verts the force line ABCD into a rather sharp 
spiral in BC, than all the force lines at the boundary 
of the cross-hatched torroidal region exhibit nega
tive curvature, that is to say, the field increases 
in all directions. Actually, the presence of a cur
rent I causes some elongation of the lines of force 
close to the axis of the system so that the longitud
inal pressure of the plasma will tend to push the 
plasma tube toward the axis. But if the longitudi
nal pressure is smaller than the transverse pres
sure, effects due to elongation of the lines of force 
will be small and the plasma will be stable in the 
cross-hatched region, since a rotational diamag
netic force acts upon it. 

In conclusion, the author wishes to express his 
gratitude to M. S. Ioffe and V. G. Tel'kovskil, who 
maintained constant contact with this work. 
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