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The unitarity condition with only two-pion intermediate states included is used to calculate
the moments of the charge and magnetic moment distributions of nucleons. Asymptotic ex-
pressions for these moments are obtained. We calculate how the phase shifts in electron
scattering from such nucleons differ from the phase shifts that would be obtained for point

nucleons.

].. Chew et al.! and Federbush, Goldberger, and
Treiman? have investigated the spectral distribu-
tions gy and gy of the isovector electromagnetic
nucleon form factors G{ and Gy which result
from two-pion states. The calculation requires an
expression for the pion-nucleon scattering ampli-
tude in the nonphysical region of momentum and
energy transfer. If one uses the contribution to
this amplitude from the pole term and the experi-
mental data on pion-nucleon scattering, one can
obtain an expression for the scattering amplitude
only for momentum transfer t close to t =4 .
This is no help whatsoever if one wants to perform
a reliable calculation of the anomalous magnetic
moment and mean square radius r? of the nucleon
without additional assumptions on the nature of
pion-pion scattering3 or the contribution from
states with large numbers of pions and nucleons.

The problem we have set for ourselves is to
calculate the quantities that depend specifically on
the spectral distributions for t in the neighborhood
of 4¢. Such quantities are the higher moments of
the charge and magnetic moment distribution
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or the higher multipole potentials of nucleon tran-
sitions, which are related to the nucleon structure
and determine, in particular, how the phase shifts
in electron-nucleon scattering differ from the
values obtained with point nucleons, e.g., expres-
sions of the form
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where P; and Q; are Legendre polynomials of the

first and second kind, t = — 2p2 (1 —2z), and p is
the momentum in the electron-nucleon center-of-
mass system.

For sufficiently large n or [, the integrals in
(1) and (2) depend only on a region close to the
lower limit, where the gV functions can be found
up to a factor which represents the value of the
pion form factor M (t) for t ~ 4 p?. This quantity
can then be measured by comparing the results of
calculations according to (1) and (2) with experi-
ment. Unfortunately the asymptotic nature of
Egs. (1) and (2) makes such a comparison difficult.

2. The spectral distributions obtained from the
unitarity condition including only the two-pion
states are of the form?
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where k =ky + ky, @ =k; — ky =p; — py, pi and Kkj
are the nucleon and meson momenta, v = | k| | p/,

M is the nucleon mass, p is the meson mass, and
A is the isovector amplitude for two-pion nucleon
annihilation.

This amplitude A can be divided into a pole
term and a regular part, A = AP + A’. Those
terms in the gV obtained by putting AP in (3) were
found by Chew et al.! For small ¢ =Vt/4u® — 1,
they may be written (here € =pu/M)
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The terms obtained from the regular part of A
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can be found by inserting the first terms of the
expansion of A’ about t = 4u? into (3). These were
obtained by Galanin et al.! by analytic continuation
of the experimental pion-nucleon scattering ampli-
tudes:

= (&*/ W) (@rv| M — ask),

a,=0.0065, ay= 0.0125.
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Inserting (6) into (3), we obtain the corresponding
terms in the gV, namely
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3. Comparison of (7) with (4) and (5) shows that
the regular part gV’ of the spectral distribution
is significant only for very small values of &.
Bosco and Alfaro® have used expressions such as
(7) to calculate the asymptotic behavior of the
isovector part of the charge and magnetic moment
distributions, obtaining
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This expression, however, is good only asymp-
totically for r > 1/u€, and can therefore not be
used to construct the entire pV (r) curve by inter-
polation, as was attempted by Alfaro and Predazi.
This is because in the region 1/2u « r < 1/u€ the
fundamental role is played by values of ¢ in which
the gV are given by the pole term (5).

Inserting (5) into (1), we obtain
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Inserting (5) into (8), we obtain
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4. Expressions can be given for the difference
between the electron-nucleon phase shift and their
values for a point nuclﬁon It is more convenient,
however, to give the aj and bj, which are related
to these differences in the phase shifts by the ex-
pressions
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Here 3’16‘{ are the triplet and singlet phase shifts
for total angular momentum J, and v{,; and yJ
are parameters which describe the amount of mix-
ing between states with total spin 0 and 1 and states
with orbital angular momenta J — land J + 1.
Then the a%{ and b are given by the following ex-
pressions, where we use Eqgs. (5) for the spectral
distributions:
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Calculation for the case 1 =4 and p =u leads

to very small values (of the order of 107) for
the differences in the phase shifts and the mixing
parameters. This is a reflection of the following
situation, which makes it difficult to apply to the
present case the methods of calculation suggested
by Galinin et al.* Equations (12) are the leading
terms in a power series expansion in 1/ L, where

L=141 >l (13a)
L=mn(+1), <<l (13Db)
On the other hand, angular momenta 7 g loff
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~ rop play a role in the scattering, where r, may
be called the radius of interaction (for our case it
is of the order of the nucleon radius). In case
(13a) a satisfactory expansion is one in powers of
1/L for I 34 — 5; but then leff «< 1, and the
phases obtained for I =4, of course, turn out to be
very small. For p > pu, the value of leff increases,
but the values of I for which the phases can be cal-
culated also increase linearly with p. It is most
convenient to investigate the region where p ~ p,
but our calculations have shown that in this case
also the differences in the phases and mixing
parameters are extremely small.

In conclusion we express our gratitude to I. Ya.
Pomeranchuk for his interest in the work and for
helpful discussions.

APPENDIX

We give here the formulas relating the phases
and mixing parameters with the matrix elements
Sg,’ 18, 1 of the scattering matrix in the repre-
sentation in which the total angular momentum J
is diagonal (S, I, S8’, and I’ are the spin and
orbital angular momenta before and after scat-
tering):

V. B. BERESTETSKII and M. V. TERENT’EV

S{. J41; 1, J41 = COS 2TJ exp (2536j+1)»

S{, J—1; 1, J—1 = COS QTJ exp (2;‘365 —1)

S5, s 411, y—1 = isin 277 exp (%871 + %87 1),
S3 1. o, 7 = cOs 274, exp (2i18Y),

Sy J; 1,4 = COS 2“{&1 exp (2i361),

S1.4: 0,4 = i sin 2¢5, exp (i8] + i%8)).
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