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The methods of superconductivity theory are applied to a Heisenberg type four-fermion two-
component Lagrangian with cut-off. Owing to the rearrangement of the vacuum state, the two-
component nature of the initial field does not hinder the appearance of a fermion mass.

Boson excitations are found which are analogous to acoustic excitations in a superconductor.
Interaction between the excitations is discussed.

WE shall consider the simplest Lagrangian,’
containing only a two-component spinor field u(x):

L = —u*spu — 1 M (ugu) (u*gu®)
= —utopu — 3k (uou) (utomm). (1)

Here op = (0, 1), 0p = oppr =GP — 0yPy, O is the
Pauli spin matrix and g = ioy. The Heisenberg
operators u(x) and u® (y) obey the usual anti-
commutation relations {u(x, t), u*(y, t)}
=§{x —y). We assume a cut-off at a large
momentum A, the physical reason for which is
not considered. The Lagrangian L is not invar-
iant with respect to the operations P:x — — x
and C:u— gu’, but is invariant under CP and T.
From (1) we have

opu + 5 A (ugu) gut = 0. 2)

We use the methods of the theory of superconduc-
tivity in order to solve (2). Following the work of
Gor’kov? we introduce the quantities

Gy = (Tu(x)u” (),

F=<u(x)u(y), A=3hcu(x)gux)»; @)
where the symbol <...> denotes an expectation
value for the physical vacuum. Taking into account,
as in the theory of superconductivity, only qualita-
tive effects connected with rearrangement of the
vacuum, we obtain from (2) and (3)
opGy (p) — AgkF™(p) = —1i,  opF*(p)+ A"gGy(p) = (04;)

. A a A® d4
8 =—3lapsp o = —ina | T
where dp = (27)™dpdp,, p? < A% 6 — + 0.
Besides the trivial solution A* = 0, Eq. (5) can
have a non-zero solution for the condition
(47) A% > 1. |A|? then satisfies the relation

. d*p A . A2
lr——lhgpz_l_l/_\lg_ia = Ty (A2 IAlzlnl—AF>.(6)

(51

Assuming that the mass m = |A | « A, we find
that for (6) to be fulfilled it is essential that
(41r)'27xA2 should be very close to 1, i.e. Am? « 1.
The hypothesis of such a connection between the
interaction constant and the cut-off was put forward
in Zel’dovich’s work.> A more rigorous discussion
leads to an integral equation instead of (5), with the
constant A replaced by an irreducible four-pole.
We shall find that this only changes the relation
between the mass and the parameters A and A.

It is convenient to go over to a four-component
description. We introduce

V= ((Al;nL) gu+) G = @)% ). (7)

Equation (4) then takes the form
(p+m)G(p)=—i,

where P =vypDr =7+P — YoPo, Yr being the usual

v matrix in the Weyl representation. Equations

(7) and (8) describe a Majorana particle of mass

m: if we introduce the charge-conjugation matrix

c=4(_0),

(8)

then
Pe (X) =P (%) C =¥ (x).

With the notation of (7), the Lagrangian (1) takes
the form

L= — 190 + L A [@rew)*+ @)
= —1%p% + 2 A (V1) ®)

We shall find collective excitations analogous to
excitations in a superconductor.4 For this purpose
let us consider the two-particle Green’s functions.
There are six types of such functions corresponding
to the number of possible antisymmetrical § com-
binations:

Ts = iToY1T2Ts-
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K, =5 < (0) 16 (), 7% () 1o (),

K_o=5 @), $@)v @)

Krp=—Kqr= % < () 151 (%), i () 759 (9))-

As above, if we replace the irreducible four-pole

. bv the constant A, we obtain the following equations:

K_(q) =11_(q) + iAMI_(¢) K_(9),
K+ (q) = I—I+ (q) + i}\’r‘[-p (q) K+ (q) + ”"H# (q) Kf+ (Q),
Kr, (q) =11, (9) + iM,, (q) K, () + iMLn(q) Kn, (9);

d4 2 4
N =—{Ceepesm), T, =—mg |0 = “aé
d4
Up = S T‘i [87n (P1p2 — M®) — 2pyrD2nl,
p=p+a2, p=p—aq2,  sa=pi,tm

11

The excitation spectrum is determined by thfa )
poles of the functions K. From (11) and (10)
taking account of (6), we find that in the region g2
« A? the function Kr, does not have a pole, K,
has a pole q%> = 0 and K has a pole at the point
— q* ~ 4m? — m?/In (A%/m?®). Thus there exist
odd-CP excitations of zero mass and even CP
related to a two-particle state.

Let us examine the interaction between the
particles obtained. As an example we shall find
the interaction between two fermions through ex-
change of the massless “‘K, particle’’. The scat-
tering amplitude of particles with momenta p; and
p into the state with momenta p; and p, is given
by the expression

i\ —. -
<pss pa|T exp {5 | dvx [Ghirat) + @)1 |
Let us look, for example, at the non-exchange
term. The term of interest to us is of the form

(#75)3,1 (i75)a.2 [% - %g\ <1E (%) T (%) )
HoDm-shewe] oz

Using equation (10) for the expression in square

brackets in (12) to the accuracy of terms ~ Amz,
we obtain

PiP2 -

iV (q) _ ik AT i 1
2 _7( I+ 1—ix+n+>_ 21— Ml (9) ° (13)
According to (6) and (11) we have
iA (q) _ iA . i (4m)?
2 2iA [T, (0) — 4. ()]~ ¢*[In (AYm?) —3j4+ 2(1 —fcot§)]’
(14
where sin? = — q?/4m?. In spite of the smallness

of the primary constant A, the effective interaction

N (q) is therefore not very small. As was pointed

out by Zel’dovich,3 a similar situation occurs in

the problem of resonance scattering, which has

some features in common with the model considered.
We shall explain the relation between the re-

sults obtained and the usual description of the

interaction in the form
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Lint = eitp (x) Y53 (X) @ (x)- (15)

The magnitude of e is determined by comparing
(14) with the scattering amplitude for small values
of g2, obtained by perturbation theory from (15).
We obtain
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Let us consider the question of renormalizations
for the interaction (5). If we do not taken into ac-
count, as in deriving (14), the correction to the
function G and the vertex part, we obtain for the
effective interaction, analogously to (14)

— 4e2D (q) = 4ie?/[q® + ie2 811, (q)].
Here the boson Green’s function D (x — y)
=<@(x), ¢(y)> and II, is given by Eq. (11).
According to the rules of renormalization, we
must subtract ie%Sl’I+ (0) from the demoninator of
expressions (7), after which (7) takes the form

AT e
7:2_[<1+'(2:q2 (ln ))
T (:T")g 2(1~—Bcot6)}

By comparing (18) with (14) we can verify that
expression (16) does in fact determine the renor-
malized physical charge of the usual theory:

o2 A2 -1
ez=e§[l+#(lnﬁi—%)} . (19)

It can be seen from (19) and (16) that (18) agrees
with (14). In this way we can understand in the
model discussed the calculated quadratically di-
vergent ‘‘self mass’’ of a boson in the usual re-
normalization.

The authors thank S. T. Belyaev for valued
advice.

A2
e?/4n? = [ln,;l; — (16)

amn

Ay 3

— D= T

(18)

Note added in proof (15 December, 1960): After our work was
sent to be printed we became aware of a work by Nambu in
which analogous results were obtained (Y. Nambu, Report to
Midwest Conference on Theoretical Physics, March 1960, pre-
print).
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