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A set of coupled integral equations for the S and P pion-nucleon scattering wave amplitudes 
at small energies is deduced on basis of the dispersion relations for forward and backward 
scattering and the unitarity condition. The contribution of the cut in the nonphysical region 
is taken into account without applying the analytic continuation by the Legendre expansion. 
The integral equations include NN-annihilation amplitudes, which are explicitly connected 
with the presence of the 71'71' -interaction. 

1. INTRODUCTION 

SEVERAL authors 1- 3 have recently attempted to 
solve the problem of strong interaction at low 
energies on the basis of the two-dimensional dis­
persion relation proposed by Mandelstam.4- 6 They 
used from the very outset the dispersion relations 
for the partial amplitudes. The scattering ampli­
tudes in the nonphysical region were obtained by 
means of an analytic continuation of the Legendre 
expansion from the physical region, which becomes 
invalid on the boundary of the region, where the 
spectral functions do not vanish. 

Efremov, Meshcheryakov, Shirkov, and Chou7 

have shown, however, that the higher partial waves 
in the Legendre expansion cannot be neglected. In 
particular, if the contribution from the nonphysical 
region is not cut off at high energies, then the co­
efficients of the higher partial amplitudes even 
diverge. 

In the present paper we derive a system of 
coupled integral equations for the amplitudes of 
the S and P waves of pion-nucleon scattering at 
low energies, using the dispersion relations for 
the forward and backward scattering and the 
unitarity conditions. The dispersion relations for 
the forward and backward scattering have the ad­
vantage that the scattering amplitudes in the non­
physical region can be expressed directly in terms 
of the amplitudes of the crossing reactions without 
the use of analytic continuation. The problem of 
the violation of the Legendre expansion does not 
arise here. It is very possible that these integral 
equations will permit a more accurate evaluation 
of the contribution due to cutoff in the nonphysical 

region. The dispersion relation for the backward 
scattering, together with the integral equations, 
contains the amplitudes of the annihilation reaction 
N + N- 71' + 71', so that the influence of the 71'7r 

interaction can be taken into account. 
The integral equations obtained should be solved 

simultaneously with the integral equations for the 
annihilation N + N- 1r + 1r. Quite recently, 
Efremov, Meshcheryakov and Shirkov8 obtained a 
system of integral equations for the scattering, 
under the assumption that the NN annihilation 
proceeds in the low-energy region predominantly 
via the S and P states. They have also used the 
advantage of the dispersion relation for the back­
ward scattering. 9 Their system of integral equa­
tions has an interesting feature in that it can be 
solved without knowledge of the NN annihilation 
amplitudes, provided the 1r1r scattering phases are 
known. 

The integral equation derived in the present 
paper is suitable for the case when the real part 
of the annihilation amplitude in the states with 
higher moments cannot be neglected compared 
with the annihilation amplitudes in the S and P 
states. 

In the second section of the present paper we 
investigate the locations of the singularities of the 
forward and backward scattering amplitudes. 

In Sec. 3 we write out the dispersion relations 
for the forward and backward scattering, and give 
the connection between the amplitudes of the S 
and P waves, on the one hand, and the forward 
and backward scattering amplitudes on the other. 
In Sec. 4 we derive integral equations for the am­
plitudes of the S and P waves. The results ob-
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tained are compared with those of Chew, Gold­
berger, Low, and Nambu. 10 

2. REGION OF VALIDITY OF THE LEGENDRE 
EXPANSION 

The notation used in the present paper is 
standard. For convenience, however, we shall 
define it in this section. 

As is well known, processes of the form 

I. :rt(Pt. a) -1- N (Pa)~:rt(- P2, ~) + N (- P4), 
II. :rt (p2, ~) + N (Pa) ->- :rt (-PI, a)+ N (- P4), (1) 

Ill. N (Pa) -+- N (p4) ~ :rt (-PI, a)+ Jt (- P2, ~) 

are described by a single Green's function. Here 
1r, N, and N are respectively the pion, nucleon, 
and antinucleon. The p's inside the parentheses 
denote the corresponding four-momentum vectors, 
directed inward; a and {3 are the isotopic spin 
indices. 

In the momentum representation, the Green's 
function has the form 

T = 613" {-A+ (s, s, t) + 1-i (!h- p2 ) W (s, s, t)} 

++[-r,~, -r"] {- A-(s, s, t) ++i(pi-p2)B-(s, s, t)}, 
(2) 

where 
s = - (PI + Pa)2 = - (P2 + P4)2, 

s = - (PI + P4)2 = - (P2 + Pa)2 , 

t = - (PI + P2)2 = ___= (Pa + P4)2 , s + s + t = 2m2 + 2 
(3) 

( m is the nucleon mass, and the pion mass is set 
equal to unity). Only two of the three variables s, 
s, and t are independent here. 

The invariant functions A± and B± satisfy the 
following relations: 

A± (s, :S, t) =±A± (s, s, t), B± (s, :S, t) = + B± (s, s, t). 
(4) 

According to Mandelstam, 4 they also satisfy the 
following two-dimensional dispersion relations 

± - 1 00~ ' 00~ -, a~ (s', s') 
A (s, s, t) = 2 ds ds ( ) 

1t (s' - s) s' - s 
(m+I) 2 (m+l) 2 

00 00 

1 \ d '\ dt' a~ (s',l') + Jt2 .\ S ~ (s' - s) (t'- I) 
(m+IP 4 

+ ~ \ ds' r dt' a~~ (s', t') 
n' ~ j ( s' - s) (I' - I) ' 

(m-j-1)' 4 

± - g2 - g• 
B (s, s, t) = -,-+ --­

rn -y; m2- s 

00 ':' - b~ (s', s') 
I 1 (' d ' \ 

TJr' ,\ S J ds' --=--:-=-= 
(s'-s)(s'-s) 

(11! f-1}' (m\-I)' 

1 00 
,( , b~(s', I') 

+ Jrl ~ ds .\ dt (s' _ s) (I' _ t) 
(m+l)' 4 

. ':' ':' b± (5· t') + _; 1· ds' 1· dt' 23 • , 
1t .\ .\ (s'-s)(t'-1) 

(m---r·l) 2 4 

(5) 

where a± and b± are spectral functions, and g is 
the renormalized rationalized -rrN -coupling constant. 

To facilitate the analysis we introduce the fol­
lowing variables in the center-of-mass system: k 
and 4> -momentum and scattering angle for reac­
tion I; k and ~ - momentum and scattering angle 
for reaction II; p, q, and (} - respectively the 
nucleon and antinucleon momentum, the pion mo­
mentum, and the scattering angle for reaction III. 
We then have the following relations for reaction 1: 

s = m 2 + 1 + 2k2 + 2 V (m2 + k2 ) (I + k2), 

s = m2 + l-2k2x- 2Jf(m2 + k2)(1 + k2), (6) 
i=-2k2 (1-x), x=cos<D. 

The corresponding relations for reaction II are 

s = m2 +I- 2k2x- 2 V (m2 + k2) (1 + k2 ), 

s=m2 + I+ 2k2 +2V(m2 +k2)(1 +k2), 

X= COS <D. 

(7) 

For reaction III we have 
s = - p2 - q2 + 2pqz, s = - p2 ~ q2 - 2pqz, 
t = 4(m2 f- p2 ) = 4(1 + q2 ), z =cos 8, (8) 

It is known from experiment that only small 
values of the momentum are significant for 1rN 
scattering at low energies, and the other states 
can be neglected. As indicated in reference 7, to 
determine a small number of partial amplitudes it 
is sufficient to have dispersion relations for only 
several fixed values of the angle. Thus, in the 
energy region where all the states except S and P 
can be neglected, we need dispersion relations for 
two angles only. The most suitable angles are if' 
= 0 and 4> = -rr. 

The forward scattering for reaction I is deter­
mined by the condition 

t = 0, (9) 

which determines also the forward scattering for 
reaction II. The backward scattering in reaction I 
is determined by the condition 

(10) 

Simple calculations show that (10) determines also 
the backward scattering in reaction II and the 
forward and backward scattering in reaction Ill. 
In Fig. 1, condition (9) is represented by a straight 
line while condition (2) corresponds to the 
hyperbola and to the ellipse. 

The branch of the hyperbola in region t =s 4 is 
connected with the backward scattering in reac­
tions I and II. The second branch, in the region t 
;:::: 4m2 is connected with the backward and forward 
scattering in reaction III. The ellipse, on which s 
and s are complex, corresponds to the nonphysical 
region of reaction III, where 4 =s t =s 4m2• 
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s-o 

FIG. 1 

The dispersion integral for the forward scat­
tering is taken along the line t = 0. The scatter­
ing amplitudes for reaction I in the nonphysical 
region are directly connected with the amplitudes 
for reaction II in the physical region when cos cl> 
= 1. Thus, no analytic continuation is necessary. 

F·or the backward scattering the dispersion 
integral is taken along the curve given by Eq. (10). 
The scattering amplitudes of reaction I in the non­
physical region are connected not only with the 
backward scattering in reaction II, but also with 
the scattering amplitude of reaction III when cos ci> 
= ± 1. Inasmuch as the unitarity condition for re­
action III, as was shown by Mandelstam, 11 is ana­
lytically continued in the region 4 :::::; t :::::; 4m2, no 
further analytic continuation is necessary in this 
case, too. 

The singularities in the cuts of the forward and 
backward scattering amplitudes for reaction I in 
the complex s plane can be obtained by projecting 
the curves of Fig. 1 on this plane. The singulari­
ties of the forward scattering amplitudes are well 
known; the cuts of the backward scattering ampli­
tudes are shown in Fig. 2. The position of the 
poles is also well known and is therefore not 
shown in Fig. 2. 

3. DISPERSION RELATIONS FOR FORWARD AND 
BACKWARD SCATTERING 

The dispersion relations for the forward scat­
tering have the form 

FIG. 2 

00 

m!.l 
(m-+7.1JZ...----s 

A± (s, cos <D =I)=_!_ (" ds' (·-,-1 -± ---1 -_) A; (s', 1), 
n J s - s s'- s 

(m+1)2 + 
UQ 

± (s I) - _L_ 4= _g_•_ _!_ \ ds' (-1 -B • - m•- s m• _ s + •:rt j s' - s 
+ (m+1)' 

=t= - 1 --) Bf (s', I). (11) 
s'- s+ 

A{= and B{= have been determined by Mandelstam4 

and coincide with the imaginary parts of A± and 
B± in the physical region of reaction I; s+ is de­
fined as 

(12) 

We can also calculate directly the dispersion 
relations for the backward scattering. The posi­
tions of the singularities and of the cuts for this 
case are shown in Fig. 2. From this follow di­
rectly the dispersion relations (the pole terms 
are separated, the integration contour is chosen 
as shown in Fig. 3 ): 

00 A± ( ' 1) A± ( ,.... I) 1 \ ds' 1 s , -s, cos '-V = - = n J s'- s 
(m-1)' (m+1)' 

- __!_ \ ds' At (s', -1) 
n j s'- s 

0 0 ·-m2 +I 

-~{~ + ~ _ ~ + ~ }ds'At5~s~-:-1), 
g+ g_ --mz + 1 -co co 

..2 2 1 ~ B±(s',-1) 
B± (s -I)= - 15 - 4= ~ +- ds' -'--1 ~.--

' m2 -s m•-s :rt s -s 
- (mof.1)2 

(m·-t)' + 0 
_ __!_ \ ds' B2 (s',-1) _ _!_ { ~ + ~ _ \ 

n ~ s' - s n J J j 
o g+ g_ -rn'-+1 

--m2 +1 

+ \ l ds' B-'[;'-c -,-(s_'._-_1) 
j ( s' -s 

(13) 
-oo 

At, Bt and At, Bt are also given in Mandelstam's 
paper. They coincide with the imaginary parts of 

FIG. 3 
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A± and B± in the physical region of reaction II 
and Ill respectively. The contour g+ is a semi­
circle in the upper half plane and is followed 
clockwise, while the contour g_ is a semicircle 
in the lower half plane and is followed counter­
clockwise (Fig. 3). s_ is defined as 

s_ = (m2 - I )2 Is. (14) 

The signs preceding Af, Bf and Af, Bf, which 
appear in the integrals, must be determined with 
allowance for the signs of the small imaginary 
parts of s and t in the dispersion relations (5). 
Let us illustrate the determination of the sign 
proceeding Af in the integral over the contour g+. 
For backward scattering t = - 4k2• On the semi­
circle in the upper half plane, s has the form 

s = pei<P, O<:cp<::n:. 

It is readily shown that 

Im t = _!_ {(m2 - 1)2 - p2 } sin cp. 
p 

(15) 

(16) 

Thus, t has a negative imaginary part outside the 
semicircle in the upper half plane and a positive 
imaginary part inside the semicircle of the upper 
half plane. The sign in front of Af in the integral 
over g+ should be negative, in contradiction to the 
result obtained by MacDowe11. 12 

The dispersion relations (13) can be recast in a 
form similar to (11). The integrals in (13) are 
actually taken along the curve ss = (m2 - 1)2• In 
some of these it is convenient to make a change of 
variables 

s = (m2 - I )2 1 s. (17) 

In particular 

1 (m-1)' A±(' -1) 
\ ds' 2 s ' 

.:rt J s'- s 

00~ d-, s_ Ag=(s', -1) 
s ==; -==-=--

:rt s s'- s (18) 
(m+1)2 

A±3 (s', -1) 1 -m~'H - s_ A3±(s', -1) 
ds 1 = -- dsl =----=-o,---=--

s' - s 1t s' s' _ s • 
-co -

Applying relations (4) to (18), we obtain 
(m-1)' + co 

(' ds 1 A2 :s',-1)=±_!_ \' dsls_Af(s',-1) 
) s - s :t j s' s'- s_ 

--
:t 

0 (mH)' (19) 
1 ° A±(s'-1) -m~'+1 -s A±(s',-1) 

\ dsl 3 ' = -, i. ds' -= 3 
:t j s'- s -, :t s' -"--s-' ----=s-

-m'+l -oo 

In a similar manner we obtain 

·1 (m-1)' B± (s' - 1) oo 
\ dsl 2 ' = + _!_ \' 

:t j s'- s :rt j 
o (mt-1)' 

d . s B((s', -1) 
s -= -"-----=-­

s' s'- s_ 

o + , -m'+-1 _ !3+ , 
1 \' d 1 B3 (s , -1) = ± __!_ (' d 1 s_ 3 (s , - 1) 
:t \ s s' s :rt ) S s' • · _,;,_i-1 - -oo s - s_ (20) 

We recognize further that the integral over g+ 
is the complex conjugate of the integral over g_ 
for physical values of s. Therefore (13) can be 
reduced to the following form: 

A±(s -I)=_!_ C ds 1 (-
1 - ± 5--1 -_ ) A± (s' -I) 

' rt ~ \ s'- s s' s' - s 1 ' 

(m+1l' -

A±(s' -1) 
- ~ R.e I ds 1 3 ' 

:t .\ s'- s 
g_ 

s_ t ) + I ± ~--- A:ds, -I), 
s s'- s_ 

-m 2-t-1 

1 \ dsl (-. 1_ 
:t .\ s-s 

-co 

00 

s± (s, -I)= -F-+ ~ + _!_ I ds 1 (,-
1 -

m - s m2 _ 5 :rt .\ , s - s 
(m+1)' 

- s_ 1 ) s± ( I I) 2 R. \ d I Bif' (s'' - 1) + 7 -s.---5- 1 s ' - - 11 e .\ s -"-s--,-' --s-
- g_ 

-m'-t-I r _ ) 
1 ~ d , , 1 s 1 s+ ( I 1 ) -- s 1-,-::r:-;=--_ 3 s'- . 
:rt \S-S Ss'-s_ 

-co 

(21) 

If we can neglect the D wave and the higher 
waves, then the amplitudes of the S and P waves, 
f~112 ( s ), ft112 ( s ), f~312 ( s) can be readily ex­
pressed in terms of the forward and backward 
scattering amplitudes 

f't1, (s) =-Hff (s, 1) + ff (s, - 1 )}, 

f~•;, (s)- f~,1• (s);::::; + {f;}: (s, 1) + ft (s, - I)}, 

t=i;.Js)zi{ff(s, 1)-ff(s, -!)}. (22) 

The expressions for ft and f~ have been ob­
tained by Chew, Goldberger, Low, and Nambu 
(CGLN) 10 and have the following form 

f + E-t-m A+ ) v- + 
1- (s, x) = ----:;r { - (s, x + ( s- m) B- (s, x)}, 

8:rt t s 

+ E - m A+ v- ) B+ ( ) {2-(s,x)=--:;-;={- -(s,x)+( s+m -s,x}. 
8:rt t s 

(23) 

Here E is the nucleon energy in the c.m.s. 

4. INTEGRAL EQUATIONS 

The problem now consists of expressing At 
and BT in terms of the imaginary parts of the 
partial amplitudes of the 1rN scattering, and ex­
pressing Af and Bf in terms of the imaginary 
parts of the NN -annihilation amplitudes. The ex­
pressions for At and Bt can be obtained directly 
from (22) and (23): 
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1 ± Jfs ' m { ± ~ l 
4n Ar (s, 1) ~ E + m Im fs,lz (s) + 3{;;,1, (s)( 

VS-m {t±() f±(·l - E - m Im P•;, s - P•;, s) I ' 

1 ± Vs + m {f± ( ) 3f± }. -4 Ar (s, -I)~ -E-- Im s,; s - P•;(s) 
rt +rn 2 z 

Vs- m {f± ( ) f± } - E-m Im P•;, s - P•;,(s) , 

4~,r Bf (s, I)~ E: m Im {f~1,(s) + 3fff.1,(s)} 

+ E !._ m Im {tt.1,(s)- f#;1,(s) }. 

4~ Bf(s, -I)~ E! m Im U"t1,(s)- 3fff.1,(s)} 

1 ± + + E _ m Im {f P•;,(s)- fp;1,(s)}. (24) 

In order to express Af and Bf in terms of the 
scattering amplitudes of reaction III, it is first 
necessary to obtain a relation between the values 
of s and x = cos ~ for reaction I, and between t 
and z = cos (] for reaction III. It follows from (6) 
that for backward scattering 

t=2(m2 +I)-s-(m2 -1)2 s-1 • (25) 

It can be shown that on the integration contours in 
(21) 

z = (s- Sjj4pq =-I. (26) 

The NN annihilation reaction was investigated by 
Fraser and Fulco.2 It is easy to express Af and 
Bf i~ terms of the partial wave amplitudes f~J 
of NN annihilation with a definite helicity, 
where I and J denote respectively the isotopic 
spin and the total angular momentum of the NN 
system. The signs + and - pertain to two 
helicity states. Taking into account the unitarity 
condition for reaction III, we obtain after simple 
calculations 

At(s,-I)= ,~~6 ,2; (J+ 2~)(pq({yVJ(J+I) f J~·even \ P 

XIm f~J(t)- Im f'!t-J<t)} , 

A;-(s, - I) = 4n ~ (J _j_ ~ \ (pq)J 
J-odd ' 2) P2 

;c {-:;-VJ(J-+I)Imf::J(t)+Imf~J(t)}, 

.l.. 41t ~ (! ' 1 ) v B3'(s, -I)=- , 1 -6 ~ T 2 J(J + 1) r J-even 

><(pqV-1Im f~J(t), 

B;;(s, -I)= 2n h (1 + +) V J (J + I) (pqV-IJmf:-_J (t). 
J-odd (27) 

We have here on the contour g_ ( 0 :s cp :s 1r) 

s = (m 2 - I) e-ice, t = 2 (m2 + 1)- 2 (m2 - 1) cos «:p, 

rq=+i(m2 -I)sin«:p, (28) 

and for - oo < s :s - m2 + 1 

t = 2 (m2 + 1)- s- (m2 - 1)2s-1 , 

pq = ~ {(m2- I)2s-r- s}. (29) 

It is interesting to note that on the contour g_ the 
quantities A3 and B3 are real, and A3 and B3 are 
pure imaginary. 

The first few terms of the expansion (27) may 
be sufficient to represent Af and Bf adequately 
for values of t not much greater than 4. This re­
gion makes an appreciable contribution to the dis­
persion relations. It pertains, however, to the 
nonphysical region of reaction III, which is not 
amenable to experiment. The actual number of 
terms that should be retained should be established 
during the process of solving the integral equation. 

Introducing the notation 

V- K (' ) 1 ~ 1 
<D == s - m, ± s ' s = s'- s ± ?"" s'- s_ ' (30) 

we obtain from (11) and (21) - (24) equations 
which, in conjunction with the unitarity condition, 
yield integral equations for 1rN scattering. For 
the amplitude f~112 ( s) we have 

± w (E + nz) g2 { 2 ( 1 + 1 ) } 
p••;,(s)= 16:rtVs m•-s+ m2 -s~ m•-s_ ' 

00 

I± (s) = _1:_ (' ...!!!___ { E + m JfS' + y:S Im f± (s') 
5'/, :rt J s' - s E' + m 2 ,/ 5'/. 

(m+r)' f s 

E+mVs-V8' I f± ' I f± '} + 2Vs E'-m [ m P•;,(s)- m P•;,(s )] ' 

+ E + m C , { , 2m + w' - w ± , 
!Is;1,(s) = ± 4n y:S J ds 3K_ (s , s) E' + m Im f p.Js ) 

(m+l)' 

K ( , ) [2m+ w'- w I f± ( ') w' + w I (f± ( ') + + s , s · E' + m m 5,1, s - E' _ m m P•;, s 

E+m J-m'+l 
1IIt1, (s) = - 16:rt Jfs ~ l ~ ds' !K± (s', s) Af(s', -I)+ 

-00 

+wK+(s', s)Bi(s.-1)] +2Re ~ /:._s [Af(s',-1) 
g_ 

+ wBf(s', -I)]}. (31) 

The quantities A} and B} in the equation for 
IIIg 1 2 ( s) should be replaced by the expressions 
in (1j7). The corresponding equations for f~112 ( s) 
- f~312 ( s) have the form 
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f"#.1,(s)- ff.1,(s) = P"#.1,, _,1,(s) + I$;1,, _,Js) + II$;1,, _,1,(s) 

p± (s) = (Vs + m) (E-m) g• {-2-
P•;,, -•;, 16at V s m•- s 

=F ( m• ~ 5+ + m• ~ 5_ ) } ' 

+ 1 C ds' {E-m y:S· + Vs f+ , 
1p;;,, -•;, (s) ='it J s'- s E'- m 2 V Im [ P.;,(s ) 

(m+l)' 5 

t± ( ')J E-m Vs-VS' I f± ( ')\ 
- P',', s + E' + m 2 fs m ••;, s J '· 

00 

± E-m ~ '{ , 2m+Jf5'+Vs .lip, ,1 (s) = =F 4 ,r ds 3K (s , s) E' + •·- • n r s - m 
(m+l)' 

X I f+ ( ') K ( I ) r 2m+ vs- + -v:s I f+ ( ') m P.;, s + + s , s L E' + m m s;1, s 

-'-2m+ ro-w' Im (f±, (s')- f ~. (s')]l 
' E' -- m P ;, P '' . f"' 

-m'+l 

1II"#.1,,_.Js) =- ~;;s *"{ ~ ds' 1-K± (s', s) Af (s', -I) 
-00 

+CVs+m)K"'(s',s)Bf(s', -I)] 

+ 2Re ~ /:_s [-Af(s',~-I) ·HVs+ m) Bf(s', -l)J}· 
Jl-

± (32) 
The equations for the amplitude fp312 ( s) have 
the form 

Illf>3/.2, which are completely missing from their 
equations. These terms clearly represent the ef­
fects of the 7T7T interaction, since the Im f~J 
vanish within the limits of the two-meson approxi­
mation for the unitarity condition if the 7T7T inter­
action vanishes. 

To compare the pole contribution and the con­
tributions from the regions of reaction I and II, 

± ± we can neglect 1m fs 112 and Im fp 112 compared 
with lm ft312 and discard terms of order ( w /m )2 
compared with the principal term, as was done in 
the CGLN paper. We then have the following ap­
proximate expressions for P~ 112, I~ 112, and II~ 112: 

P~;,(s)=- f:z~:s{(l- ;m)±(I+ 2:z)}, 
± 2m2 r dw' ( '(!)' (!) ) ± ' 

I.,1, (s) ~ n y:S .l k'2 I + 2m -2m Im f P•f, (s ), (34) 
1 

2 2 CXl 

II± ( ) ~ ± m I dw' ( ro' w · 
"t, s ~ nl':S r F I +2m- 2m) Im ff.Js'). 

T±he approximat; equations for Pf>112 ,_312, 

lp1f2,-3f2' and llp1/2,-3/2 are 

P"#.t,.-•t,(s)~-r·:• {(I- ;m)±(I+ z:)}(I- z:). 

1"#.1,, _,1, (s) ~-* r dw' :: (w· ~ 00 + -k) Im ft.1,(s'), (35) 
1 

:ri± (s) ~ ± 1 f dw' !:'!__ (-1-- _!_) Im fp± (s') 
P1f,, -% ,.,_. · · ~ J k' 2 w' + w m '!. ' ff.1, (s) = Pf.1,(s) + If.1,(s) + IIi,1,(s) + IIIi,1,(s), l 

± ro (E + m) ( 1 1 ) where f is the renormalized pseudo-vector 
p P•f, (s) = =f 48lt fs g2 m2 - S+ - m2- S- ' COUpling COnstant, defined aS 

± 1 00~ ds' E + m ,IS' + ,'s ± , f2 2 6 2 I (s) " ~ " ~ Im f· ( ) ~ g I I nm . (36) P•;, ='it s'- s E' + m 2 ys P•f, s , · 
<m+1>' oo The approximate expressions for Pf>312, It312 , 

II ± ( ) ± E + m \ d , 13K ( , ) 2m+ ro'- w I f± ( , and Tip± have the form 
P'lz s =. 12nfs J s I + s , s E' + m m P•;, s ) 3/2 

(m+l)' 

-1-K (, )'[2m+ro'-ooi f± ( ') , _ s , s· E' + m m •• 1, s 

- ~: ~: Im (f"#.1,(s')- ft.Js')) ]}• 

IIIf.1,(s) = -1 III~1,(s). (33) 

Equations (31) - (33), in spite of their un­
wieldiness, are rather simple. Each of the am­
plitudes is the superposition of four terms: P±, 
I±, II±, and Ill±. The term p± is the contribution 
from the poles, while 1±, n±, and III± are the con­
tributions from reactions I, IT, and III, respectively. 

Since these equations contain the amplitudes of 
reaction III, they should be solved simultaneously 
with the integral equations for the NN annihilation. 
It is interesting to compare Eqs. (31) - (33) with 
the corresponding CGLN result. 10 The main dif­
ference lies undoubtedly in the fact that our equa­
tions contain the terms 111~1/2 , 111~ 112 ,_312, and 

I~ •. (s) = _1_ r dw' (-,-1- + ~) Im ff.1 (s'), 
/z 1t ·' .w - (l) m 2 

1 

II± ~ + 1 r dw' { 2 (w + ro')2 r· k' J 
P•Js) ~- n ~ ro + (u' I + 3k'2 _I- (ro + ro')' 

1 

- 2ro - 2 (ro + ro')"} Im f± (s'). (37) 
m 3mk' 2 P•;, 

Thus, the pole contribution and If>112 _3; 2 are 
exactly the same as given by CG LN, 'within the 
limits of the approximation made. 

1~112 , ll~ 112 , and 11~ 112 ,_312 differ from the cor­
responding CGLN expression in terms of order 
w/m. But If>312 and 11~312 are different from each 
other. In fact, no subtraction was made in our 
Eq. (33). If the subtraction is made at w = 1, then 
the term If>312 becomes analogous to their results, 
but nf>312 remains different. This probably will 
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lead to some changes in the behavior of the ( 3, 3) 
resonance. 

I take pleasure in expressing my gratitude to 
D. V. Shirkov, V. A. Meshcheryakov, and A. V. 
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