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Possible collective excitations are investigated, and their microscopic structure is analyzed. 
It is shown that the excitations are bound states of the particle-particle or particle-hole types, 
depending on the interaction. The quadrupole excitations correspond to the excitations pre
viously found by macroscopic study. The significance of the polarizability of the core is in
vestigated. 

1. INTRODUCTION 

THE spectra of the excited states of even-even 
undeformed nuclei are subject to definite laws.1 

The first excited state is 2+, and its energy in
creases monotonically as the closed shell is ap
proached.* The probability of the E2 transition 
to the ground state decreases thereby monotonic
ally, and its magnitude exceeds considerably the 
single-particle value. The second excited state 
( 4 +. 2+. or o+ ) lies approximately twice as high, 
and in many nuclei a nearby doublet is found ( 4 +, 
2+ ) , and in some a triplet ( 4 +, 2+, o+ ) . Definite 
laws have also been established for electromag
netic transitions from these states. 

The presence of these laws suggests that the 
excitations are collective. The model of hydro
dynamic surface oscillations is inconsistent, since 
the theoretical value of the mass coefficient must 
be increased by several times 10 to explain the 
experimental values of the energy levels. In ad
dition, this model does not explain the strong de
pendence of the vibrational energy (of the first 2+ 
level) on the filling of the upper shell. 

The author has shown earlier,2 that if the pair 
correlation of the nucleons and their "quadrupole" 
interaction are taken into account, a new form of 
oscillation of the spherical nucleus arises, which 
is essentially non-hydrodynamic in nature. These 
"oscillations" are connected essentially with the 
variation of the configurations of the internal nu
cleons, and can be realized even if the nuclear 
surface is fixed. The energies of the obtained os
cillations, the mass coefficient, and their depend
ence on the filling of the upper shell are in quali
tative agreement with experimental data. 

In the present article we shall consider the 
microscopic structure of these excitations, so 

*A similar behavior, but to a lesser extent, is observed 
also for certain subshells. 

that their nature can be explained in greater de
tail and the connection with the single-particle 
description established. To ascertain whether it is 
legitimate to take into account only the interaction 
that causes pairing and the quadrupole interaction 
of the nucleons, we investigate the possible collec
tive excitations for an arbitrary form of interac
tion. The influence of the polarizability of the core 
on the effective interaction between the nucleons 
is also established. 

With a view towards explaining the principal 
questions on the nature of collective excitations 
and the conditions under which they arise, we con
fine ourselves to an examination of the particular 
case of an unfilled shell with one j level. The re
sults obtained, however, are valid qualitatively in 
the general case, too. 

2. MACROSCOPIC DESCRIPTION OF THE 
EXCITATIONS 

Let us consider briefly the macroscopic pic
ture of quadrupole oscillations,2 which will help to 
establish the connection with the microscopic de
scription. We shall consider nucleons of one kind 
on the subshell j » 1. The Hamiltonian in the sec
ond quantization has the form 

H = Ho +Hint= 2] (e-A.) a~am 
m 

+ .!...2 2] (m1ma IV I m:,m1') am+ a+ a ·a • , (2.1) 
Q ~~mJ. m m 

m ' • 

where a"tn and am are the operators of creation 
and annihilation of the nucleon in the state I jm >, 
and the chemical potential A. has been introduced, 
as usual, to eliminate difficulties with the deter
mination of the number of particles in the system. 

Let us calculate, first, the nucleon interaction 
that describes the pairing of two particles in a 
state with total momentum J = 0: 

H" 1 Q "" ( J)i+.m + + ( J)i+m' int =- 4 4J - . ama-m - a-m' am• (2.2) 
mm' ' 
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where G is the interaction constant. The Hamil
tonian (2.2) describes the interaction of the pair in 
the state J = 0. The particles do not interact in 
any other state. Therefore, the breaking of a pair 
with J = 0 leads to the same excitation energy, 
independently of the final state of the "broken" 
pair. The real interaction naturally removes this 
degeneracy, but qualitatively such an excitation 
picture remains correct. 

Along with the "single-particle" excitations, 
connected with the breaking of one pair, there ex
ist excitations of the collective type, in which a 
slight realignment of all the pairs takes place. 
Here, strictly speaking, the system is no longer an 
aggregate of independent pairs, and it must be de
scribed by certain "collective" parameters. We 
choose as such a parameter the total quadrupole 
moment Q.* Corresponding to the ground state 
is Q = 0, and the collective excited states of a 
given type correspond to a certain realignment of 
the single-particle states, and the appearance of 
a nonvanishing Q. Assuming an adiabetic varia
tion of the collective parameter Q, we find first 
the energy of the system for a fixed value of Q, 
and then consider small oscillations in Q. 

An important role is played in the indicated 
collective excitations by the interactions between 
particles of the self-consistent field type. We shall 
take into account the part of such an interaction, 
connected with the quadrupole asymmetry ("qua
drupole interaction"): 

(2.3) 

where qm = <jml q I jm> is the matrix element of 
the single-particle quadrupole moment, and K is 
the interaction parameter. 

To find the ground state of the system for a fixed 
value of Q, it is convenient to take account of the 
additional condition Q = const by the method of 
Lagrange multipliers, adding to the Hamiltonian a 
term - aQ ( Q = ~q mama;n_am is the quadrupole
moment operator ), and determine a from the 
condition <Q >= Q. 

Thus, let us consider the auxiliary Hamiltonian 

fi = H- aQ = ~ (e- ')..- aqm) a~am + H;:t + H;nt.(2.4) 

state "1Jt0 (Q), defined by the condition am"llto(Q) = 
0 ("vacuum" in the quasi-particles). We obtain 
here an equation for Urn and Vm 

(e- f..- aqm) 2UmV m- Ll (U';.- V!,) = 0, (2.6) 
where 

m 

Expressing Urn and Vm in terms of D. and using 
the connection between the chemical potential A. 
and the total number of particles ( N = ~V~ ), we 
obtain a system of equations for the determination 
of D. and A.: 

~ e-/...-aq 
~ -[ ~-2-+-(e---/...---::::cr;:.:;m-)-2)~'/• = 2 (Q - N), (2.8) 

where 2Q = 2j + 1 is the total number of states in 
the sub-shell. 

The energy of the ground state of the system, 
W, is defined as the average value of the initial 
Hamiltonian H = Ho + Hint + Hint in the state 
'Ito( Q). As a result we obtain 

W = \'l'o (Q), H'I'0 (Q)) = (e- /..) N- f xQ2 - Ll2 fG. 

(2.9) 

For the energy of the quasi -particle we obtain 
analogously 

Em= ('l'o(Q), IXmHa::n 'l'o(Q)) 

- w = v il2 + (e- ')..-crqm)2. (2.10) 

For small a the solution (2.8) for D., Urn, and Vm 
is of the form 

il~}QGsin&{l- (Q~)2 h~q!.}, (2.11) 

-
Um~U- V QcrG qmsin&, V m = V + U ;G qmsin&,(2.12) 

where 

V = (N j2Q)'I•, U = (1- N j2Q)'I•, sin&= 2UV. (2.13) 

(The magnitude of sin ,J characterizes the degree 
of filling the shell, and varies from unity for a 
half-filled shell, to 0 on the edge of the shell.) The 
parameter a is connected with the quadrupole mo-

m ment: 
Let us carry out a canonical transformation to new 
Fermi operators3 

u;. + v;. = 1 (2.5) 

and require that H be a minimum for the ground 

*We have in mind the quadrupole moment of the mass, not 
ot the charge. 

Q - ~ q V2 = ~ sin2 {} ~ q2 - ..::..1 m m QG ..::..1 m· (2.14) 
m m 

The wave function of state with a non vanishing 
Q and 'Ito ( Q) can be expressed in terms of the 
"spherical-nucleus" functions 'It ( 0 ). For this 
purpose, we introduce the quasi-particles for the 
spherical nucleus a~, defined from (2 .5) with 
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Urn= U and Vm = V. It is easy to see that the 
following relation holds 

rJ.m=(UUm + VVm) rJ.~) + (VU m- UV m) (-ti+m rJ.~l,;t, 

from which it follows that 

As follows from (2.19), the energy of the resultant 
collective excitation is actually less than the en
ergy required to break the pair, 2E = OG ("single
particle" excitation), and w decreases monotonic
ally as the filling is increased ( sin2 -.J - 1). 

{ 1 "' UV m- VU m j +m (o)+ (o)+ } 
'Yo(Q)=exp zL!uu +VV (-1) (j.m (j._m 'l"o(O), 3. MICROSCOPICANALYSISOFQUADRUPOLE 

m m m EXCITATIONS 
and for small Q 

'l"o (Q) = exp {Q (2 sin {t ~ q~r1 

X~(- l)i+m qm rJ.~>+rJ.~~} 'l"o (0). (2.15) 

For the energy in the ground state, in the same 
approximation of small Q, we obtain from (2 .9), 
(2.11), and (2.14) 

== fCQQ2, 

where 

(2.16) 

( The quantity ®o defines the critical filling at 
which the spherical shape of the nucleus becomes 
unstable.) Expression (2.16) determines the de
pendence of the energy of the system on the col
lective parameter Q, i.e., it is the "potential 
energy" of the collective motion. The total Ham
iltonian of the collective motion, for small values 
of Q, has the form 

1 • 1 
HQ = 2 BQ Q2 + 2 CQ Q2, 

where the "mass coefficient" and BQ is deter
mined by the following expression ( li = 1 ): 

BQ = 2 ~o \ ('I";, a~ 'P'o) \2/ (W;- Wo)· (2 .17) 

From (2.15) we obtain 

m 

from which it is clearly seen that the operator 
a /oQ transfers the system to a state with 2 quasi
particles; therefore Wi - W0 = 2E = OG. After 
simple transformations we obtain 

(2.18) 

For the oscillation energy we obtain, according to 
(2.6) and (2.18), 

(2.19) 

In this section we consider the same problem 
by a different method, which will enable us to 
establish the microscopic structure of the result
ant excitations. Where possible we shall empha
size the analogy with infinite systems, for which 
the character of the excitations has been suffi
ciently well investigated. 

As is well known, the lower excited states of a 
many-particle system can be approximately de
scribed as an aggregate of elementary excita
tions-quasi-particles. In an ideal degenerate 
Fermi gas, the quasi-particles are holes below 
the Fermi level and particles above it. The switch
ing on of the interaction leads, firstly, to a change 
of the effective mass of the quasi-particles, and 
secondly to the appearance of an interaction be
tween the quasi-particles themselves. If the 
latter does not lead to the appearance of bound 
states, but only to scattering processes, it can 
usually be neglected, since the scattering of 
quasi-particles yields only corrections propor
tional to n-t ( n is the volume of the system). 

In the case when bound states become possible, 
new "collective" excitations appear. Thus, in 
the repulsion between particles, new bound states 
of the particle and hole at the Fermi boundary can 
occur in the Fermi system, and this leads to a new 
type of excitation - zero sound. 4 It can be stated 
that an excited state with two quasi-particles is un
stable under the formation of a bound pair of these 
quasi-particles. In the case of attraction, the 
properties of the Fermi system change more rad
ically; bound states become possible between par
ticles near the Fermi surface, and this leads to 
instabilities even in the ground state relative to 
pairing between particles, and the sharp Fermi 
boundary becomes diffuse. The quasi-particles 
near the new ground state are superpositions of 
holes and particles. 

One multiply-degenerate level ( j » 1) is equi
valent to an infinitesimally thin spherical layer 
below the diffuse Fermi level. The number of 
states 2!:2 = 2j + 1 plays the role of the "volume" 
of the system. According to the foregoing, solving 
the problem of the interacting nucleons at this 
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FIG. 1 

level, accurate to n•t, denotes firstly finding the 
quasi-particles, and secondly finding the "bound 
states.'' (In a system of finite dimensions, the 
concept of a bound state is rather arbitrary, and 
we shall use it to denote strongly correlated 
states.) 

To investigate the excitations of a many
particle system, it is best to use the method of 
Green's functions. 5 Single-particle excitations 
(the spectrum of quasi-particles) are described 
by single-particle functions. In the presence of 
pairing in the ground state, it is necessary to use 
three functions (see Gor'kov6): 

G (m; t1 - t2) =- i (T {am (t1) a~ (t2)}), 

F (m; t1- t2) = - iei"A(t,+t,) (T {am (t1) a_m (t2)} ), 

p+ (m; t1- t2) =- ie-i"A(ft+t,) <T {a~ (tl) a~m (t2)} ), (3.1) 

which in our case (spherical symmetry) have the 
following Fourier transforms 

lJ2 v2 
G(m; e)=e-E+i6 +e+E-i6 (6 ---*+0), 

F (m; e)=- p+ (m; e) 

= - (- 1 )i+m UV (E- ~ + i6 - e + ~ - i6 ) ' (3.2) 

when U and V are as defined in (2 .13) while E is 
the energy of the quasi-particle (in the first ap
proximation, its value is flG/2). 

To investigate the collective excitations, it is 
necessary to consider two-particle Green's func
tions. In the presence of pairing we cannot in 
general write down a closed equation for a single 
function, and we must introduce three different 
functions, for example 

- + + ++ + K22 = <T {a1a~3 a4 } ), K13 = <T {al a2 asa4} ), 

Ks1 = <T {a1a2aaa: }). (3.3) 

Thus, the equation for K22 has the form ( see 
Fig. 1) 

K22 (12; 34) =~2 (12; 34)+i{G(1; 5)G(7; 2) 

+ F ( 17) p+ (25)} f' (56; 78) K22 (86; 34) 

+iF ( 17) G (8; 2) f" (56; 78) K13 (56; 34) 

+iG(1; 5)f+(26)f"(56; 78)K3IC87; 34) (3.4) 

(integration over repeated indices 5-8 is im
plied). Here r is a compact (irreducible) four
pole, which in the first approximation is equal to 
the corresponding interaction matrix element 

(see 2.1): 

2r~ ( 12; 2' 1 ') = r~ ( 12; 2' 1 ') = < 121 v 1 2' 1'> 

-<12JVI1'2'), (3.5) 

In higher approximations in r it is necessary to 
distinguish between directions of "irreducibility" 
( Fig. 2). The aggregate of the graphs, which is 
irreducible in the direction of motion of the two 
particles, is denoted by r ", and the aggregate 
which is irreducible in the particle- hole direc
tion iS denoted by r I. 

w-E 
tr• 

FIG. 2 

In the right half of ( 3 .4) there are contained, 
along with K 22 , two other functions, so that in 
general it is necessary to consider a system of 
three equations. It will prove advantageous to 
uncouple the functions K. Assuming that 
t1, t2 > t3, t4 , we write 

K22 =~IPs (12) q;s (34); Ks1 = ~ Xs(12)q;s(34), 
s 

K1a =~is (12) crs (34), 

where 

IPs (12) = (0 IT {a1a;} Is), 

'Xs (12) = (0 IT {a1a2} Is), 

q;s (34) =(sIT {aaa;} I 0), 

Xs (12) = <0 I T {a; a;} I s). 

(3.6) 

In the investigation of bound states we can discard 
the inhomogeneities in the equations for K [the 
term K~2 in (3.4)].1•5 Then, using the fact that 
~ (34) is contained in each term, we can "divide" 
all the equations by fPs (34). As a result we obtain 
a system of homogeneous equations for 'Ps• Xs• 

and Xs· 
For further simplification, we shall assume 

that r describes a non-retarded interaction.* 
Then both times in the functions C.Os• Xs• and Xs 
can be taken to be equal ( t 1 - t2 - -0 ), so 
that the problem reduces to a determination of 
the three functions 

•The time delay of the interaction of the nucleons in the 
nucleus is - e1(eF is the Fermi boundary energy), which is 
much shorter than the times w-1 of interest to us. 
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cp,.fL (m) = (0 \ a;;,am+fL I Wf-l), 'X.,fL (m) = (0 I a_mam+fL I Olf-l), 

- + + 'XoofL(m)= <Oiama-m-fLI Olf-l), (3.7) 

where the state Is> is characterized by an en
ergy w, and a momentum projection J.L. The sys
tem of equations for ( 3. 7) has the form 

( 4£2- w2) (j)oofL (m) = - 2£ sin2 {} L; r~ (m; m') cp"'fL (m') 
m' 

- E sin it cos it L; r: (m; m') Xl:~-'l (m') 
m' 

1 . " . ' (-) ' - 2 w sm it L; [~-' (m, m ) 'X"'~-' (m ), (3.8a) 
m' 

m' 

m' 

- 4£ sin{} cos{} L; r~ (m; m') cp.,fL (m'), 
m' 

(4£2- w2) xtJ (m) =- 2£ L; r~ (m; m') xtJ (m') 
m' 

m' 

- 2w sin{} L; r~ (m; m') cp"'fL (m'), (3.8b) 
m' 

where instead of x and x we introduce their linear 
combinations 

xW (m) = (- l)i+m {'X"'fL (m) ± (- It X"'fL (m)} (3 .9) 

and for the sake of abbreviation we put 

r~ (m; m') = +{f'(m+f-l,m'; m' +f-l,m) 

+(-Itf'(-m, m'; m'+f-l,-m-f-l)}, 

r~ (m; m') 

= (-l)i+m f" (m + f-l,- m; -m', m'+ f-l}(-J)i+m'. 
(3.10) 

So far we did not refer to any specific interac
tion between particles. Let us consider now the 
particular case of "quadrupole" interaction (2.3), 
for which we obtain, according to (3.5) and (3 .10), 

f~ (m; m') = - ()fLO xq m q m'' r~ = o. (3.11) 

Substituting (3 .11) in (3 .8), we get 

(4£2- w2) cp.,(m) = 2x£ sin2 it qm L; qm' cp"' (m'), (3 .12a) 
m' 

(4£2- w2 ) x~+l (m) = 4x£ cos it sin itqm ~ qm,cpro (m'), 
m' (3.12b) 

(4£2- w2) x~-) (m) = 2xw sin{} qm ~ qm' cr., (m'). (3 .12c) 
m' 

The first equation contains only f/Jw· From the 
condition of solvability of this equation, we obtain 
the energy of the bound state 

{i) = 2£ [ 1- ; sin2 {} L; q~ r. (3.13) 
m 

which coincides exactly with (2.19). 
The function f/Jw (3. 7) describes a particle-hole 

pair, and consequently the resultant excitation is 
a bound state of the hole and the particle. In this 
sense, it is an analog of the zero sound of an in
finite Fermi system. However, the state obtained 
is not described by the function f/Jw alone. It is 
seen from (3.12b and c) that the functions x<~> 
are also different from zero. This can be under
stood by recalling that in the presence of pairing, 
the quasi-particles are superpositions of holes 
with particles. In quadrupole interaction, the 
"hole" component of one quasi-particle is bound 
with the "particle" component of its partner, but 
in the bound state there exist also other compon
ents. It must be emphasized that the possibility 
of production of a balanced state of a particle 
with a hole occurs only when the system con
tains pairs with J = 0, of the Cooper type (par
ticle- particle). This is seen, in particular, 
from expression (3 .13) for the energy of the bound 
state, where the energy of the Cooper pairing 2E 
is contained in explicit form. 

As can be seen from (3.12), the dependence of 
the functions 'Pw• x~> on the projection of the 
momentum m is determined by the quantity qm, 
which is proportional to the Clebsch-Gordan 
coefficient ( jm j - m 120 ), and consequently the 
state found is characterized by a momentum 
J =2. 

Let us consider now the pairing interaction (2 .2), 
for which we obtain from (3.5) and (3.10) 

r~ (m; m') = 0, 

When r' = 0, the energy of the bound state is de
termined actually from the last two equations of 
(3.8), which contain in this case only x<±>, de
scribing pairs of particles or holes. Consequently, 
in this case the bound state is caused by pairing of 
the Cooper type ( particle -particle or hole -hole). 
The solution of the secular equation for the inter
action (3.14) yields w = 0 for the energy of the 
bound state. This result is obvious, since the 
bound pairs of the Cooper type with J = 0 [which 
are described by the interaction (2 .2)] have al
ready been taken into account in the ground state 
of the system. We note that in the solution of 
Eqs. (3 .8) the interaction that describes the pair
ing, and the quadrupole interaction can be con
sidered independently, since they lead to bound 
states with different momenta. 

We emphasize that although formulas (2.19) 
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and (3.13) coincide formally, there is an essential 
difference between them. In the derivation of (2.19) 
we used the adiabaticity requirement, which for
mally limits the region of its application to the 
condition w :s 2E, whereas expression (3.13) is 
free of this limitation. Another advantage of the 
microscopic analysis is the possibility of expres
sing the wave functions of the "collective" state 
in terms of single-particle functions ( the functions 
cpw, and x<j> give directly the contribution of the 
various single-particle combinations). 

Thus, in the presence of an interaction that de
scribes the pairing (2.2) and a quadrupole inter
action (2.3), collective excitations are possible in 
the system; these excitations can be considered 
macroscopically as oscillations of the quadrupole 
moment, and microscopically as a bound state of 
a hole and a particle with J = 2. The question 
arises: what justifies the special choice of the 
Hamiltonian, and how essential is it? Will the 
character of the excitations change when a more 
real interaction is examined? These questions 
are analyzed in the next section. 

4. COLLECTIVE EXCITATIONS IN AN ARBI
TRARY INTERACTION 

As was established in the preceding section, 
the quantitieS r I and r 11, WhiCh describe the ef
fective interaction, lead to bound states of dif
ferent nature, r II bindS a particle tO a particle 
(a hole to a hole), while r 1 binds a particle to a 
hole. So far we have considered only pairs of the 
first type, with momentum J = 0, and pairs of the 
second type, with J = 2. In the general case r 1 

and r"'1 describe an interaction in states with all 
possible momenta.* It is convenient to represent 
r 1 and r 11, in the form of a sum of terms cor
responding to pairing with a definite J. 

We consider first r I and r II of the first ap
proximation (3 .5). To determine the dependence 
of the matrix element on the projections of the 
single-particle momenta, it is convenient to sep
arate in the interaction potential the angular de
pendence, writing it in terms of spherical tensor 
operators:8 

V (rr. rz) = ~ Vn (r1 r2) (Tk (1) Tk (2)). (4.1) 
k 

From this we obtain for an arbitrary matrix ele
ment between the single particle states 11 > = 
I n1l1j1m1 >:8 

*Even momenta 0 ~ J ~ 2j -1 are possible for the jN COil

figuration. 

' ' 
(12J V J2' 1') =-2] (- I)"'F~ (- 1) 11 -m1 (hm1 j~- m~ / kfl) 

(4.2) 

where the quantities Fk, which are independent 
of m, are defined as 

F~ =- (2k + tr1 (1JJT~<JJ1')(21/T~<JJ2')F<~<>(J22'1'). (4.3) 

[ Here ~ k) are the Slater radial integrals, and 
( 1 II Tk II 1 1 ) are the reduced matrix element of 
the tensor operators.] 

Using (4.2), we can write the interaction Ham
iltonian in the form 

Htnt z- {- ~ F~ (122'1')(- !)""(at a!')kp. (a;j a2')k-p.• 

1~2:1' ( 4.4) 

where the quantity 

(at a!')kp. = ~ (-- I/1-m1 (j1md~- m~ / kfl) at a1• (4.5) 
m 

can be considered as an operator that describes a 
particle and a hole in a state with momentum k. 
Along with (4.4), it is possible to expand Hint in 
states in which the particle-particle and hole
hole pairs have definite momenta 

122'1' 
kp. 

(4.6) 

corresponding to a representation of the matrix 
element in the form 

Using the algebra of the Clebsch-Gordan coeffi
cients ( see, for example, references 8 and 9), we 
can relate the coefficients of expansions (4.2) and 
(4.7). As a result we get 

Jl+i;-k 0 0 0, o' , fn = (-1) 2] (21 + 1) W (Jl]2]1 }2; kl) Ft. (4.8) 
l 

where W is the Racah coefficient. Analogously we 
can obtain expressions for the "exchange" matrix 
element in (3 .5), the addition of which is equivalent 
to changing the quantities Fk and fk in (4.2) and 
(4.8). In the case of a single j-level the exchange 
corrections to fk and Fk are equal to fk and 
- fk, respectively. As a result we obtain, with 
account of (3.5) and (3.10) ( Fk = Fk- fk): 

r~ (m; m') =-~ Fn (-1/-m(j, m+ J.l,j,- mJkJ.l) 
k 

X (-li-m' (j,m'+ fl, j,-m'J k[l), 

r~(m; m')=- ~fn(-1)1-m(j,m+J.l,j,-mJkJ.l) 
k 

X (-l)f-m'(j,m'+J.l,j,-m'Jkfl)o (4.9) 
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We note that in the derivation of (4.9), the ex
pansion (4.2) was used only to separate the regular 
dependence on the projection of the momentum, 
that is, the geometrical factor. Therefore ex
pressions (4.9) are valid not only in the first ap
proximation in the interaction potential, but also 
in the general case (neglecting delay). 

The quantity Fk in (4.9) is the effective inter
action (binding energy) between a particle and 
a hole in a state with momentum k, and fk is 
the analogous characteristic of two particles 
(holes).* Relation ( 4 .8) between the quantities 
fk and Fk does not take place in general, since 
the fOUr-poleS r 11 and r I COrreSpOnd tO different 
irreducible aggregates of diagrams, but it be
comes valid for r which are irreducible in both 
direction [see text following formula (3.5) ]. 

Substituting ( 4 .9) in (3 .8) and using the ortho
gonality of the Clebsch-Gordan coefficients, we 
can obtain a system of algebraic equations for 
the wave functions of the pairs with definite mo
mentum k (and its projection J.t) 

c:p..,k = ~ (- 1 )i-m(j,m + ft, j,- m [ kft) c:p..,"' (m), 
m 

m 

(4£2- w2- 2Fk E sin2 {}) c:p..," 

- [k E sin {t cos WX~1 - + f, w sin {t xtJ = 0, ( 4 .lla) 

( 4£2- w2 - 2fk E cos2 {}) x<;;kl- fk w cos {tXt~ 

- 4F k E sin {t cos {t c:p..,k = 0, 

( 4£2 - w2 - 2fk £) xt~ - tn w cos {tx<;;J 

- 2F k w sin {t c:p..,k = 0. 

(4.llb) 

(4.llc) 

The condition for the solvability of the system 
(4.11) has the form 

(4£2- w2)2 [(2£- f~)2 

- (2£- fn) (F k- fk) sin2 {t- w2] = 0, (4.12) 

from which we obtain for the energy of the bound 
state with momentum k 

(4.13) 

If there is no pairing of the Cooper type ( fk = 
0 ), then ( 4.14) goes into (3 .13) as Fk- F2 = 
K ~qin. In the general case the bound state is de
termined by the pairing of both types (particle
particle and particle- hole). If Fk > fk, then, as 
can be seen from (4.13), account of fk leads only 

*With the sign used in (4.3), Fk and fk are positive in the 
case of attraction. 

to a renormalization of the quantities E and Fk, 
and the dependence of wk on the filling of the 
shell remains the same. 

In the case when Fk < fk this dependence 
changes considerably. Thus, in the limiting case 
Fk = 0, we get 

[( fk)( fk \]''• ffik = 2£ 1 - 2£ 1 - 2£ cos2 {t) . (4.14) 

It is impossible to establish a general relation 
between fk and Fk. For orientation purposes, we 
consider the case when relation ( 4 .8) is valid. 
When j » 1 the main contribution to the right 
half of (4.8) is given by terms with large l, and 
we can use the following approximation9 

(j,l»k) 

W (jjjj; kl) =- (2j + 1)-1 Pk (cos ctz), 

cos ct1 = [l (I + 1) ~ 2j (j + 1 )]/2j (j + 1 ). 

In this approximation (4.8) assumes the form 
1 

1 1 \ ' fn=-z{j+-z) ~Pk(cos\l.z)Fzdcosa1 • 
-1 

(4.15) 

We consider the case of a 6 interaction V12 ~ 

( r 1 - r 2 ), for which10 

F~ = 2G (j + +); F~ = ~ F~, ... , 

F, ~ ~ l/(2i + 1 )' _ 1 ~ 2G t ~ 
0•1 ~ n l ~ n an 2 ' (4.16) 

where G is a constant connected with the radial 
integral. Substituting (4.16) in (4.15), we get 

rt/2 

fk = 4~ (j + +) ~ Pk (cos 2~) sin2 ~d~. (4.17) 

In particular, fo = G ( j + 1/ 2 ), f2 = 1/ 4 f0, and from 
a comparison with (4.16) it follows that for a 6 in
teraction fk = 1;2 Fk_ = Fk. When the interaction 

radius if finite, this relation is violated, and Fk 
diminishes more rapidly with k than fk"* As a 
result we have Fk > fk for small k ( k « 2j - 1 ), 
and Fk < fk for large k. We emphasize that 
these estimates are only tentative, since the ef
fective interaction r cannot be approximated in 
general by means of a potential, and the quantities 
Fk and fk may be non-monotonic functions of k. 
Thus, account of polarizability of the core, as 
will be shown in the next section, leads to a sharp 
increase in the effective quadrupole interaction F2• 

5. EFFECT OF POLARIZATION OF THE CORE 

Interaction between particles at the j level 
occurs both directly and through the nucleons of 

*This can be seen from the limiting case of "long-range 
action," when Fk- l'lko· It follows then from (4.8) that 
fk "' F0/(2j + 1) = const. 
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the core. The part r' that corresponds to such 
an interaction can be represented in the following 
form (see Fig. 3) 

f'(13; 24) = -ir(15;26)K(65; 87)r(73; 84), (5.1) 

where y is the effective interaction of the outer 
nucleon with the core nucleon (the wavy line on 
Fig. 3), and K is the Green's function for the core. 

FIG. 3 

Going over to a representation in which the mo
mentum of the particle -hole pair is fixed, we 
obtain 

at3 

where Fk is the part of Fk connected with the in
teraction through the core, Yk ( a) describes the 
transition of the particle- hole pair with momen
tum k from the j level to the core. The two
particle function of the core is given by the equa
tion 

Kk (a;~; t- t') = (T {(a+ (t) a (t))ak (a+ (t') a (t'))t3k}). (5.3) 

Here ( a .. a >ak denotes a pair state characterized 
by momentum k and the remaining quantum num
hers a. We assume that Yk does not co~ain a 
delay, and therefore we can consider in K the 
times of the ends to be pairwise equal. Breaking 
up K similar to (3.6), we obtain 

1~ e -iEsoT <0 I (a+ a)ak Is) <s I (a+ a) 13k I 0), 1' > 0 
Kk (a; ~; -r) = s '£ 

~ e' soT <O 1 (a+ a) Ilk Is) <s 1 (a+ a)al< I 0), 1' < 0. 
s ( 5 .4) 

For the Fourier transform of Kk we obtain from 
(5.4) 

~ . ~ { <O 1 (a+ a)ak Is) <s I (a+ a)13 k I 0) 
Kk (a; ~; ffi) = t ..LJ E _ w 

s so 

<O 1 (a+a) 13k Is) <s / (a+a>akiO>} + E . 
so+ w 

(5.5) 

The excitation energy of the core, Eso = Es - Eo, 
is equal in order of magnitude to the energy dif
ference between the shells, whereas the w of in
terest to us correspond to the pairing energies of 
the outer nucleons; therefore w « Eso. Substitu
ting (5.5) in (5.2) and neglecting w, we get 

Fk=- ~r"(a)rk (~)~} (O[(a+a)a~</s> (sl(a+a)l3k/O) 
a[3 s so 

=~rk(a)rk(~)hk(a~). (5.6) 
all 

Introducing Fk, namely that part of Fk connected 
with the direct interaction ( Fk = Fk + ~ ), we can 
write 

(5. 7) 

where 
lk ((l) h (~) -

'Ilk=~ h(a~)=rk~h(a~). 
all Fk all 

(5.8) 

Let us show that the coefficient of renormaliza
tion of the direct interaction, 17k• can be con
nected with the polarizability of the core by the 
external nucleon. The interaction of the external 
nucleon ( b, b+) with the core can be written, in 
analogy with (4.4), as 

H = ~ rk (a) C- 1 t W b)k-p. (a'" a)ahp.· (5 .9) 
akp. 

In the first approximation we can neglect the reac
tion of the core on the nucleon, and assume the 
state of the latter to be specified (that is, consider 
the nucleon as an external field). Averaging ( 5 .9) 
over the nucleon state I jmo >, we obtain the ad
ditional energy of the core in the presence of an 
external particle 

(fl)b= ~qJkYk(a)(a+a)ak, (5.10) 
ak 

where 

(j)k = <W b)ko) = (- 1 i-m, (jm0 j- m0 I kO). ( 5 .11) 

Considering (5.10) as a perturbation, we obtain 
the change in the wave function of the core 

nr(l) = - "" ( ) ~ <s I (a+ a)ak I 0) nro 
To ..LJ (j)k rk a ..LJ E Ts. 

a.h s so 
(5.12) 

In the presence of an external nucleon, the core 
loses its spherical symmetry and its polarization 
can be characterized by the following average 
values of the multipole moments 

Q 1 = ~ ( 1 /Y21 ~ 1 r1 Y to /2) a{ a2 

= ~ (1//v~ Yto j[ 2) (-1i'-m (hmi2- m [ED) a~ a2 

(5.13) 
a 

Using (5.12), we obtain the induced moment of 
the core 

<:O 1 Q, 1 0> =- (j)t ~ !q, (a) r, (~) + q, <~h, (a)J ~f-
so all s 

X (0 I (a+ a)atl s) (s I (a+ a)llt/ 0). (5.14) 

Introducing the multipole moment of the external 
nucleon < Qz >p = cpz qz, we can rewrite (5.14) in 
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the form 

(5.15) 

where 1J l' the polarizability of the core, is deter
mined from the relation 

' 1 _, 
lJz = 2; 2q1 [qz(a)rz (~) + q1 (~) Yz(~)] hz (a~)= rz2; hz (a~). 

~P ~p (5.16) 

From a comparison of (5.16) and (5.8) we see that 
the quantities 1J l and 1J z actually coincide. (The 
small difference is due only to a somewhat different 
determination of the average quantities y and y' .) 
Thus, the increase in the direct interaction of the 
external nucleons due to the coupling with the core 
is determined by the polarizabili ty of the latter.* 

The quadrupole polarizability of the core ( TJ 2 ) 

is measured experimentally frqm the value of the 
quadrupole moment for the magic nuclei plus one 
nucleon, and lies in the range 1 < TJ 2 < 3 .11 The 
polarizability of the higher multipolarities is ap
parently much less, leading to a "selective" in
crease in the quadrupole interaction. 

We note that the influence of the core on the 
interaction between the external nucleons is not 
confined to the considered effect. The remaining 
effects, however, particularly the renormaliza
tion of r ", are not connected with the presence 
of the surface, and exist also in infinite nuclear 
matter. 

6. CONCLUSION 

The main results obtained above can be formu
lated in the following manner: 

Depending on the character of the interaction 
there can be formed in spherical nuclei "bound" 
(correlated) states of pairs with non-vanishing 
momenta of both the Cooper type and of the par
ticle- hole type. This possibility arises only in 
the presence of pairing, that is, a condensate of 
Cooper pairs with zero momentum. 

The polarizability of the core leads to a strong 
increase in the effective quadrupole interaction 
between the outer nucleons, and this contributes 
to the formation of a bound state of a particle and 
a hole with momentum J = 2. Macroscopically 
these excitations can be considered as oscillations 
of a quadrupole moment of external nucleons. The 
surface oscillations arising thereby are only a 
consequence of the static polarizability of the core, 
and have nothing in common with the hydrodynamic 
surface oscillations. 

These general results are not connected with 

*For the quadrupole interaction this result was obtained 
by the author2 from macroscopic considerations. 

the specific model of a single j level used in the 
calculation. ( The more general case leads only to 
a mathematical complication of non-principal 
nature.*) 

Which of the possible bound states are realized 
in real nuclei is a question that calls for a com
parison of the experimental data with the results 
of quantitative calculations. For quadrupole ex
citations, such a comparison was carried out by 
Kisslinger and Sorensen.13 One can classify as 
this type of excitation the first level 2+, and in 
most cases also the following levels ( 2+, 4+ ), 
which correspond to two bound pairs. The ques
tion of the existence of bound states with higher 
moments ( and also with odd moments in the case 
of mixture of several j levels) calls for a 
thorough analysis of the experimental data. Ap
parently they lie somewhat above the "two
phonon" state of the quadrupole branch. 

The author is grateful to V. M. Galitskil and 
A. B. Migdal for numerous discussions. 

*Veneroni and Arvieu have considered a case of several 
levels, but without Cooper pairing. 
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