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The methods of quantum field theory are used to study the effect of the interaction between
particles on the oscillations of the magnetic moment of a Fermi gas. The forces between
the particles are assumed to be of the short-range type, and the calculations are made in
the gas approximation. Values are found for the changes of period and amplitude of the os-
cillations of the magnetic moment that are caused by the interaction between particles. At
not too low temperatures the amplitude of the oscillations contains a factor that decreases
exponentially with decrease of the magnetic field.

].. In the study of the magnetic properties of a de-
generate Fermi gas the interaction between par-
ticles is usually taken into account only by the in-
troduction of a generalized dispersion law to re-
place the free-particle relation between energy
and momentum (L. D. Landau,! I. M. Lifshitz and
A. M. Kosevich?). A paper by Dingle? has been
devoted to effects of the finite widths of the energy
levels of the particles, which are also due to the
interaction, but in this paper the width is intro-
duced in a purely formal way and is assumed to be
the same for all levels.

Therefore it is interesting to study the effects
of the interaction between particles on the mag-
netic properties of a Fermi gas in the framework
of the microscopic theory.

In the present paper we examine this problem
for the simplest model, assuming that the interac-
tion between the particles is of the short-range
type. Our final results apply to the domain of not
too low temperatures [cf. the condition (13)], at
which the influence of the magnetic field on the
collisions of the particles can be neglected. This
condition, however, is used only at the last stage
of the calculation as we have arranged it, so that
it is possible to study the character of the approx-
imation and find the region of applicability of the
results.

2, The thermodynamic quantities that charac-
terize a system of interacting particles can be ob-
tained by means of the one-particle thermodynamic
Green’s function
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where y*, ¥ are the operators for creation and

annihilation of Fermi particles in the ‘‘thermody-
namic interaction representation,”” S(B) is the
thermodynamic scattering matrix (B is the recip-
rocal of the temperature), and the averaging is
carried out with the density matrix of noninteract-
ing particles.

The quantity most simply expressed in terms
of the Green’s function is the density of the gas,
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where u = p}/2m is the chemical potential and Q
is the thermodynamic potential per unit volume of
the gas. Knowing the Green’s function G, we can
use this formula to find @ and then calculate the

magnetic moment per unit volume, which is given

by
¢ 90q (3)
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where w = eJ¢/mc is the Larmor frequency of a
particle in the magnetic field 3.
Following the work of Abrikosov, Gor’kov, and
Dzyaloshinskii“ and of Fradkin,® we expand the
function G(ry, ry; t) in Fourier series with re-

spect to the variable t:

1 X
G (ry, 13 t) = B Z G (ry, rg; py) e—ipd
Pa

(p4:2_{a_[:3}~__1n, k=0,1,...).

Using the fact that the Green’s function G(ry,
ry; t) has a discontinuity at the point t =0,

G (ry, ra; + 0) — G (ry, rp; —0) = 8(ry — r3),

we get:
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%Z G (ry, 133 pa) = 5 {G(r1, 155 + 0) + G (ry, a5 — 0))
Ps

=G (ry, 153 — 0) + - 8(r; — o).

Therefore the formula (2) can be rewritten in the
form
R = limSp [ P A n»}. (4)
To calculate the Green’s function G we shall
use the Feynman-diagram method, using a solid
line for the Green’s function of noninteracting
particles in the magnetic field, Gy (ry, ry; ty — ty),
and a dashed line for the interaction potential
V(r1 - rz) [ (t1 - tz). The function Go(ri, Ty;
py) is of the following form:

P, (r) by, (r2)

e, — W+ ips 2‘43 (1'1) GO(O" P4)1P (1'2),

(5)
where o = (n, pz, q) is a set of quantum numbers
for the particle in the magnetic field*

£q = w(n—{—%) + p2/2m,
P, (r) = (2m) exp {i (p,z + qy)} Pn (x — g/mw)

Go(ry, ry; pg) = 2

and ®p(x) are the wave functions of an oscillator
with the frequency w.
Noting that

_OSO dgemosd, (£ 4 7) b, (5 — 3)

= exp{— " (* + )} Lo {52 (2 + )}
[ Lp(x) are the Laguerre polynomials], we bring
Eq. (5) into the form
X1+ Xg

mo

(yl yz)m } (251)2

Gy (ry, T3 pg) = exp {

X 2 exp {_ @42 [0 — X2)* + (41 — y2)2]} L, {n‘%m‘ (%
n=0

exp {ip, (z1 — zz)}
©(n+Ys) +pZ/2m—p+ips

— X2)* + (h — yz)zl} K dp,

By considering an arbitrary diagram for the
one-particle Green’s function, one can verify with-
out difficulty that G(ry, ry; p,) is of the form

G(ry, 155 pa) =exp{5i(n

+ %) (91 — ya) mo} G (ry — 15 pa), (6)
where G(ry — ry p,) is a function that involves
only the difference of the coordinates, ry — r,.

Let us expand the Green’s function G (ry, rp;

ps) in terms of the functions 3y (r). We get:

*Here and hereafter 4 = 1.
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= 2 u, () ¥, (r2) G (e, o5 pa).

ay, O

G (ry, To; pa)

It follows from Eq. (6) that the Green’s function in
the a representation is diagonal in the variables

Pz, q:

G (1, %5 Pg) = 8 (P21 — Pz2) 6 (91— G2) G (4, N3y Pzi; Pa)s

where the function G(ny, ny; pz; py) does not de-
pend on the variable q.

The density of the gas, defined by the formula
(4), is expressed in terms of the function G (n;,
ny; pz; Py) in the following way:

%= (2n)2 SPZ S dpz{1}.|0(n n; pz p4)____}
(7)

3. The Green’s function G(ry, ry; p,) satisfies
the well known equation

(Ho—p +ips) G (ry, 135 pa)

+ S, 1 p)G(F, 1 p) = 8(ri—r),
where H, is the Hamiltonian of a free particle in
the magnetic field and £ is the mass operator
which takes account of the interaction between the
particles. In the a representation this equation
takes the form

(Bay— W + ips) G (21, %25 Pa)

+ 2 2 (d'l: a’; Pg) G(d"r °‘z§ p&) = 61113' (8)

We shall calculate the mass operator X in the
gas approximation (cf. the paper by Galitskii®).
Then, as can be seen from the diagrams shown in
Fig. 1 (which have weight factors — 2 and 1, re-
spectively ), the quantity £ can be connected with
the four-fermion vertex function I':

2 GO(aS’ P)

PA. o

3 (g, Ao; Pa) =

X AT (o1, g Oz, Og; P4+P;)
— 2T (g, %3 G, Og; Pat P} (9)

(The function I' corresponds to the shaded squares

in the diagrams.)
af

o

FIG. 1
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In the gas approximation the quantity I' corre-
sponds to the set of diagrams shown in Fig. 2. As
was stated above, the solid lines in the diagrams
correspond to the function Gg(r;, ry; p,) and the
dashed lines to the function V(r; — ry). Applying
the method developed by Galitskii,® we can get the
equation satisfied by the operator I'(p,):

ml'f-mz F(P4)

HY+ Hy—2u —ip,

I'(pa) = Lo (ps) + T'o (Pa)

Fo (p4) = V—V[H—Qp.—lpd_lv. (10)
Here H) and H} are the Hamiltonians of the
first and second particles in the magnetic field in

the absence of interaction; H = H} + H) + V; and

Ryo=[1+exp{B(Hie —p)}I™

The quantity I' (a4, ag; a3, 04 pg)is the matrix
element of the operator I'(p,) in the o represen-
tation:

T (o, og; otg, atg; ps) =<0y, oa|T (pg)] g, Do

We now note that in the Schrodinger equation
for two interacting particles in a constant magnetic
field one can separate the variables belonging to
the center of mass and to the relative motion of
the particles. Therefore it is convenient to go
over to a representation in which both the Hamil-
tonian that describes the motion of the center of
mass, and the Hamiltonian that describes the rela-
tive motion of two noninteracting particles, are
diagonal. In this representation the matrix ele-
ment of the operator I'j(p,) has the form

(@A |To(pa) |0’ A = baaTo (2, '; pg),

where a = (n, pyz, q) is a set of quantum numbers
for a particle with the mass m/2 and the charge
e/2, and A = (N, Py Q) is a set of quantum num-
bers for a particle with the mass 2m and the
charge 2e, in the magnetic field 3C.

The quantity I'j(a, a’; py) can be connected
with the amplitude Ty’ for the scattering of par-
ticles with the mass m/2 and the charge e/2 by
the short-range potential V (r) in the magnetic
field 3C:
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82 =@ (n + ;—) +p¥m,  es= m(N + %) + P¥/4m. (11)

4. The scattering amplitude Tq’, which has
been calculated in a paper by Skobov,’ is of the
form

b oo (20 A S S

Taor = am P mm)(P"'( m(o) T+ ifK (8g)’ (12)
where ¢p (x) is a wave function of an oscillator
with the mass m/2 and the frequency w, fy is the
scattering amplitude of particles of zero energy in
the absence of the magnetic field, and

K(e) = 7= 2 Imo(ng—n— )~

(the quantities ny and £ are connected with the
energy € by the relation € = w(ng + % — &),
0<&E=1).

Thus to determine the Green’s function in the
gas approximation it is necessary to calculate the
quantity T'y(a, a’, p;), using the expression (12)
for Tga’, and then, in accordance with Eqgs. (9)
and (10), to find the mass operator X that appears
in (8). It follows from the expression for K (¢€)
that the quantity f = fy(1 + ifyK)™ differs from f,
only in the regions 0 < § <§pand 1 —§3<£<1,
where £, = Y,mwf}. In the formula (9) for the mass
operator = the main contribution for 87! « u ob-
viously comes from the energy range u — 1/2[3'1
< €q < + Y% B7Y; therefore if the conditions £,
< 1 and B~! » wé, are satisfied we can neglect
the difference between f and f;,. In what follows
we shall assume that these conditions are satisfied.

For B! & wé, the difference between the quan-
tities £ and f; can be important, since the region
in which the step of the Fermi function is smeared
out can enter one of the intervals (0, £;) or (1
— &g 1). In the present paper, however, we shall
not consider this low a range of temperatures.

As is customary in the study of the magnetic
properties of a Fermi gas, we shall assume the
magnetic field weak enough so that w <« u. Thus
we are assuming that the following conditions are
satisfied: ‘

pofo<L1,  op L1, (0fp)? (pofo)* << (Br) 1. (13)
The scattering amplitude then takes the form
_f 2q 2q
Taw = 0 0n (— o) 0w (— i) -

Since w< u, large quantum numbers n are im-
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portant; therefore in Eq. (11) we replace the sum-
mation over n” by an integration over ki, where
k%/m =w(n” +%), k= (ki ky):

) ¥ (— )

I dk 1
+____

; 1
To(a, a'; pg) = W‘Pn(—

x [
\

1
— 5 .
sz-i-sA—Zp._ iml }
The fractional error so introduced is of the
order of (w/u)m, and by the conditions (13) it is

small. In fact, let us use the Poisson summation
formula

SV F(n+1/2) =§ F (x)dx 42 2(—1)r8 F (x) cos 2nrxdx.
n=0 0 r=1 0 (14)
In the case in question, by Eqgs. (11) and (12), the
function F (x) is

F<x>=fg_§°°dkz{

1
Kim+ ox —e, + i0

» [P (—29" Imo)]?
(2m)?

1
k2m+ ox+e, —2p —ip, }_gw
(=

= M0 S 1
2(2n)2'o PR kﬁ/m-l— ox —egg -+ i0

1
k2m+ ox +e, — 20— ip,

} dk,.

Making the change of variable wx = k% /m and in-
tegrating over the angles of the vector k = (k¢,
k), one easily verifies that the ratio of the sum
of the oscillating terms in Eq. (14) to the first
term, which we are keeping, is of the order of
(w/p)t

Writing the operator equation (10) in the «
representation and replacing the summation over
the indices n, n’, N, nj in this equation and in
the relation (9) by integration over the variables
Pt» Pt. Pt, pts, with

pim=o(n+1/2),
Pi/4m = o (N + 1/2),

piim = o (n' 4 1/2),
py/2m = o (ng + 1/2)),

we get

2 (0, %g; Pg) =8 (P21 — Pz2) 6 (g1 — G2) Onm, Z (P1s Pa),
3 ¢ dpdk .

20, p) = — o | o {1 — R(EFE + k)

_m(l’tp k)}{m(p)+[expp( SNLES 4
-]]—1} ka/m_("_l")”/‘*im—u+p’/2m+ip.+%S'@%

f?, dp'dk 1
XRE)+ 7P| G R UL

— 2;,,)

RO =
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where

R (p) = [1 +exp {B(p*/2m — p)})*

and the quantum number n; is connected with the
variable py by the relation pf,/2m = w(ny +%).

By making estimates as we did for the calcula-
tion of Ty (o, a’; py), we can verify that the terms
omitted in the functlon 2 (04, 0y pg) do not ex-
ceed (w/p)12 (pofy)2u. Also it follows from Eq.
(15) that

Re 2 (py p4) = Re 2 (pr - P4)',

ImZ(p; pg) = —ImZ(p; — pa)- (16)

We note that the quantity Z (p, p,) does not de-
pend on the angles of the vector p and has differ-
ent analytical forms in different ranges of varia-
tion of the variables p and p,. It is important
that in the first approximation in the gas para-
meter pyf, this quantity is real and positive; the
difference between the analytical expressions for
2 in the different ranges of p, p, arises only in
the second gas approximation.

In what follows we shall need the value of the
mass operator* Z (p, py) for ipy=p — p¥2m in
the region of negative and nearly zero values of
the quantity p — py (|p — Pol < py):

3o, 12— )= o 2 (2
— s (E—)f an

—0 — 2 (pofo) [ 1+ 22 (pefo)]

m +.1—58;[7(p0f0)2(71n2—1), =2 pf;z (pof‘(,):é)

Substituting the expression (15) for £ in Eq.
(8), we find the Green’s function

ayde

e, — BT ipat 2 Pa)

G (0, oy pg) =

_2% —m(nl-lr- %) (19)

5. Applying the Poisson summation formula
(14), we rewrite the relation (7) in the form

R=R,+2 X (—)yR

where - ~
N = — éﬁ;_&odpz§ dx {%%G("‘—% : x“——i—, Pz; p4)
— %} cos 2surx

*The expression for the mass operator at temperature equal
to zero has been obtained in a paper by V. Galitskil.®
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Making the change of variable wx =p}/2m and
using the formula (19) for G, we get

R, = —

2 1 1
(2m)? Sdp {—B-Epj' p*2m —p 4 ips + Z (p, pa)

(20)

The quantity Ry is real in virtue of the relations
(16).

We note that by neglecting the oscillatingtermsin
Z we incur a fractional error of the order (p(,fo)2
in R,

Integrating over the angles of the vector p in
the formula (20) and dropping the nonoscillating
terms, we rewrite R, in the form

25ir
) e (2
° 2rirzfo

i\ 1 0 e
’T)?%S PRSI A
" —c0

where z = p¥2m — p.

To calculate the integral that appears in Eq.
(21), we introduce an analytic function (2, P4)
that coincides with the function Z (z, p,) in the
region of negative values of z close to zero. Us-
ing the fact that for By > 1 the main contribution
to the integral in question comes from the region
of small negative values of z, to accuracy (pofy)?
we can replace the integration of the function

e*MIZ/W[ 7 4 ip, + 2 (2, py)] the real axis
by integration of the function e Yz + ipy

+3 (2, pg)]~! around the contour shown in Fig. 3.
According to Eq. (17) the pole of the integrand is
given to accuracy (pofo)2 by the expression

29 (ps) = — ipgm’[m + Ap — it (1 — 2@%p2/n?),
and to accuracy (pof,,)2 the residue at the point
zy is unity. Therefore the final expression for
NOSC is

osc m (mo\%1 . 2nr
€N, =T(—_—r ) Fsm[

% zexp { ?;tzr m*

0S¢ __ m
R = 2n?

(21)

alo
21Xz

b+ Aw) — 7]

4itr

2k 4+ 1)——

(22)
Integrating the expression (22) for the density
of the Fermi gas with respect to p and neglecting

@

[(2k + 12— _]}
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terms proportional to the gas parameter pyf), we
get the following expression for Q, the thermody-
namic potential per unit volume:

Q=042 3 (—1)Q,

r=1
1 (m(o '/:ico [an
2n? r ) B

X Zexp{ 2;

Q(}SC —

(b + Aw) — 7

4nr

o
(23)
Using the formula (3), we find the oscillating
part of the magnetic moment

M;Jscz____<rm)/= sin [Zur

X }J exp{ e r Gk + 1) — B[k + 17— 5]
‘ (24)
6. If the condition wr > 1 is satisfied, as it is
in the temperature range '

B (0/p)? (pofo)* << B < 1 (@/p) " (Pofo) ™
the formula (24) takes the form
osc__ 1 e /m\Y: uo_. 2nr
r= 50 ?(—'E) E-SIn [ > m

2n%r m*
Bo m °

(W + Ap) — —]

1+ Ap) — —]smh'l (25)

This same sort of expression for the oscillating
part of the magnetic moment is obtained, accord-
ing to a paper by I. M. Lifshitz and Kosevich,? if
one starts from a dispersion law which is of the
form

1 .
e (p) =55 0" — Ap + = B (p—py)

near the Fermi surface.

In the temperature range p > 81 R p (w/u)l/2
x (pofy)~! we can confine ourselves to the first
term of the sum in Eq. (24). This gives a formula
for MQ5C which is analogous to that obtained in a
paper by Dingle,?

L () [

2n2r m*

M =
2
(26)

where Ay, m*, and 7 are defined by the formulas
(18).
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918 I. A. AKHIEZER and S. V. PELETMINSKI{

21. M. Lifshitz and A. M. Kosevich, Doklady 8v. M. Galitskii, JETP 34, 151 (1958), Soviet
Akad. Nauk SSSR 96, 963 (1954). Phys. JETP 7, 104 (1958).
3R. B. Dingle, Proc. Roy. Soc. A211, 517 (1952). V. G. Skobov, JETP 387, 1467 (1959), Soviet
4 Abrikosov, Gor’kov, and Dzyaloshinskii, JETP  Phys. JETP 10, 1039 (1960).
36, 900 (1959), Soviet Phys. JETP 9, 636 (1959).
SE. S. Fradkin, JETP 36, 1286 (1959), Soviet Translated by W. H. Furry
Phys. JETP 9, 912 (1959). 242



