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We obtain a broad class of cosmological solutions of the gravitational equations, which con
tains seven arbitrary physically different functions of the spatial coordinates. This number 
is only one less than the number of functions necessary for the description of an arbitrary 
initial distribution of the matter and gravitational field in the general case. 

1. FORMULATION OF THE PROBLEM 

THE particular classes of cosmological solutions 
of the equations of gravitation, obtained in the pre
ceding communication1 (referred to henceforth as 
I}, show that the presence of singularities is, in 
any case, a rather broad property of such solutions. 
This is evidenced by various exact solutions (i.e., 
those valid over all of space at all instants of 
time), obtained by different authors under definite, 
sometimes special, assumptions concerning their 
form (see, for example, references 2 and 3}. 

However, all these solutions can by themselves 
not answer the main question of whether the pres
ence of a singularity is a general property of the 
cosmological solutions, not connected with any 
specific assumption regarding the character of the 
distribution of matter and of the gravitational fi-eld. 
An affirmative answer to this question would mean 
that the equations of gravitation have a general 
solution with a singularity and with as many arbi
tracy functions of the coordinates as are necessary 
to specify the arbitrary initial conditions at a cer
tain instant of time. To the contrary, the lack of a 
solution (with singularity) with this number of 
arbitrary functions would denote that the case of 
arbitrary distribution of matter and field does not, 
generally speaking, lead to the presence of a singu
larity. 

We thus arrive at the following formulation of 
the problem: assuming the singularity to exist, it 
is required to find near the singularity the form of 
the broadest class of solutions of the equations of 
gravitation in such a way, that we can judge whether 
this solution is general from the number of the 
arbitrary functions of the coordinates contained in 
this solution. 

Among the arbitrary functions contained in any 
given solution of the equations of gravitation there 
are, generally speaking, such whose arbitrariness 
is merely due to the arbitrary choice of reference 
frame. We obviously need be interested only in 
the "physically different" arbitrary functions, the 
number of which cannot be reduced by any choice 
of reference frame. From physical considerations 
it is readily seen that the number of such functions 
should in the general case be equal to eight: the 
arbitrary initial conditions should specify the 
initial spatial distribution of the density of matter, 
its three velocity components, and four additional 
quantities which determine the free gravitational 
field (i.e., the field not connected with the matter). 
We can arrive at this last number, for example, by 
considering weak gravitational waves: by virtue of 
their transverse nature, their field is determined 
by two quantities (the components gik) which sat
isfy a second-order equation (the wave equation), 
and therefore the initial conditions for them should 
be specified by four functions of the coordinates. 

We shall use here, as in I, a reference frame 
subject to conditions I (1.3): g0a = g00 = - 1. L. D. 
Landau has indicated long ago that in such a sys
tem one of the equations of gravitation [Eq. I (1.4)] 
makes it immediately possible to prove that the 
determinant g must vanish within a finite time 
(this was also noted by Komar4 ). This fact, how
ever, does not in itself prove in any manner the 
necessity for the existence of a true physical singu
larity in the solutions, since the singularity (the 
vanishing of g) may prove to be fictitious, and 
may disappear on going to other reference frames. 
Furthermore, V. V. Sudakov has indicated that in 
the given case such a fictitious singularity should 
exist by virtue of the character of the chosen ref-
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erence frame. It is easily seen that in this system 
the time lines (i.e., the lines x1, x2, x3 =const) 
represent a family of geodesics. But the lines of 
such a family, on which no special parallelness 
conditions are imposed, will generally intersect 
each other on certain hypersurfaces -four-dimen
sional analogs of the caustic surfaces in geometri
cal optics. On the other hand, the intersection of 
the coordinate lines denotes the vanishing of the 
corresponding components of the metric tensor, 
and the determinant g also vanishes. The metric 
will therefore have a singularity on the indicated 
hypersurfaces, but not a physical one.* 

In the present communication we give a very 
broad class of solutions of the equations of gravi
tation, obtained during the course of the indicated 
program. These solutions have physical singular
ities, but the class is still not general; it contains 
seven arbitrary functions, i.e., only one less than 
required in the general case. 

2. CASE OF EMPTY SPACE 

We begin the construction of this solution with 
the case of empty space. 

In the absence of matter, the right halves of the 
general equations I (1.4)- (1.6) are replaced by 
zeroes; we rewrite these equations in the form 

(2.1) 

=0, (2.2) 

~ fl 1 a (V-· f3 0 Ra = Pa. + 2 y _ g at - gxa.) = . (2.3) 

We seek a first-approximation solution of these 
equations near the singularity (principal terms of 
the expansion ) in the form 

ga.~ = t 2P'[al~ + t 2P'ma.m~ + t2P'nan~, (2.4) 

where 1, m and n are three-dimensional vectors, 
which are functions of the coordinates. The expo
nents p1, p2, and p3 may also be functions of the 
coordinates. The determinant of this tensor is 

- g =(I [mxnj) 2 f2(P,+P•+P•). (2.5) 

The tensor gaf3, which is the reciprocal of the 
tensor (2.4), can be written in the form t 

*The analytic form of the metric near such a fictitious 
singularity will be indicated in another communication. 

tThe vector-operation symbols (vector products, the opera
tions curl, grad, etc.) must be understood throughout in a 
purely formal manner, as operations on the components of the 
vectors I, m, and n as if the coordinates x', x2 , x3 were 
Cartesian. 

(2.6) 

Here and below the summations are over the 
cyclic permutations of the vectors l, m, and n 
and of the numbers p1, p2, and p3; we use the 
notation 

T = rmxnJ/(I [mxn]), ill = [nxiJ/(1 [mxnl), n =llxmJ/(I [mxn]) 
(2.7) 

for the vectors which are "reciprocal" to the vec
tors 1. m, and n <so that 1· T = 1, T • Iii = T · n 
= 0, ... ). We have, furthermore, 

x"-~ = LJ 2p1r 2P.-I 7"-7 ~· (2.8) 
Substitution of (2.5) and (2.8) in (2.1) leads to 

(2.9) 

We now make the assumption that in Eq. (2.3) 
the three-dimensional curvature tensor P~ does 
not contribute to the principal terms of the equa: 
tion. * Then the principal terms are of order t - 2 

and vanish if p1 + p2 + p3 = 1. Together with rela
tion (2.9) we obtain, therefore, 

P1 + Pz + Pa = 1, (2.10) 

These two equations relate the three functions 
p1, p2, and p3 and consequently only one of these 
is independent. t With this, p1, p2, and p3 never 

*There are apparently no broad classes of solutions which 
do not satisfy this condition. A relatively narrow class (which 
will be given later on) is obtained for constant values of p, 
p., and p3 equal to s .. s 2 , and 1 respectively, where s, and 
s 2 are two numbers that satisfy the condition s, + s2 = s~ + s~. 

Relation (2.9) [i.e., Eq. (2.1)] is satisfied also when 
p, = p2 = p, = 1, i.e., when ga,e = eaa,B, where the aa,B are 
functions of the coordinates. Then Eq. (2.3) yields 
P11,a = -2aa,B; this means that the space has a constant nega
tive curvature (independent of the coordinates of the point). 
The corresponding space-time metric can be written with the 
aid of "four-dill1"''lsional spherical coordinates" x, (J, QJ in the 
form 

- ds2 =- dt 2 + 12 [dX' + sht x (de'+ sin2 e -dqJ2)J 

(see, for example, reference 5, Sec. 104). But the transforma
tion r = t sinh x, r = t cosh x transforms such a metric simply 
to the Galilean metric 

- ds' = - d-r2 + dr2 + r• (d92 + sin2 9d(jl•). 
tThe constant numbers p1, p2 , anct p3 , which are related by 

Eqs. (2. 9), were first used in the exact solution of Eqs. (2.1)
(2.3), indicated by Taub,6 corresponding to a completely homo
geneous (but not isotropic) empty space: 

- ds• =- dt 2 + t 2P•dx~ + t 2P•dx~ + t 2P•dx~. 

When p1 = p2 = 0 and p3 = 1, the transformation x, = x, 
x2 = y, t sinh x3 = z, t cosh x3 = r makes this metric Galilean, 
i.e., the singularity is fictitious. At these values of p,, p2 , 

and p3 the singularity is also fictitious for the metric (2.4) 
(although the latter is, naturally, not Galilean). We exclude 
these values from further consideration. 
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have the same value simultaneously, and two of 
them are equal only in the triplets 0, 0, 1 and 
- %, %, %. In all other cases Pi• p2, p3 are all 
different, one being negative and the other two 
positive. We shall arrange these values in the 
order Pi < p2 < p3• The quantities Pi• p2, and p3 

run through their values in the following respective 
intervals 

They can be represented in parametric form as 

-s 
Pt = 1 +s+s2 ' 

s (1 + s 
1 + s + s2 ' 

P2 = 

1+s 
Pa = -1.,-+-,-:..s_,+,........,s2- ' (2.11) 

as the parameter s runs through values from 0 
to 1. The figure shows the curves that determine 
any two of the values Pi• p2, or p3 once the third 
is specified (the three values lie on one vertical 
line). 

The conditions (2.10) ensure the vanishing of 
the contribution ...., C 2 from the second term in Eq. 
(2.3); in accordance with the assumption made, it 
is necessary also to ensure the absence of terms 
of the same order from the tensor ~. 

Inasmuch as the metric has an essentially dif
ferent time dependence along the directions 1, m, 
and n, it is convenient to "project" all the tensors 
on these directions. Denoting the corresponding 
projections by the subscripts l, m, and n we de
termine them in the following manner: 

(2.12) 

In this notation we have, in particular, 

The "mixed" tensor components are defined ac
cordingly as 

P'i' = Pzmfgmm = t-2P'Ptm 7 ••• 

(2.13) 

The calculation of the components of the tensor 
P a{3 from the general formulas with the aid of the 
metric tensor (2.4) leads to the following expres
sions for the highest-order terms: 

Pi = - P':, = - P" = (I curl 1)2 t-2(t-2p,> 
" 2 (I [ mxn])2 ' 

(I curl I) p P = 2 1' "In t. e<p,-p,> 
lm (I [mxn]) 

(I curl I) p 
Ptn =- 2 --~In t-t 2<p,-p,) 

(I [mxn]) ' 

Pmn = 2In2 f·(P2, nPI,m + Pa,mPt, n- Pt,mPt, n)· (2.14) 

The letters l, m, and n following the comma in 
the subscripts denote here differentiation in the 

a 
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corresponding direction, in accordance with the 
definition 

f.z = 1a.at;axa., .. . 
Since Pi < 0, we see that the power of 1/t in 

the diagonal components Pf, ... , does not exceed 
2. To satisfy Eqs. (2.3) it is therefore necessary 
in any case that these terms vanish, i.e., we must 
have 

I curl I= 0. (2.15) 

We note that this condition has a simple geometri
cal meaning. The vector satisfying this condition 
can be represented in the form 1 = 1jJ grad cp ( 1jJ 

and cp are two scalar functions), so that 
lal{3dxadxf3 = lji2dcp 2• This means that the direction 
of the vector 1 at each point of space can be chosen 
as the direction of the coordinate xi (so that the 
surfaces cp = const become the surfaces xi 
= const ). It is well known that in the general case 
of an arbitrary three-dimensional vector field this 
is, generally speaking, impossible. 

If condition (2.15) is satisfied, the principal 
terms in the components of the tensor Paf3 are 
found to be of the following order of magnitude 

Pl~P':,~P~ ~ In2 t, 
Ptm ~ f 2(p,-p,) In f, Ptn ~ Pmn ~ ln2 t, (2.16) 

and in the main do not influence the equations (2.3). 
It remains for us to satisfy Eqs. (2.2). The 

largest terms in these equations could have an or
der Ci ln t: these terms appear when differenti
ating the exponents in the derivatives of g{Yy with 
respect to the coordinates contained in the expres-
sion 

1 a <V- n 1 n ag~y 
x~ =-= -- - gx~)- .- w~Y --. 

a; ~ v- g ax~> a. 2 ax" 

However, by virtue of (2.10), these terms cancel 
out identically: 

xi>Y !_~ = 4 ~ p t-2p,-t T 7 . ~ t2P' In t ap1 l l 
ax" L' J 1 (3 Y ..:::J ax" (3 Y 

= 4 ·JE.! ~ p1 ap1 = 2 ~ ~ (p2 + p2 + p2) = 0 
t ..:::J ax« t ax" 1 2 3 . 
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Therefore the principal terms are those of order 
1/t. The first term in (2.2) in this approximation 
vanishes, and the calculation of the derivative 
Kg;f3 leads to 

R~ = - 1 (I [~xnJ) ~ la. {[mxn] VP1 + (p3 - p1) m curl n 

+(PI- P2)ncurlm} = 0. (2.17) 

Projecting this equation on the directions 1, m, 
and n we obtain the three relations 

[mx.n] V P1 + (Pa- PI) mcurl n +(PI- P2) ncurlm = 0, 
[nxl] V Pa +(PI- P2) ncurll + (P2- Pa) I curln = 0, 

[I '><Ill] V Pa + (P2- Pa) I curl m + (Pa- Pl) mcurll = 0. 
(2.18) 

The following terms of the expansion of the 
metric tensor 

ga.B = g~06 + ha.s (2.19) 

[where g~b is given by (2.4)] are expressed in 
terms of the quantities contained in (2.4). We 
shall not repeat here the corresponding calcula
tions, but will indicate only that the first correc
tion terms have the following orders of magnitude: 

(2.20) 

(the component h zm is found to be of relatively 
higher order of smallness and in this sense enters 
in the next approximation). 

Expression (2.4) contains a total of ten different 
functions of the coordinates: three components for 
each of the three vectors 1, m, and n, and one of 
the functions p1, p2, or p3• These ten functions 
are connected by the four relations (2.15) and (2.18). 
In addition, the reference frame which we are using 
admits also of arbitrary transformation of the 
three spatial coordinates in terms of each other. 
Therefore the solution obtained contains merely 
10 - 4 - 3 = 3 physically different arbitrary func
tions of the coordinates. This is one less than re
quired to specify the arbitrary initial conditions 
in vacuum.* 

3. SOLUTION IN A SPACE FILLED WITH MATTER 

Let us show now that the presence of matter 
does not change the solution obtained, and that the 
initial conditions for the distribution and motion of 

*The solution with two arbitrary functions, obtained in Sec
tion 4 of I for the case of empty space, corresponds to the 
particular case of constant values p, p2 , and p3 , equal to -'1,, 
•;., and";.. 

Recently Harrison' found a series of exact solutions of a 
special type. These solutions have singularities which can be 
reduced to the type (2.4) (with different constant values of p, 
P.. and p3) or to the type mentioned in footnote *, page 559. 
We are grateful to Harrison for a preprint of his paper. 

the matter can be specified in a fully arbitrary 
manner. 

To gain an idea of the orders of magnitude of 
the energy density E and of the components of the 
four-velocity of the matter Ui, it is convenient to 
use the hydrodynamic equations of motion of mat
ter, which are contained, as is well known, in the 
equations of gravitation (the equations Tfk = 0 ): 

1 0 -- ' -- (V- guio) = 0, (3 1) -v=g ox' • 
(3.2) k {ou; 1 ogkt} op op (p + e) u --- u1 -. = --.- u;uk-oxk 2 ox' ox' oxk 

(see, for example, reference 7, Sec. 125). Here a 
is the entropy density; for the ultrarelatistic equa
tion of state p = E/3 the entropy is a ,..., ~14 • 

We make an assumption (which will be con
firmed by the results obtained) that the principal 
terms in (3.1) and (3.2) are those which contain the 
derivatives with respect to time; then Eq. (3.1) and 
the spatial components of (3.2) (the temporal com
ponent yields nothing new) give: 

o (V- aua. ae .af -g u0e'1•) = 0, 4e at + Ua. at = 0, 

hence 

tu0e'l·~ const, 

where the symbol "const" stands for quantities 
independent of the time. In addition, we have from 
the identity uiui = - 1, considering that all the 
covariant components ua are of the same order 

(we again use the projections on the directions l, 
m, and n, i.e., we represent the three-dimensional 
vector U in the form U = uzl +.umm + UnD). 

From these relations we obtain 

8 ~ t-2(1-Po), 

after which we can readily verify that the terms 
discarded in (3.1) and (3.2) are actually small com
pared with those retained. 

We now estimate the components of the energy
momentum tensor Tf, contained in the right halves 
of Eqs. I (1.4)- (1.6). In Eq. I (1.4) we have 

T~ ~ eu~ ~ t-<t+p,). 

Inasmuch as p3 < 1, this quantity is of lower order 
in 1/t than the principal terms in the left side of 
the equation (,..., C 2 ). The same holds for Eqs. I 
(1.6); the spatial components of the tensor Tf, 
"projected" on the directions l, m, and n, are 
of the order of magnitude 

Ti ~ e ~ t-2(1-p,)' 

(3.4) 
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which are all smaller than t - 2• 

On the other hand, in Eq. I (1.5) we have 

T~~eu0u«~ Ift, 

i.e., the same order of magnitude as in the left 
side of the equation. This circumstance, however, 
also leaves the character of the solution unchanged. 
Actually, in accordance with (3.3), we write 

e = g(0){-2(1-p,), u = u<o>t<I-p,J/2 (3.5) 

for the first terms of the expansion of these quan
tities; here 

Equating expression (2.17) for R~ to the quantity 
T~ = 4Euauo/3, we obtain in lieu of (2.18) 

[mxn] VPI+ (Pa- PI) mcurl n +(PI- p2) ncurl m 

__ _!g(O)u(O)u(OJ, ..• 
- 3 I n 

(3.6} 

Thus only the connection between the functions con
tained in (2.4) changes, and this connection now in
cludes the new functions E (O) and u< 0). 

The form of the following terms of the expan
sion of the metric tensor also changes, and the 
first terms following (2.4) are precisely the terms 
connected with the presence of matter. 

To calculate these terms, we write ga{3 in the 
form (2.19). Here 

g«ll= g(o)«fl_ h«ll, Xa(l= x~0J + h«il• 

xr> = x<o>ll+ hll- x!o}Yhf>+ x<o>llhY (3. 7) 
ex ot ct ex y y o: 

(the dot denotes differentiation with respect to t ). 
From I (2.1) and I (2.3) we obtain the following 
equations for ha{3: 

Rg = i (ii + x~o>r> h~) = rg, . 8) 

Rr>= !(iiP +.! hll + .!x<oJ/3 h- x<o}Yhll+x<olllkY)=T~ (3.9) 
«2« ta. f« «YYIX' 

where h = h& [in the calculation of R~ it is nec
essary to take into account the fact that the K(~){3 
are proportional to 1/t, whereas 4°)'Y = 2/t; the 
contribution to R~ from the "perturbation" of the 
tensor P~ is of smaller order of magnitude than 
the terms in (3.9) ]. Since these equations do not 
contain derivatives with respect to coordinates, 
we can directly change in these equations to pro
jections on l, m, and D; considering that only 

x}oJl=2PI/t, x<:r=2P2ft, x~>n= 2paft, 

differ from zero, we obtain from (3.9) equations 
of the form 

1 (.. 1 · P1 ·) I 2 h~+yh~+yh =Tt. ... (3.10) 

_!._ (fLm+ 1 + 2pr- 2px h. m) - Tm 
2 I t l - l•••• (3.11) 

Of the three "diagonal" components (3.4) of the 
energy-momentum tensor, the one containing the 
highest power of 1/t is T~. Therefore in calculat
ing h~, h~ and h~, we can omit T~ and T~ for 
the right halves of (3.10), and retain only TR 
= 4runun/3. As a result we obtain 
h1 =- _12__h, hm =-~h. hnn = 2h, 

I 1-ps m 1-Ps 
8e(olu(0)2 se<o>u<oJ u lo) 

h = n (I-P•, hn= I n ti-P•, 
3(1-ps)(2-p3) I 3(1-pa)(1+pa-2Px) 

se<0>u<o>u 10> 
hn _ m n (I-Po (3 12) 
m- 3 (1- PsH1 + Ps- 2p2) · " 

These corrections are of higher order of magni
tude than the first correction terms in the absence 
of matter (on the other hand, the component hzm 
is again found to be of relatively higher order of 
smallness). 

Equation (3.8) is satisfied by the expressions 
(3.12) identically. On the other hand, the equation 
R~ = T~, which we did not write out, would come 
in only in the determination of the following expan
tion terms of the energy and velocity. 

Thus, the solution obtained for the gravitation 
equations represents a very broad class of solu
tions with singularities. It contains seven arbi
trary functions of the coordinates: the three func
tions which enter in the absence of matter, the 
function E0 and the three functions u~)· * 

The character of variation of the metric t - 0 
in this solution is such that at each point of space 
the linear distances diminish along two directions 
(as tP2 and tP3 ) and increase along the third (as 
t -1 Pi I); the volumes decrease here in proportion 
to t. The laws of these variations (i.e., the values 
of Pi• p2, and p3 ) vary in space and are deter
mined by the initial conditions. 

The density of matter becomes infinite at each 
point in space as E ~ c 2<i-Pa). This is clear evi
dence of the physical (not fictitious ) nature of the 
singularity in the given solution (we note also that 
in the case of empty space the singularity is not 
fictitious because the scalars made up of the com
ponents of the curvature four-tensor Riklm• for 
example, the scalar RiklmRiklm, do not become 
infinite). The velocity of motion of matter tends 
in this solution (in the reference frame considered 
here) to the velocity of light as t- 0. t Actually, 

*It can be shown that the higher terms of the expansion of 
the metric contain no other arbitrary function. 

tin the particular case when p1 , p2 and p, have the constant 
values- '1,, '1,, and •;., the matter can be "written in" into the 
solution (20.4) in another, particular manner, by which its ve
locity tends to zero as t-+ 0. This is the solution developed 
in I [formulas 1(4.2) and (4.3)]; in this solution the matter 
brings only two, and not four arbitrary new functions, i.e., the 
initial conditions for this solution should have a certain par
ticular character. 
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as t- 0, the three-dimensional scalar uaua 
~ unun goes to infinity as c 3<P3-o. This means 
that the matter moves at any point essentially 
along the direction n, while the absolute magnitude 
of its ordinary three-dimensional velocity v tends 
to unity as 

The proper time T of the moving matter is con
nected with the time t by means of d-r = dt .../ 1 - v2. 
Therefore 

In the attached reference frame, the energy 
density goes to infinity, consequently, in accord
ance with the law 

The solution obtained, however, is still not gen
eral, for the general solution should contain eight 
arbitrary functions of the coordinates. The fact 
that this solution is incomplete manifests itself, in 
particular, in its stability properties. The general 
solution, by definition, is completely stable: no 
small perturbations can alter its character, since 
it admits of arbitrary initial conditions. The pres
ent solution, however, is unstable (if terms quad
ratic in the perturbations are taken into account) 

under perturbations of a definite type - perturba
tions connected with the appearance of the non
vanishing quantity 1 curl 1. The question of the 
existence or absence of a general solution with 
singularity is closely related with the problem of 
the character of this instability, and calls for a 
separate investigation. 

In conclusion, we are sincerely grateful to 
Academician L. D. Landau for continuing interest 
in our work and for many discussions. We are 
also grateful to V. V. Sudakov for informing us of 
his results. 
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