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We obtain a broad class of cosmological solutions of the gravitational equations, which con-
tains seven arbitrary physically different functions of the spatial coordinates. This number
is only one less than the number of functions necessary for the description of an arbitrary
initial distribution of the matter and gravitational field in the general case.

1. FORMULATION OF THE PROBLEM

THE particular classes of cosmological solutions
of the equations of gravitation, obtained in the pre-
ceding communication' (referred to henceforth as
I), show that the presence of singularities is, in
any case, a rather broad property of such solutions.
This is evidenced by various exact solutions (i.e.,
those valid over all of space at all instants of
time), obtained by different authors under definite,
sometimes special, assumptions concerning their
form (see, for example, references 2 and 3).

However, all these solutions can by themselves
not answer the main question of whether the pres-
ence of a singularity is a general property of the
cosmological solutions, not connected with any
specific assumption regarding the character of the
distribution of matter and of the gravitational field.
An affirmative answer to this question would mean
that the equations of gravitation have a general
solution with a singularity and with as many arbi-
trary functions of the coordinates as are necessary
to specify the arbitrary initial conditions at a cer-
tain instant of time. To the contrary, the lack of a
solution (with singularity) with this number of
arbitrary functions would denote that the case of
arbitrary distribution of matter and field does not,
generally speaking, lead to the presence of a singu-
larity.

We thus arrive at the following formulation of
the problem: assuming the singularity to exist, it
is required to find near the singularity the form of
the broadest class of solutions of the equations of
gravitation in such a way, that we can judge whether
this solution is general from the number of the
arbitrary functions of the coordinates contained in
this solution.

Among the arbitrary functions contained in any
given solution of the equations of gravitation there
are, generally speaking, such whose arbitrariness
is merely due to the arbitrary choice of reference
frame. We obviously need be interested only in
the “‘physically different’’ arbitrary functions, the
number of which cannot be reduced by any choice
of reference frame. From physical considerations
it is readily seen that the number of such functions
should in the general case be equal to eight: the
arbitrary initial conditions should specify the
initial spatial distribution of the density of matter,
its three velocity components, and four additional
quantities which determine the free gravitational
field (i.e., the field not connected with the matter).
We can arrive at this last number, for example, by
considering weak gravitational waves: by virtue of
their transverse nature, their field is determined
by two quantities (the components gjix) which sat-
isfy a second-order equation (the wave equation),
and therefore the initial conditions for them should
be specified by four functions of the coordinates.

We shall use here, as in I, a reference frame
subject to conditions I (1.3): gy = ggg= — 1. L. D.
Landau has indicated long ago that in such a sys-
tem one of the equations of gravitation [Eq. I (1.4)]
makes it immediately possible to prove that the
determinant g must vanish within a finite time
(this was also noted by Komar?). This fact, how-
ever, does not in itself prove in any manner the
necessity for the existence of a true physical singu-
larity in the solutions, since the singularity (the
vanishing of g) may prove to be fictitious, and
may disappear on going to other reference frames.
Furthermore, V. V. Sudakov has indicated that in
the given case such a fictitious singularity should
exist by virtue of the character of the chosen ref-
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erence frame. It is easily seen that in this system
the time lines (i.e., the lines x!, x2, x% = const)
represent a family of geodesics. But the lines of
such a family, on which no special parallelness
conditions are imposed, will generally intersect
each other on certain hypersurfaces — four-dimen-
sional analogs of the caustic surfaces in geometri-
cal optics. On the other hand, the intersection of
the coordinate lines denotes the vanishing of the
corresponding components of the metric tensor,
and the determinant g also vanishes. The metric
will therefore have a singularity on the indicated
hypersurfaces, but not a physical one.*

In the present communication we give a very
broad class of solutions of the equations of gravi-
tation, obtained during the course of the indicated
program. These solutions have physical singular-
ities, but the class is still not general; it contains
seven arbitrary functions, i.e., only one less than
required in the general case.

2. CASE OF EMPTY SPACE

We begin the construction of this solution with
the case of empty space.

In the absence of matter, the right halves of the
general equations I (1.4) — (1.6) are replaced by
zeroes; we rewrite these equations in the form

Rg=_;_.ai_ ( g)+ix5x“—0 (2.1)
o_ 1 _ @ gy — L — .
RS = e In(—g)——ug, =0, (2.2)
RE= VV‘—“ SV =gxb)=0. (2.3)

We seek a first-approximation solution of these
equations near the singularity (principal terms of
the expansion) in the form

Gap = tzpllala -+ tzpzmqu -+ t2p’nang, (2-4)

where 1, m and n are three-dimensional vectors,
which are functions of the coordinates. The expo-
nents py, Py, and p; may also be functions of the
coordinates. The determinant of this tensor is

— g = (I [mxn])? f2(Prtpetps), (2.5)

The tensor go‘B, which is the reciprocal of the
tensor (2.4), can be written in the formt

*The analytic form of the metric near such a fictitious
singularity will be indicated in another communication.

TThe vector-operation symbols (vector products, the opera-
tions curl, grad, etc.) must be understood throughout in a
purely formal manner, as operations on the components of the
vectors 1, m, and n as if the coordinates x', x*, x* were
Cartesian.
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g =T (2.6)

Here and below the summations are over the
cyclic permutations of the vectors 1, m, and n
and of the numbers p;, py, and p3; we use the
notation

= [mxn}/(I[mxn]), m = [nx1}/(1 [mxn]), 0 ={Ixm]/(I [mxn])
(2.7)
for the vectors which are “reclprocal” to the vec-
tors 1, m, and n (so that 1- 1-1 Tom=T-n
=0, . ). We have, furthermore,

Hap = 2 2p, %P 1, np =171 2 2pila 1,
n2b = W\ 2pyt P T, (2.8)
Substitution of (2.5) and (2.8) in (2.1) leads to

Pi+ pa-+ps=p+pi+pi. (2.9)

We now make the assumption that in Eq. (2.3)
the three-dimensional curvature tensor sz does
not contribute to the principal terms of the equa-
tion.* Then the principal terms are of order t™2
and vanish if p; + p, + p; = 1. Together with rela-
tion (2.9) we obtain, therefore,

prtpetps=1,  pi+pi+pi=1.

These two equations relate the three functions
P1» Py, and p; and consequently only one of these
is independent.T With this, P1» P, and ps never

(2.10)

*There are apparently no broad classes of solutions which
do not satisfy this condition. A relatively narrow class (which
will be given later on) is obtained for constant values of p,,
p,, and p, equal to s,, s,, and 1 respectively, where s, and
s, are two numbers that satisfy the condition s, + s, = s + s}.

Relation (2.9) [i.e., Eq. (2.1)] is satisfied also when
P, =p, =ps =1, i.e., when gup = t’asg, where the a g are
functions of the coordinates. Then Eq. (2.3) yields
Pag = —230,3; this means that the space has a constant nega-
tive curvature (independent of the coordinates of the point),
The corresponding space-time metric can be written with the
aid of ‘‘four-dimensional spherical coordinates’’ y, 6, @ in the
form

—ds? = —di? | 2 [dy2? 4 sh? y (dg? + sin? 0-dg?)]
(see, for example, reference 5, Sec. 104). But the transforma-
tion r =t sinh y, 7 =t cosh y transforms such a metric simply
to the Galilean metric

—ds? = —dt? - dr® 4 2 (d0? + sin? 0dg?).

TThe constant numbers p,, p,, and p;, which are related by
Egs. (2.9), were first used in the exact solution of Egs. (2.1) -
(2.3), indicated by Taub,® corresponding to a completely homo-
geneous (but not isotropic) empty space:

—ds? = — di? - 1*P1dxd - 1PPrdx] 4 (7Pedxd.
When p, =p, =0 and p, =1, the transformation x, =x,
=y, tsinh x, = z, t cosh x, = 7 makes this metric Galilean,
e., the singularity is fictitious. At these values of p,, p,,
and p, the singularity is also fictitious for the metric (2.4)
(although the latter is, naturally, not Galilean). We exclude
these values from further consideration.
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have the same value simultaneously, and two of
them are equal only in the triplets 0, 0, 1 and
=Y., %, Y. In all other cases p;, py P; are all
different, one being negative and the other two
positive. We shall arrange these values in the
order p; < py < ps. The quantities p;, py, and p;
run through their values in the following respective
intervals

— s <p1 <0, 0P <, s ps<< 1.
They can be represented in parametric form as

_ —s . s(I+s
Pr= 14s4s2 P2 = 14+s+s
14s
p3=1_+_|s-—|-—s2’ (2.11)

as the parameter s runs through values from 0
to 1. The figure shows the curves that determine
any two of the values py, py, or p; once the third
is specified (the three values lie on one vertical
line).

The conditions (2.10) ensure the vanishing of
the contribution ~t~2 from the second term in Eq.
(2.3); in accordance with the assumption made, it
is necessary also to ensure the absence of terms
of the same order from the tensor Pg,.

Inasmuch as the metric has an essentially dif-
ferent time dependence along the directions 1, m,
and n, it is convenient to ‘“project’’ all the tensors
on these directions. Denoting the corresponding
projections by the subscripts I, m, and n we de-
termine them in the following manner:

Py=Pagloly,  Pun=Poplamg,... (2.12)

In this notation we have, in particular,

2p 2, 2
gll=t 11 gmm=tp’y gnnztps-

The ““mixed’’ tensor components are defined ac-
cordingly as

P;=Pylgy =t"""Py, Pl = Pin[Gmm =1t " Pim, ...
(2.13)
The calculation of the components of the tensor
Py from the general formulas with the aid of the
metric tensor (2.4) leads to the following expres-

sions for the highest-order terms:

t___pm_ __pn_ (I curl )? ,—sa—2p)
Py=—Pp=—P, = 5 ( [mxa)® )
_ (, curl l) pl n 2(P1—Pn)
Pim=2 Tmxal) Int-t
. (1 curl 1) P, m z(p;—pz)
Pp=—2—— A Texa]) Int-t

Pun =2I0*t(Dy, n P1,m + P3,mP1, n — P1,mP1, n)- (2.14)

The letters I, m, and n following the comma in
the subscripts denote here differentiation in the
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corresponding direction, in accordance with the
definition
fo = 1,0f/0x%, ...

Since p; < 0, we see that the power of 1/t in
the diagonal components P%, ..., does not exceed
2. To satisfy Egs. (2.3) it is therefore necessary
in any case that these terms vanish, i.e., we must
have

l1curll =0. (2.15)

We note that this condition has a simple geometri-
cal meaning. The vector satisfying this condition
can be represented in the form 1= ¢ grad ¢ (¥
and ¢ are two scalar functions), so that
lolgdx®*dxP = ydp?®. This means that the direction
of the vector 1 at each point of space can be chosen
as the direction of the coordinate x! (so that the
surfaces ¢ = const become the surfaces x!
= const). It is well known that in the general case
of an arbitrary three-dimensional vector field this
is, generally speaking, impossible.
If condition (2.15) is satisfied, the principal

terms in the components of the tensor Pqp are
found to be of the following order of magnitude

P, ~ P~ Ph~ Int,
Py ~ 1202 1 ¢, Py~ Ppn ~1n%t, (2.16)

and in the main do not influence the equations (2.3).
It remains for us to satisfy Eqgs. (2.2). The
largest terms in these equations could have an or-
der t™!In t: these terms appear when differenti-
ating the exponents in the derivatives of gg, with
respect to the coordinates contained in the expres-
sion

9g,
%B at »

1/ axB V—¢ ax*
However, by v1rtue of (2.10), these terms cancel
out identically:

(7 ~
x84 3 oyt T T .2 £ 1
x*

_4,‘"_t2 laf’l -

gxﬁ) — = KB\'

apl Ji
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Therefore the principal terms are those of order
1/t. The first term in (2.2) in this approximation
vanishes, and the calculation of the derivative
Kg;ﬁ leads to

Ry = —
=+ (p1 — pz) ncurlm} = 0.

1
T Al 2 la {[mxn] yp, + (ps — p1) m curln
(2.17)

Projecting this equation on the directions 1, m,
and n we obtain the three relations

[mxn] y py + (ps — p1) meurl n + (p; — p;) ncurlm =0,
(nx1]V p2 + (p1 — pz) neurl 1 + (p, — ps) L curln = 0,
(Ixm] v ps + (p2 — ps) | curlm + (p; — p;) meurll = 0.
(2.18)
The following terms of the expansion of the
metric tensor

Gag = gfzoé + hag (2.19)

[where g(o% is given by (2.4)] are expressed in

terms of the quantities contained in (2.4). We
shall not repeat here the corresponding calcula-
tions, but will indicate only that the first correc-
tion terms have the following orders of magnitude:

(2.20)

hf~h'r,r: — hg — h;:N h;zn — t‘z(l—ﬁa) In2 ¢

(the component hjy, is found to be of relatively
higher order of smallness and in this sense enters
in the next approximation).

Expression (2.4) contains a total of ten different
functions of the coordinates: three components for
each of the three vectors 1, m, and n, and one of
the functions py, p;, or ps. These ten functions
are connected by the four relations (2.15) and (2.18).
In addition, the reference frame which we are using
admits also of arbitrary transformation of the
three spatial coordinates in terms of each other.
Therefore the solution obtained contains merely
10 — 4 — 3 = 3 physically different arbitrary func-
tions of the coordinates. This is one less than re-
quired to specify the arbitrary initial conditions
in vacuum.*

3. SOLUTION IN A SPACE FILLED WITH MATTER

Let us show now that the presence of matter
does not change the solution obtained, and that the
initial conditions for the distribution and motion of

*The solution with two arbitrary functions, obtained in Sec-
tion 4 of I for the case of empty space, corresponds to the
particular case of constant values p,, p,, and p,, equal to =%,
Y, and %.

Recently Harrison® found a series of exact solutions of a
special type. These solutions have singularities which can be
reduced to the type (2.4) (with different constant values of p,,
p, and p,) or to the type mentioned in footnote *, page 559.

We are grateful to Harrison for a preprint of his paper.
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the matter can be specified in a fully arbitrary
manner.

To gain an idea of the orders of magnitude of
the energy density € and of the components of the
four-velocity of the matter uj, it is convenient to
use the hydrodynamic equations of motion of mat-
ter, which are contained, as is well known, in the
equations of gravitation (the equations Tli{,k =0):

18 o ,—
=220V — g4 =0 (3.1)
EfO% 1% ap Lop  (3.2)

P+ e)u {6zk 2 oz’ —_Eg—uiua_x;

(see, for example, reference 7, Sec. 125). Here o
is the entropy density; for the ultrarelatistic equa-
tion of state p = €/3 the entropy is o ~ SN,

We make an assumption (which will be con-
firmed by the results obtained) that the principal
terms in (3.1) and (3.2) are those which contain the
derivatives with respect to time; then Eq. (3.1) and
the spatial components of (3.2) (the temporal com-
ponent yields nothing new) give:

0 - 3
3t (V' —gue) =0, ge

a=0

4 ou,
& of 1 Ua
hence

tuye*h== const, U= const,

where the symbol ‘‘const’’ stands for quantities
independent of the time. In addition, we have from
the identity ujul = — 1, considering that all the
covariant components ug, are of the same order

Ul =~ usut= y2t—2:

(we again use the projections on the directions 1,
m, and n, i.e., we represent the three-dimensional
vector u in the form u=u;l +.uy,m + upn).

From these relations we obtain

£ ~ {—20—p3), ug ~ {—6ps—1), Ug—~ LA—=Ps)/2,

(3.3)

after which we can readily verify that the terms
discarded in (3.1) and (3.2) are actually small com-
pared with those retained.

We now estimate the components of the energy-
momentum tensor Tj, contained in the right halves
of Eqs. I (1.4) —(1.6). In Eq. I (1.4) we have

Tg ~ gu?’ ~ (—(1+ps),

Inasmuch as p3 < 1, this quantity is of lower order
in 1/t than the principal terms in the left side of
the equation (~t~2). The same holds for Egs. I
(1.6); the spatial components of the tensor Tli(,
“projected’’ on the directions 1, m, and n, are
of the order of magnitude

T~ & ~ t—20—py), T™ ~ el ™ ~ {—(1+20—p3),

T: ~ eUpUt~ —(1+Ps), (3.4)
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which are all smaller than t™2.
On the other hand, in Eq. I (1.5) we have

T~ eugla~ 1/t,

i.e., the same order of magnitude as in the left
side of the equation. This circumstance, however,
also leaves the character of the solution unchanged.
Actually, in accordance with (3.3), we write

g = gl0f—20—ps), u = u©fa—p/2 (3.5)

for the first terms of the expansion of these quan-
tities; here

2 ~ 1(0)2f—(3ps—
u0~ul(‘l)t (3ps—1),

Equating expression (2.17) for RY to the quantity
TY = 4euyu¥3, we obtain in lieu of (2.18)

[mxn] yp:+ (ps— p1) meurl n + (p,— p;) nicurl m

(3.6)

= ?43(0)u(°)u(°)

Thus only the connection between the functions con-
tained in (2.4) changes, and this connection now in-
cludes the new functions €(?) and u(®,

The form of the following terms of the expan-
sion of the metric tensor also changes, and the
first terms following (2.4) are precisely the terms
connected with the presence of matter.

To calculate these terms, we write gqg in the
form (2.19). Here

gWP= g e, xep= %) + hug,

%8 = w84 hf — w(OhB L %Oy (3.7)

(the dot denotes differentiation with respect to t).
From I (2.1) and I (2.3) we obtain the following
equations for hyg:

=3 ( h + “;O)Bi'la) = Tg, .8)
Ré= 1 (h” + hB + x(0>l3h_n(o>vhs+"<omhv) T%,(3.9)

where h = h [in the calculatlon of RB it is nec-
essary to take into account the fact that the K(o B
are proportional to 1/t, whereas k{"Y = 2/t; the
contribution to Rgl from the ‘““perturbation’’ of the
tensor Pg is of smaller order of magnitude than
the terms in (3.9)]. Since these equations do not
contain derivatives with respect to coordinates,
we can directly change in these equations to pro-
jections on 1, m, and n; considering that only

%O =2p,/t,

differ from zero, we obtain from (3.9) equations
of the form

1 /s 1 . .
3 (Bt R+ 2 ) =1} ...

*Om=2p,/t, #On= 2ps/t,

(3.10)

17y 1+ 2ps—2p,
L(hp L2 gy

t (3.11)
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Of the three ‘‘diagonal’’ components (3.4) of the
energy-momentum tensor, the one containing the
highest power of 1/t is Tn Therefore in calculat—
ing h% hm and hn, we can omit T% and Tm for
the right halves of (3.10), and retain only T}
= 4euqu/3. As a result we obtain

l— _ P m_ ____Pa n
b= 1__psh, hm 1_mh, hr = 2h,
86002 8e©y(0) 4@
[ — sl '} h" —Ps
= 30— pe)2— Ps) ’ £ 31— ps)(1 + ps— zm) ’
8¢, (0,(0)
hr = {1=ps, (3.12)

= 31— pa)(1 + ps— 2p2)
These corrections are of higher order of magni-

tude than the first correction terms in the absence
of matter (on the other hand, the component hymy
is again found to be of relatively higher order of
smallness).

Equation (3.8) is satisfied by the expressions
(3.12) 1dentica11y. On the other hand, the equation
R° = T , which we did not write out, would come
in only in the determination of the following expan-
tion terms of the energy and velocity.

Thus, the solution obtained for the gravitation
equations represents a very broad class of solu-
tions with singularities. It contains seven arbi-
trary functions of the coordinates: the three func-
tions which enter in the absence of matter, the
function € and the three functions u).*

The character of variation of the metric t — 0
in this solution is such that at each point of space
the linear distances diminish along two directions
(as tP2 and tP3) and increase along the third (as
¢~ P1 l); the volumes decrease here in proportion
to t. The laws of these variations (i.e., the values
of py, Py, and p3) vary in space and are deter-
mined by the initial conditions.

The density of matter becomes infinite at each
point in space as € ~ t~2(17P3) This is clear evi-
dence of the physical (not fictitious) nature of the
singularity in the given solution (we note also that
in the case of empty space the singularity is not
fictitious because the scalars made up of the com-
ponents of the curvature four-tensor Rjkym, for
example, the scalar RixymRK!®, do not become
infinite). The velocity of motion of matter tends
in this solution (in the reference frame considered
here) to the velocity of light as t — 0.7 Actually,
" *It can be shown that the higher terms of the expansion of
the metric contain no other arbitrary function.

1In the particular case when p,, p, and p, have the constant
values — %, %, and %, the matter can be ‘“written in’’ into the
solution (20.4) in another, particular manner, by which its ve-
locity tends to zero as t- 0. This is the solution developed
in I [formulas 1(4.2) and (4.3)]; in this solution the matter
brings only two, and not four arbitrary new functions, i.e., the
initial conditions for this solution should have a certain par-
ticular character.
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as t — 0, the three-dimensional scalar u,u®

~ upu" goes to infinity as t~3(P3~1) This means
that the matter moves at any point essentially
along the direction n, while the absolute magnitude
of its ordinary three-dimensional velocity v tends
to unity as

V1T =0f~ ter—e,

The proper time 7 of the moving matter is con-
nected with the time t by means of dr =dtv1 — v2,
Therefore

T ~ tepst)e,

In the attached reference frame, the energy
density goes to infinity, consequently, in accord-
ance with the law

& ~ T—4(1—ps)/(3pst+1) |

The solution obtained, however, is still not gen-
eral, for the general solution should contain eight
arbitrary functions of the coordinates. The fact
that this solution is incomplete manifests itself, in
particular, in its stability properties. The general
solution, by definition, is completely stable: no
small perturbations can alter its character, since
it admits of arbitrary initial conditions. The pres-
ent solution, however, is unstable (if terms quad-
ratic in the perturbations are taken into account)
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under perturbations of a definite type — perturba-
tions connected with the appearance of the non-
vanishing quantity 1 curl 1. The question of the
existence or absence of a general solution with
singularity is closely related with the problem of
the character of this instability, and calls for a
separate investigation.

In conclusion, we are sincerely grateful to
Academician L. D. Landau for continuing interest
in our work and for many discussions. We are
also grateful to V. V. Sudakov for informing us of
his results.
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